ISSN 2410-2547 75
Onip matepiaiis i Teopis ciopy/Strength of Materials and Theory of Structures. 2026. Ne 116

UDC 539.3

ZONAL METHOD FOR CONTACT INTERACTION MODELING IN THE
SEMI-ANALYTICAL FINITE ELEMENT METHOD

S.0. Pyskunov',

Doctor of Science (Engineering), Associate Professor

S.V. Mitsyuk’,

Candidate of technical sciences, Associate Professor

D.V. Mitsyuk’,
Ph.D Student

'NTUU "KPI named after Igor Sikorskyi"

2Kyiv National University of Construction and Architecture

DOI: 10.32347/2410-2547.2026.116.75-83

The article proposes a novel zonal method for modeling non-axisymmetric contact interaction within the framework of the
Semi-Analytical Finite Element Method (SAFEM). The classical SAFEM, which employs Fourier series expansion of the
solution in the circumferential direction, does not allow for accurate modeling of the non-axisymmetric contact behavior that
arises under bending moment loading.

The developed method is based on partitioning the contact surface into longitudinal zones, each assigned its own elastic
modulus. The modulus values are determined iteratively based on the analysis of gaps between the contacting surfaces: in
contact zones, the elastic modulus of the material is assigned, while in opening zones, a significantly reduced value is prescribed.
The iterative process continues until the distribution of moduli across the zones stabilizes. Verification of the method was
performed on a benchmark problem involving contact modeling between two rectangular plates under bending moment loading.
The computed results were compared with the solution obtained by the classical volumetric FEM in the LIRA-SAPR software
package. Good agreement between the results was demonstrated, while the proposed method provides a substantial reduction in
computational time compared to the classical FEM.

Keywords: semi-analytical finite element method, contact joint, non-axisymmetric contact, zonal method, iterative
algorithm, contact zones, contact modeling.

Introduction

The application of the Semi-Analytical Finite Element Method (SAFEM) to contact interaction
problems encounters significant challenges. SAFEM is widely used for the analysis of prismatic
structures due to its high computational efficiency [1, 6]; however, under bending moment or
concentrated force loading, the contact loses symmetry along the longitudinal axis: a compression zone
forms on one part of the contact surface and an opening zone on the other. The classical SAFEM
cannot accurately describe such a contact distribution, as it assumes material properties to be invariant
along the longitudinal coordinate.

For modeling contact interaction in a three-dimensional formulation, special gap-type contact
elements [3, 7, 8] are widely employed, implemented in modern software packages [5]. Semi-
analytical methods of contact mechanics [2] also demonstrate effectiveness in solving such problems.
These elements allow automatic detection of contact and opening zones, but require substantial
computational resources due to the need for detailed discretization in all three directions. Studies of
bolted connections accounting for bolt pretension and comparative analyses of different methods for
calculating flange connections [4] highlight the importance of accurate contact interaction modeling
for the precise prediction of the stress-strain state of structures. Numerical analysis of complex
structures under thermo-mechanical loading and investigations of geometric nonlinearity confirm the
necessity of developing efficient contact modeling methods for various types of connections.

This paper proposes a zonal method for contact modeling within the SAFEM framework, based on
partitioning the contact surface into longitudinal zones with iterative determination of the elastic
modulus in each zone. In contact zones, the actual elastic modulus of the material is assigned, while in
opening zones a significantly reduced value is prescribed. This approach accounts for the asymmetric
distribution of contact zones while preserving the linearity of the problem at each iteration, ensuring
computational efficiency compared to a full three-dimensional formulation.
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The objective of this work is the development and verification of the zonal method for contact
interaction problems within the SAFEM framework, with comparison of results against calculations
performed in the LIRA-SAPR software package [5].

1. Zonal Method

Contact Problem in the Semi-Analytical Finite Element Method.

In the Semi-Analytical Finite Element Method (SAFEM) [1, 6], for prismatic structures, the
solution is represented as an expansion over a system of coordinate functions along the longitudinal
coordinate, while retaining the finite element discretization in the cross-sectional plane.

