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Introduction

Methods and algorithms for the analysis of flexible plates and shells continue to attract
considerable attention from researchers. First of all, this concerns methods for analyzing the stress—
strain state and buckling of such structures. The process of shell buckling and its subsequent
deformation often determines the ultimate load-bearing capacity of a structure. These issues are
particularly important when analyzing flexible elastic shells with variable thickness subjected to
thermomechanical loading.

Most results related to the geometrically nonlinear deformation and buckling analysis of shells have
been obtained using numerical methods. Among them, the finite element method [1-9] occupies a
leading position and is most often applied in the form of the displacement method. In recent years, the
semi-analytical finite element method has gained wide recognition and demonstrated high efficiency
[10-12]. Studies devoted to the buckling analysis of elastic shells of inhomogeneous composition based
on the finite element method are presented in [13-17].

In general, thin-walled shell structures, depending on their functional purpose, may combine
various structural inhomogeneities such as ribs and cover plates, reinforced and non-reinforced holes,
cavities, channels, local thickening and thinning, sharp bends in the mid-surface, and other features,
multilayer material structures, as well as complex mid-surface geometries that cannot be described by
simple analytical expressions. During operation, shell structures are often subjected to static
mechanical and thermal fields, resulting in nonlinear deformation behavior. Methods for analyzing the
behavior of such shells remain insufficiently developed due to the complexity of accounting for all the
above-mentioned factors in the formulation of the governing equations. Therefore, the use of universal
computational models and technologies for studying shells with complicated geometric structures is
promising and contributes to the further development of the finite element method.

The study of nonlinear deformation, buckling and natural vibrations of inhomogeneous shell
structures of complex shape under thermomechanical loading using the application of finite element
modeling techniques is presented in [14-17]. There are the theoretical foundations of the developed
method and a large number of benchmark and new problems demonstrating its efficiency. The present
paper continues the series of works by the authors cited in [14-17] and other related publications. It is
devoted to the specific features of the practical application of the algorithm for buckling and natural
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vibrations analysis of structurally inhomogeneous shells under complex combined thermomechanical
loading.

1. Problem statement and research method

A method for solving static buckling problems of thin elastic shells of inhomogeneous structure
under external mechanical loads and non-uniform volumetric heating is considered. The
inhomogeneity of a shell, interpreted in a broad sense, includes the following aspects: a complex
geometric structure of the shell (i.e., a complex shape of the mid-surface and various irregularities
(geometric features) in the thickness direction (Fig. 1)); structural inhomogeneity of the shell material
the form of combinations of different multilayer packages; different boundary conditions applied to
individual shell areas; and non-uniform thermomechanical loading [14, 15].

Shell sections with stepwise-variable thickness

Casing with constant thickness

Cover plate

Casing with
stepwise-variable
thickness

Casing with smoothly-variable
Hole thickness

Fig. 1. Fragment of the finite element model of a shell with inhomogeneous structure

Each type of geometric feature of shell elements is associated with specific characteristics of the
stress—strain state, buckling processes, and natural vibrations of the structure. This requires an appropriate
representation in the governing equations of the corresponding shell theory. Conventionally, various
finite elements are used for the analysis of such shells, constructed either on the basis of shell theories or
on the three-dimensional theory of elasticity. The simultaneous consideration of different geometric
features requires the development of computational methods for shells of a generalized class. One such
approach is based on the use of universal finite elements [14-17].

The finite element methodology [14—17] for analyzing the stress—strain state, buckling, and post-
buckling behavior of inhomogeneous shells is based on the geometrically nonlinear relationships of the
three-dimensional theory of thermoelasticity [18-20], the principles of the moment finite—element
scheme (MFES) [5, 13], and the use of a modifiable universal three-dimensional finite element with
additional variable parameters. This unified approach made it possible to construct a single
computational finite element model of a shell with inhomogeneous structure.

Geometrically, the shell is treated as a three-dimensional body possessing certain specific features.
The body’s dimension in the thickness direction is much smaller than its in-plane dimensions (i.e., the
shell is thin), and the compressive stress through the thickness of the shell layer (single-layer or
multilayer) is assumed to be constant. Shell sections are considered as areas of continuously varying
thickness (with a smooth mid-surface and with sharp bends in the mid-surface) and stepwise thickness
(sections containing the casing, ribs, cover plats, cavities, channels, holes, etc.). The term “casing”
refers to the shell body without geometric irregularities through the thickness. The non-classical
kinematic hypothesis of the deformed straight line is used in governing equations [14]. The universal
three-dimensional finite element with additional variable parameters is developed on the basis of an
isoparametric three-dimensional finite element with polylinear shape functions for coordinates and
displacements. A distinctive feature of the finite element is its modification for modeling all sections of
the shell with stepwise thickness. The initial assumptions, fundamental theoretical provisions, and
governing relations underlying the finite element procedure for the investigation of buckling and
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natural vibrations of thin elastic inhomogeneous shells under complex combined thermomechanical
loading are presented in [14—17]. Below, the corresponding algorithm constructed on these approaches
is briefly outlined; we refer to it as the MFES method.