The displacement field is represented in the form

u(xl,xz,x3): S, (xl,xz )X go(l)(x3)
where [ — is the expansion term index, u,(xl,xz)f are the displacement amplitudes in the cross-

O]

sectional plane, @ (x3 )f are the coordinate functions (Lagrange polynomials), x* — is the normalized

longitudinal coordinate (x° e[— 1,1] ), related to the physical coordinate y by the relation

x> =2y/L—1, where L is the length of the structure
The Lagrange polynomials are defined as follows:

o :%(1—;9), o :%(1+x3), o0 = 0 _ £1=2) 0-2) 15 5
where f(l) = 1l|(712 -n1Y, p(l) — Lagrange polynomials.

For each expansion term /, a system of equations is formed:

(K] {u}y =10},
where [K],— is the stiffness matrix, {u }1 — is the nodal displacement vector, {Q},— is the nodal load

vector for the expansion term /.

A typical number of expansion terms L =16 or 32 provides sufficient accuracy in representing the
displacement field.

Under asymmetric loading (bending, shear forces), the contact surface is divided into contact zones
and opening zones along the longitudinal axis. In contact zones, the bodies are in contact and transmit
compressive stresses, while in opening zones a gap forms and stresses are absent. The boundary
between the zones is not known a priori and depends on the deformed state.

The classical SAFEM formulation assumes that the material properties (in particular, the elastic

modulus E ) are independent of the longitudinal coordinate x*. This leads to the appearance of non-
physical tensile stresses in the opening zones and
k=M the inability to correctly model gap formation
between the bodies.
2. Description of the Zonal Method
The proposed zonal method, in contrast to
classical approaches [3,7], is based on
partitioning the longitudinal axis into zones and
assigning to each zone an effective elastic
modulus depending on the presence or absence of
contact.
The longitudinal direction is divided

into M zones in physical coordinates ye[O,L]
(Fig. 1):

[K] - {u}, {Q}

contact surface

integration
k=2 —pianes

X' Zone k: X3 elX3k,X3k+1J, k=12,..M,
N where X3 - are the Gauss integration points for
the Lagrange polynomials along the normalized
Fig. 1. Prismatic finite element and zone partitioning for coordinate X 3 IS [— 1,1] . For L=16 expansion

the zonal method
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terms, 17 integration points are used, forming M = 16 zones. In parametric studies M is varied from
10 to 20 to assess the convergence of the method.
3. Identification of Contact Elements

Contact elements are defined as finite elements in the cross-sectional mesh whose (xl,xz), all

2

nodes lie on the contact surface x> =x” contact. During the pre-processing stage, a list of N,

contact elements is formed for the upper and lower plates.
For each zone k an elastic modulus is assigned, which defines the material properties of the contact
elements in that zone:

E, =E, if gap, <0 ( contact),
E,=E,, if gap, >0 (opening),

where E —is the elastic modulus of the material; E,; — is the reduced modulus in the opening zone;

gap, — is the gap between the contact surfaces at the center of zone £.

Physical interpretation: in the contact zone (gap, <0) the material operates at full £ and
transmits compressive stresses. In the opening zone (gap, >0) the material becomes very soft
(Er=Epp ), (Eg,;<<E), resulting in negligibly small stresses and simulating the absence of contact.

4. Assembly of the Stiffness Matrix

When assembling the stiffness matrix [K ], for expansion term / integration along the longitudinal

coordinate is performed zonally. The contribution of contact elements is computed separately for each
zone using the corresponding elastic modulus £, :

(K], = (K] + 3 (etem e N3 (k = 1M JKE" (Ey ). )
where [K]'“*"— is the contribution of non-contact elements (with constant modulus E along the

entire length L ); [K[*"* —is the contribution of contact element elem in zone k .
The contribution of contact element in zone k is computed by integration over the interval

3.3
lxk > Xerl J

[k =l JBY [DYE Bl [ @
where [B] — Gradient matrix, [D](Ek) — is the elasticity matrix with modulus E, .

Integral (1) is evaluated numerically using the Gauss quadrature method with integration points
within zone k .