2. Algorithm for buckling and natural vibration analysis of shells

The study of geometrically nonlinear deformation processes of shells is based on the Lagrangian
formulation of the incremental variational problem. The deformation process of the structure is
represented as a sequence of equilibrium states
P corresponding to sufficiently small increments of
‘ thermomechanical loading. The new geometry
¢ and the deformation history of the shell are
assumed to be known at the current load step. An
integral approach is employed to analyze the
s shell behavior under static thermomechanical
NG loading. The algorithm is constructed as follows

i \ (Fig. 2).
: 4 ) The static problem of geometrically nonlinear
deformation and buckling of an elastic shell is
f R At solved by a step-by-step method. Within this
& N approach, each load step corresponds to an
/ increment (positive or negative) of the external
/ load parameter P . The parameter P is a
/ generalized parameter of thermomechanical
/ e A= A (P) loading P =(Q,T) that defines the combined

e = A=Ay (T) effect of various static mechanical Q and

,-'\\QU thermal 7 fields acting on the shell.

U The solution of the static nonlinear stability
problem is represented by the relationship
between the external load parameter P and the
displacement field of a characteristic point of the
finite—element shell model (FESM). This relationship is determined at each increment of the
generalized load parameter P and is characterized by the «load P — deflection U » (P-U ) curves
for selected points of the shell (Fig. 2). The algorithm is based on the generalized P-U

curve in the form of a loop with a branching point g and special points a— f. At

Fig. 2. General appearance of the P-U curve, selection of
the continuation parameter A, and limits of its variation

each increment of the generalized load parameter AP, the stress-strain state of the shell is determined
too. The updated shell coordinates (its deformed configuration) and the increments of displacement
and stress fields are computed. These results serve as the initial data for the modal analysis of the
prestressed and deformed structure, as well as for the subsequent calculation step.

The algorithm for solving the stability problem of the shell employs the parameter continuation
method, an iterative procedure based on the modified Newton—Kantorovich method, and a technique
for adjusting the algorithm parameters [14, 15]. A specific feature of the developed algorithm for
solving the nonlinear stability problem is the automated control of the continuation parameter type
during the solution process. This makes it possible to obtain the entire P—U regardless of its shape
and complexity.

At a given step, the continuation parameter A, may be either the parameter of the external nodal
thermomechanical loading P = P(Q,T ) or the controlling displacement U of the FESM, selected by

the algorithm. The controlling displacement ui corresponds to the displacement of the node “v” of

the FESM at which the increment of the magnitude of the nodal displacement vector has been the
largest in the previous step. The necessity to change the continuation parameter arises in the
neighborhood of special points of the P—U curves, as illustrated in Fig. 2. The portions of the P-U

curve where the load parameter A, =, (P) is used as the continuation parameter are shown by a
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dashed line (0—s,,s, 5,5, —55), whereas the portions where the continuation parameter is the

displacement of the controlling node, ie, A, =A,(U), are indicated by dotted lines

(s1 —8,,83 = 84,55 — )
The selection of the continuation parameter type for each subsequent load step k+1 is performed
depending on the fulfillment, at the previous step, of condition:

‘APk/Au;"zc ‘API/M{", (1)
where AP, AP, and Auj Auj — are the load increments and increments of nodal displacements at

the first and at the k-th steps, respectively; C=0+10'" —is a correction coefficient that allows
adjustment of the location of the points where the continuation parameter is switched on the P—-U
curve.

It should be noted that the load parameter A(P) is taken as the continuation parameter at the first

step (P = P(Q,T)=P(0,0)=0).

An important issue is the proper selection of the magnitude of the first load step AA . In the case of
purely mechanical loading, the magnitude of the first step AR =AQ, may be chosen relatively
arbitrarily. As a rule, it is prescribed within sufficiently wide limits (1/100+1/3) typically a certain
percentage of the specified final load Q,, . During further calculations, the load step size is

automatically adjusted by the algorithm. Experience in solving problems of nonlinear deformation and
stability of heterogeneous shells has shown that the initial step size has practically no influence on the
total computation time. Specially developed procedures rapidly establish rational values for the
subsequent load increments.