Thus, contact elements have variable stiffness along the length of the structure depending on the
distribution of contact and opening zones, while non-contact elements retain constant material
properties.

5. Iterative Algorithm

The distribution of elastic moduli £, across the zones is determined iteratively, since the gap,
depend on the deformed state, which in turn depends on the distribution of moduli.

6. Solution Algorithm

Initialization (iteration 0):

The initial distribution of moduli across the zones is specified. A typical initial assumption:
E, = E for all zones (full contact along the entire length is assumed).

Iteration iter =1,2,3,...:

Step 1. Solution of the problem with the current modulus distribution.

For each expansion term /=0,1,...,L :

a) Assemble the stiffness matrix [K ], according to (1)-(2) with the current values of E,

6) Solve the system of linear algebraic equations:

[K]/ [“]/ = {Q}/ .
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Step 2. Computation of gaps in the zones
For each zone k =1,2,..., M :
a) Determine the coordinate of the zone center:

i = +ya)/2,
e =2y¢/L-1;

b) Recover the vertical displacements of the contact surfaces by superposition of the expansion
terms:

. c
ué””(y;i)= S ul? X(p(l)(x3k) ,
()= X k<o (7).

bot u!'%P — are the vertical displacements (in the x* direction) of a characteristic point on the

where u,;",u5

contact surface for expansion term / ;
¢) Compute the gap in zone £ :

gap=us” (v b ().
Step 3. Update of elastic moduli.

For each zone k:
If gap, <0:

E" =FE (contact),
Otherwise:
E,’{"’W=Esqﬁ (opening).
Step 4. Convergence check.
If Ef" = E" for all zones k =1,..,M :

STOP (solution obtained).
Otherwise:

E, <« E".
Proceed to Step 1 (next iteration)
Convergence criterion.
The iterative process is considered converged when the distribution of elastic moduli £, has

stabilized, i.e., does not change between successive iterations. This means that the distribution of
contact and opening zones is consistent with the deformed state of the structure.

7. Verification of Results

To verify the zonal method, consider a flange-type connection of two rectangular plates. Geometric
parameters:

Length: Z=500mm.

Width: B=500mm.

Thickness of the upper plate: 4, =6mm .

top
Thickness of the lower plate: %, ,,=6mm .

Elastic modulus E=2.06x10°MPa .

Poisson's ratio v =0.3 .

The lower plate is rigidly fixed along its entire perimeter, modeling a stationary base of the
structure.

The upper plate is fixed at 2 or 4 discrete points (see Fig. 3). At these points, displacements in all
directions are restrained, simulating a bolted connection between the plates.
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A tensile force N=250kN is applied to the end face of the upper plate in the longitudinal direction.

The loading induces bending of the upper plate and opening of the contact between the bolted
connections

Moints PL-1 fixity points PL-1

~ fu 7N
{3 P

Fig. 2. General view of the benchmark problem

AN
AN

The benchmark problem was analyzed using the displacement-based Finite Element Method
(FEM) with universal spatial eight-node
isoparametric finite elements and a special
contact element FE262 for contact modeling.
This contact element transmits only
compressive forces and is automatically
deactivated upon the occurrence of tensile
stresses, simulating contact opening.

The LIRA-SAPR software package [5]
was used for the analysis. The general view of
the structural model is shown in Fig. 3.

8. Results and Analysis Fig. 3. General view of the structural model

The stress-strain state of the benchmark
problem was analyzed using von Mises equivalent stresses. The study was carried out on the basis of
numerical finite element modeling in a three-dimensional formulation, which allows for accurate
representation of the actual behavior of the plates, loading conditions, and interaction between
individual components. The numerical analysis was performed using the LIRA-SAPR software
package [5].

The structural model in LIRA-SAPR consists of two rectangular plates connected through FE262
contact elements, which are distributed over the contact surface at a regular spacing. The load is
applied as a uniformly distributed force on the end face of the upper plate. The use of unilateral FE262
contact elements allows automatic identification of active contact zones (transmission of compressive
stresses) and opening zones (absence of interaction).

The lower plate is rigidly fixed along its entire surface and perimeter. The upper plate:

e Case A: pinned restraint at two discrete points, simulating a flange connection with two bolts
(Fig. 2a);

e Case B: pinned restraint at four discrete points, simulating a flange connection with four bolts
(Fig. 2b).

The general views of the structural models for both cases are presented in Fig. 4.

The obtained displacement distributions are shown in Fig. 4. Fig. 4a presents the results for Case A,
where the maximum displacement is 9.12 mm; for Case B, the maximum displacement is 0.971 mm.

The numerical simulation also established that the maximum von Mises equivalent stresses reach:

e 133 MPa for the two-point restraint case (Fig. 5a);
e 77.1 MPa for the four-point restraint case (Fig. 5b).
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Fig. 5. Stress distribution in the structural model

To verify the proposed zonal method, the same problem was analyzed using the Semi-Analytical
Finite Element Method. The SAFEM structural model is shown in Fig. 6.

1 1
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Fig. 6. General view of the structural model depending on the number of restraint points

Based on the SAFEM analysis results, depending on the restraint configuration (Case A and Case
B), the displacement values are:
e  8.99 mm for the two-point restraint case (Fig. 6a);
e 0.994 mm for the four-point restraint case (Fig. 6b).
The stress values are:
e 134 MPa for the two-point restraint case (Fig. 6a);
e 76.3 MPa for the four-point restraint case (Fig. 6b).
The obtained results are summarized in Table 1.
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Table 1
Summary of analysis results
FEM SAFEM o FEM SAFEM o
(Case A) | (Case A) ® | (Case B) | (CaseB) °
Maximum displacements, mm 9,12 8,99 -1,44 0,971 0,994 2,37
Maximum stresses, MPa 133 134 0,75 77,1 76,3 -1,04

Comparative analysis of the results revealed high agreement between the three-dimensional FEM
formulation and the SAFEM zonal method, with the maximum relative error not exceeding 2.4%. The
obtained results verify the applicability of the proposed method for solving contact problems in
prismatic structures.

Thus, the analysis results demonstrate high accuracy of the proposed zonal method in the Semi-
Analytical FEM compared to the classical three-dimensional FEM in LIRA-SAPR. The maximum
discrepancy in displacements between the two methods is 2.37% for Case B and —1.44% for Case A,
confirming the correctness of the structural deformation modeling. The discrepancy in maximum von
Mises equivalent stresses does not exceed 1.04%, indicating adequate reproduction of the stress-strain
state in both contact and opening zones. The achieved agreement of results verifies the applicability of
the zonal method for solving contact problems in prismatic structures at a significantly reduced
computational cost compared to the full three-dimensional formulation.

Conclusion

This paper proposes and implements a zonal method for modeling contact interaction within the
Semi-Analytical Finite Element Method for prismatic structures. The classical SAFEM formulation [1,
6] does not allow for accurate modeling of contact opening zones due to the assumption of material
property invariance along the longitudinal coordinate, which leads to the appearance of non-physical
tensile stresses. The developed method resolves this issue by partitioning the longitudinal axis into
zones and iteratively determining the distribution of elastic moduli depending on the presence or
absence of contact in each zone.

Verification of the method was performed on a benchmark problem of a flange connection of two
plates under tensile loading, considering two bolt configurations. Comparison of the results with
calculations in the LIRA-SAPR software package [5] demonstrated high accuracy of the proposed
approach: the maximum discrepancy in displacements is 2.37%, and in stresses -1.04%. This
agreement confirms that the zonal method adequately reproduces both the deformed state of the
structure and the stress distribution in the contact and opening zones.

An important advantage of the method is its computational efficiency compared to the full three-
dimensional problem formulation. In SAFEM, the number of degrees of freedom is determined solely
by the cross-sectional discretization (approximately 300 equations per expansion term), whereas the
three-dimensional FEM requires a detailed mesh in all three directions (approximately 30,000
equations). The iterative process of the zonal method demonstrates stable convergence, reaching the
solution in 3—7 iterations, which makes the method suitable for engineering applications.