However, in the case of thermal loading, the magnitude of the first increment AR = A7, must be
small. This is due to the volumetric effect of the temperature field on the shell. The magnitude of the

first temperature load increment should not exceed 1°C . The subsequent increments of the temperature
loading may then be gradually increased automatically by a factor of approximately 1,3. It should be
noted that solving problems involving purely thermal loading requires a reduction of the accuracy
parameter € by 6-—8 orders of magnitude compared to the case of mechanical loading, namely to about
g=10"+10"" instead of e=1072 +107*.

Under combined thermomechanical loading, the magnitude of the first load increment
AP, = AP,(AQ,,AT;) should be chosen within the range (1/100+1/10).

According to the geometric interpretation of the components in condition (1), this condition can be
expressed in the following form:

tano>Ctana , 2)

where o, is the angle of inclination of the tangent to the P—U curve computed at the first load step
(Fig. 1), and o is the corresponding angle of inclination of the tangent to the curve P—U curve at the
k-th step.

If condition (2) is satisfied, the continuation parameter is taken to be the parameter of the external
nodal load field, A,(P). Otherwise, the continuation parameter is chosen as the component of the

controlling generalized nodal displacement vector u’V of the FESM that has the maximum absolute

value, i.e., the displacement parameter A (U ) .

After completing at the k-th step the main procedure of the general algorithm (namely, the
iterative modified Newton—Kantorovich method) the problem is considered solved for that step. The
computed results are then collected into files for further post-processing, performing modal analysis of
the prestressed structure, and continuing the solution at the next k +1 step.

For performing the modal analysis of the shell, files containing the necessary information are
generated. At this stage of the integrated calculation, a modal analysis is carried out with the updated
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deformed configuration of the shell {x,’:}: {x}:_l}+ {u}{} and its prestressed state {c’,{ }: {c’,{_l}+ {Ac’,{}
resulting from the applied thermomechanical load AP, . The stress-strain state obtained at step & is
taken as the initial equilibrium configuration relative to which the small vibrations of the shell are
analyzed. The natural frequencies cof-‘ (co{‘ as shown in Fig. 3) and the corresponding vibration modes

of the shell are determined. The required number of vibration frequencies is usually specified in
advance as input data. Thus, in the finite element formulation used for the modal analysis, both the
deformed configuration of the structure and the stresses accumulated in the previous k—1 steps are

k-1
taken into account c}_; = > A,c” .
r=1
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Fig. 3. Integrated algorithm of problems of nonlinear deformation, stability, and natural vibrations of flexible shells

The result of the modal analysis is presented as a «load P — lowest frequency o;» (P — ;) curve
(Fig. 3). If there is a branching point g on the P—U curve in the pre-buckling domain of the shell

(Fig. 3a) corresponding to the load value P*, then at this point the lowest natural frequency of the
shell becomes zero (®; =0). This load P* can be taken as the upper critical load according to the
dynamic criterion. If no branching point exists in the pre-buckling domain (Fig. 3b), the point a

corresponding to the maximum of the P-U curve represents the upper critical load P.7, both

according to the static and the dynamic criteria (@, =0).

Thus, a distinctive feature of the method and the algorithm developed on its basis is the ability to
accurately analyze both the pre-buckling and post-buckling states of shell deformation, including shells
with various thickness features such as ribs, channels, and similar structural elements. Furthermore, the
developed algorithm allows for the detection of possible solution branching points on the P-U
curve, both in the pre-buckling domain and in other areas of the curve.

3. Special points on the load—deflection curves
A unique characteristic of the developed algorithm, which implements the methodology [13—17], is
its ability to identify and analyze special points on the P—U curve during the calculation of shell

buckling. This approach allows the solution to be traced in the neighbourhood of these points and
enables traversal of the entire curve regardless of its complexity.
In general, the P—U curve can have an arbitrary shape (Fig. 2). In the figure, the P—U curve is

shown as a loop containing a number of special points, including the branching point g. Points a
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and b on the curve are referred to [21] as the upper P,” and lower Pclrw critical points, respectively.
Points e and f are turning points, and the curve may also include inflection points ¢ and d .
Typically, the special points on the P—U curve correspond to real physical phenomena and
quantities. Their presence introduces certain mathematical challenges and imposes specific
requirements on the algorithm for solving the nonlinear stability problem. Implementing the ability to
switch continuation parameters (from load A(P) to displacement A(U) and vice versa) at any stage is

extremely important for ensuring reliable nonlinear analysis of shell stability.
At the critical points @ and b, the generalized derivative 0P/0U =0 is zero. The point a

corresponds to an unstable deformation mode of the shell. Buckling occurs through a sudden change in
the shell’s shape — often referred to as snap-through buckling. In static shell stability problems, the

upper critical load P.? is taken as the load corresponding to the first upper critical point. The point b

corresponds to the lower critical load P", below which buckling of the shell cannot occur. In the

cr

stepwise continuation algorithm, the solution passes through these points when in their neighbourhood
the continuation parameter is taken as the controlling displacement U .