The proposed method can be applied to a broad class of contact problems [1, 6] in prismatic
structures, including flange connections [3,4, 7], multilayer composite structures, mechanically
fastened joints, and other cases where opening zones may form under loading. Further development of
the method may include the incorporation of friction on the contact surface [2], modeling of plastic
deformations in stress concentration zones, and extension to dynamic loading cases.

REFERENCES

1. Bazhenov V.A., Pyskunov S.O., Solodei I.I. Chyselni doslidzhennia protsesiv neliniinoho statychnoho i dynamichnoho
deformuvannia prostorovykh til (Numerical studies of the processes of nonlinear static and dynamic deformation of spatial
bodies) // K.: Karavela, 2017.— 305 p.

2. Bazhenov, V. A., Pyskunov, S.0., Maksym’yuk Yu. V., Mytsyuk S. V. Effect of geometric nonlinearity on the life of a
herryingbone lock joint in creep // Opir materialiv, 2022, Vol. 54, No. 3, pp.372-376. https://doi.org/10.1007/s11223-022-
00412-4

3. IDEA StatiCa Connection, software package designed. Bolted connection - Interaction of shear and tension
https://www.ideastatica.com/support-center/bolted-connection-interaction-of-shear-and-tension



82 ISSN 2410-2547
Onip matepiaiis i Teopist ciopy/Strength of Materials and Theory of Structures. 2026. Ne 116

4. Mitsiuk S.V., Maksym’yuk Yu. V., Mitsiuk D.V., Comparative analysis of the results of flange connection calculation using
the FEM and CFEM methods // Modern engineering and innovative technologies. — Issue Ne40, Part 2, June 2025. — C. 88-96.
https://doi.org/10.30890/2567-5273.2025-40-02

5. Piskunov S.0., Mitsiuk S.V., Mitsiuk D.V., Repiakh Y. Analysis of the stress state of the bolted connection taking into account
the bolt tension // Resistance of materials and theory of structures: scientific and technical collection - Kyiv: KNUBA, 2024. -
Issue 113. - P. 44-49. https://doi.org/10.32347/2410-2547.2024.113.37-44

6.  Prohramnyi kompleks LIRA-SAPR. Pryklady rozrakhunku i proektuvannia : navchalnyi posibny. (Software Package LIRA-
SAPR. Examples of Analysis and Design: Study Guide). Kyiv: LIRA LAND, 2023. 586 p. URL:
https://www.liraland.ua/download/private/lira/2023/lira_sapr_examples_ua.pd

7. Solodei I.I., Kozub Yu.H., Stryhun R.L., Shovkivska V.V. Chyselnyi analiz napruzheno-deformovanoho stanu trubchastoho
elementa pry termosylovomu navantazhenni (Numerical analysis of the stress-strain state of a tubular element under
thermoforce loading) // Opir materialiv 1 teoriia sporud. — K:KNUBA, Vyp.109, 2022, P. 109-119.
https://doi.org/10.32347/2410-2547.2023.110.199-206

8. Vabishchevych M.O., Storchak D.A.. Solution of nonlinear contact problems of deformation of nodal connections of steel
structures // Opir materialiv i teoriia sporud. —K.:KNUBA, Vyp.108, 2022, P. 178-179. https://doi.org/10.32347/2410-
2547.2022.108.178-188

Cmamms naoivwna 19.03.2025

Iuckynos C.O., Muywox C.B., Muyiox /{.B
30HAJIbHUI METOJ KOHTAKTHOI'O MOJIEJTIOBAHHS B3AEMO/III Y HAIIIBAHAJIITHYHOMY METO/II
CKIHYEHHHUX EJTEMEHTIB

Y paHiit poOOTI BMKOHAHO KOMILIEKCHE JMOCII/DKEHHS MOMJIMBOCTEH MOJEIIOBAHHS KOHTAKTHOI B3aeMomii y
HaNiBaHAJITUYHOMY METOJI CKIHUEHHMX €JIEMEHTIB Ui NpPU3MAaTHMYHMX KOHCTpykuii. Knacmuna mnocranoBka HMCE
nepedauae HE3MIHHICTh BJIACTUBOCTEH MaTepiady B3[OBK IO3/0BXKHBOI KOOPAMHATH, IO MPU3BOJAUTH 10 BHHHMKHEHHS
HeI3MYHUX PO3TATYIOUMX HANPYKEHb y 30HAX PO3KPUTTA KOHTAKTy. [l BUpimeHHS wiel nmpobieMH 3anpONOHOBAHO
30HAIBHUI METOJ, SIKMH 0a3yeTbcs Ha IMOALI MO3LOBXHBOI OCI HA 30HM Ta iTepaliiiHOMy BHM3HAuU€HHI PO3MOAITY MOJYJIB
MIPYXKHOCTI 3aJIEKHO BiJl HAIBHOCTI 200 BiZICyTHOCTI KOHTAKTY Y KOXHIiH 30HI.

OcobnuBy yBary mnpujaiieHo Mmoaubikauii npoueaypu (opmyBaHHS MaTpulli KOPCTKOCTI, A€ IHTErpyBaHHsS B3ILOBXK
T03/10B)KHBOi KOOPAWHATHU JII1 KOHTAKTHUX €JEMEHTIB BUKOHYETHCS 30HAJIBHO 3 BUKOPHCTAHHAM Pi3HUX MOJYJIB IPYXKHOCTI. Y
30HaX KOHTAaKTy BHKOPHUCTOBYEThCS MOBHMH MOIyNb MaTepialy, y 30HaX PO3KPUTTS - 3HAYHO MEHIIMH MOJYyJb, IO iMiTye
BiZICyTHiCTb B3aeMozii. Po3mozisl MoayiiB BU3HA4YAEThCA iTEpalliiHO Yepe3 po3B'sA3aHHS 3a/1aui, OOYMCICHHS 3a30DiB y LIEHTpax
30H Ta OHOBJICHHS BJIACTUBOCTEH MaTepiaiy 110 1OCATHEHHs 30 DKHOCTI.

IpoBeneHo Bepudikalito METOAy Ha TECTOBIH 3a1a4i (UIAHIEBOrO 3'€JHAHHS JBOX IIACTHH 3 MOPIBHAHHAM PE3yJIbTaTiB 3
po3paxyHkamu y nporpamHomy kommuiekci LIRA-SAPR. Pe3ynbTaTi nokasainu BUCOKY 30DKHICTh MiX 30HAJILHUM METOAOM Ta
mpocTopoBoto nocraHoBkolo MCE: po306ikHicTh y mepeMillleHHAX He nepeBuiye 2,4%, y HanpyxenHsax — 1,04%. IIpu nsomy
oOuucioBagbHa €(PEKTHBHICTh 30HAIBPHOrO METOAY 3HAYHO BHILA 3aBIAKM MEHILIIH PO3MIPHOCTI 3ajJayi Ta MOMJIMBOCTI
napajiesizanii po3paxyHKiB Ul Pi3HUX WICHIB PO3KIIAJaHHS.

OTpuMaHi pe3y/lbTaTH MiATBEPPKYIOTh JOLIJIBHICTE Ta €(EKTUBHICTh BUKOPUCTAHHS 30HAIBHOrO METOAY IS
MOJIETIOBaHHS KOHTAKTHOI B3a€eMOii y MPU3MAaTHYHUX KOHCTPYKUiAX. Takuii miaxin 103BOJsE KOPEKTHO BPAXOBYBATH 30HU
PO3KPHUTTS NpU 30€peKEHHI BHCOKOI OOUHCIIOBANBHOI €(EKTUBHOCTI, 10 POOHTH METOA HPHUAATHHM JUIS LIMPOKOro Kiacy
IH)KEHEPHHX 3a/1a4, BKJII0Yal04u (raHLeBl 3'eAHaHHs, 0araTomapoBi KOMIIO3UTH Ta iHILI BUMAJKH OJJHOCTOPOHHBOTO KOHTAKTY.

Karo4oBi ciioBa: HamiBaHaJITHYHUN METOJ CKIHYEHHUX €JIEMEHTIB, KOHTAKTHE 3’€JJHAHHSA, HEOCECUMETPUYHHUH KOHTAKT,
30HAJILHUI METOJ1, iTepalliiiHUil AIrOPUTM, 30HU KOHTAKTY, PO3KPUTTS KOHTAKTY.

Pyskunov S.0., Mitsyuk S.V., Mitsyuk D.V.
ZONAL METHOD FOR CONTACT INTERACTION MODELING IN THE SEMI-ANALYTICAL FINITE
ELEMENT METHOD

This paper presents a comprehensive investigation of contact interaction modeling capabilities within the Semi-Analytical
Finite Element Method for prismatic structures. The classical SAFEM formulation assumes material property invariance along
the longitudinal coordinate, which leads to the appearance of non-physical tensile stresses in contact opening zones. To address
this issue, a zonal method is proposed, based on partitioning the longitudinal axis into zones and iteratively determining the
distribution of elastic moduli depending on the presence or absence of contact in each zone.

Particular attention is given to the modification of the stiffness matrix assembly procedure, where integration along the
longitudinal coordinate for contact elements is performed zonally using different elastic moduli. In contact zones, the full
material modulus is applied, while in opening zones a significantly reduced modulus is used to simulate the absence of
interaction. The modulus distribution is determined iteratively by solving the problem, computing gaps at zone centers, and
updating material properties until convergence is achieved.

Verification of the method was carried out on a benchmark problem of a flange connection of two plates, with results
compared against calculations performed in the LIRA-SAPR software package. The results demonstrated high agreement
between the zonal method and the three-dimensional FEM formulation: the discrepancy in displacements does not exceed 2.4%,
and in stresses — 1.04%. At the same time, the computational efficiency of the zonal method is significantly higher due to the
reduced problem dimensionality and the possibility of parallelizing calculations for different expansion terms.

The obtained results confirm the feasibility and effectiveness of the zonal method for modeling contact interaction in
prismatic structures. This approach allows for accurate representation of opening zones while maintaining high computational
efficiency, making the method suitable for a broad class of engineering problems, including flange connections, multilayer
composites, and other cases of unilateral contact.

Keywords: semi-analytical finite element method, contact joint, non-axisymmetric contact, zonal method, iterative
algorithm, contact zones, contact modeling.
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Iuckynos C.O., Muyiox C.B., Muywox /.B. 30HAJIBHUI MeTOJ] KOHTAKTHOIO MOJEJIIOBAHHS B3aeMoAii y HamiB-
AHATITHYHOMY MeTO/li CKiHUeHHHUX esieMeHTIB // Onip martepiaiiB i Teopis copyx: Hayk.-tex. 30ipH. — K.: KHYBA. 2026. —
Bum. 116. - C. 75-83. — Anri.

Pospobneno ma eepuixoeano 30HanbHUIL MEMOO MOOENOBAHHS HeOCecUMempuiuHoi KOoHmakmuoi 63aemodii 6 pamxkax SAFEM,
3aCHOBAHUT HA IMEPAYIlIHOMY BUSHAUEHHT MOOYI6 NPYIHCHOCHI NO NO300BXHCHIX 30HAX, 3 NIOMBEPONCEHOIO MOYHICIIO MemOoOy
(noxubka 6 mesxcax 2,4%) wnaxom nopieHAHHA 3 MPUBUMIDHUM Memooom cKinyennux enemenmie (MCE) 6 LIRA-SAPR na
emanoHHill 3a0a4i Pranyeeozo 3'cOHanHsL.

Tab6un. 1. In. 6. bibaiorp. 7 Ha3B.

UDC 539.3

Pyskunov S.0., Mitsyuk S.V., Mitsyuk D.V. Zonal method for contact interaction modeling in the semi-analytical finite
element method // Strength of Materials and Theory of Structures: Scientific-and-technical collected articles. — K.: KNUBA.
2026. —Issuel16. —P. 75-83.

A zonal method for modeling non-axisymmetric contact interaction within the SAFEM framework is developed and verified,
based on iterative determination of elastic moduli across longitudinal zones, with method accuracy confirmed (error within
2.4%) through comparison with three-dimensional FEM in LIRA-SAPR on a benchmark flange connection problem.
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