At the turning points e and f, where the generalized derivative 0P/0U =, the sign of the

displacement increment U changes. In the neighbourhood of these points, the continuation parameter
is the load parameter P .
The inflection points ¢ and d are characterized by second derivatives OP/oU = and

OP/0U =0, respectively. In the nonlinear algorithm, these points fall under one of the special point

types described above. Therefore, to traverse the curve through point ¢ (0P/oU =), the
continuation parameter is taken as the load parameter P, whereas in the neighbourhood of the point
d (0P/oU =0), the continuation parameter is the controlling displacement U .

4. Method for determining the solution branching point
The appearance of a branching point g on the P-U curve (Fig. 2) is associated with the

emergence of adjacent equilibrium forms during shell deformation. The behavior of the shell in the
vicinity of branching points g is characterized by a smooth variation of the stress—strain state. This

process corresponds to a loss of stability in the infinitesimal sense. The load value P* corresponding
to the first branching point is sometimes taken as the upper critical load. The algorithm uses three
approaches to identifying branching points g .

4.1. First method (i). From a mathematical standpoint, the linearized matrix of the governing
equations degenerates in the neighbourhood of a branching point g . Therefore, the algorithm performs

an analysis of the linearized matrix for singularity at each load step to determine the location of the
branching points [5].

Thus, to identify a branching point the qualitative theory is used, which involves analyzing the
eigenvalues of the linearized stiffness matrix [5, 14, 22]. The presence of the branching point within
the integration interval is associated with a mandatory sign change of those eigenvalues that are zero at
this point. Accordingly, the number of eigenvalues that change sign at the current continuation step is
determined. This procedure is implemented using the Gauss elimination process, which reduces the
matrix to triangular form. The number of positive and negative diagonal entries corresponds to the
number of positive and negative eigenvalues. The appearance of at least one negative eigenvalue of the
linearized stiffness matrix indicates an unstable deformation mode of the shell [5]. Since the shell
stability problem is solved step-by-step, the branching points in this approach are registered by the
algorithm with an accuracy corresponding to the load increment at the current step.

4.2. Second method (ii). To more accurately determine the presence of a possible branching point
and draw adjacent deformation modes in its vicinity, the following methodology is used. The adjacent
deformation mode is identified by introducing an perturbation defined by the parameter n into the

perfect initial shell configuration. If n is small, its influence is observed near the branching point on
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the P—U curve. Most commonly, this perturbation takes the form of a small initial geometric

imperfection of the shell’s mid-surface, deviating from its perfect shape. Studies have shown that an
effective approach is to introduce a imperfection corresponding to the shell’s lowest natural vibration
mode as the system approaches the branching point g . In the pre-buckling domain, this imperfection

can transform the branching point into a critical point P * . Other possible perturbations may involve
deviations introduced into the boundary conditions, load parameters, or similar aspects of the system.
4.3. Third method (iii). In addition, the developed integrated algorithm (Fig. 3) for the combined
solution of shell stability and modal analysis problems under thermomechanical loading also allows for
the identification of the first branching point in the pre-buckling domain, if it exists. This approach
corresponds to the dynamic stability criterion.
The use of these three methods for detecting a branching point g in the pre-buckling domain is

important from the standpoint of preventing potential failure scenarios during the design stage of shell
structures, thereby mitigating the risk of accidents that could occur during their operation.

5. Methodology for modeling complex combined thermomechanical loads on a

inhomogeneous shell

During operation, shell structures are often subjected to various mechanical and thermal fields. A
distinctive feature of the algorithm is the methodology used to define the thermomechanical load as a
function. This approach allows for a realistic description of the thermomechanical effects on the
structure. Given the potential for extreme operating conditions, these effects can be quite complex.

The principles of the loading methodology used are as follows.

5.1. If the type of thermomechanical loading remains unchanged, i.e., it does not depend on the
load step, the load at all stages is described by the same function. This function reflects the load
distribution only in the shell’s plan. In this case, it is recommended to establish a correspondence
between the load parameter and either the element numbers of the FESM or the mesh coordinates in
the plan, /12=1,M2 and I13=1,M3.

5.1.1. For types of mechanical loading such as uniformly distributed pressure over the entire shell
plan or part of it, concentrated forces, and similar cases, the application of the load poses no particular
difficulties and is practically standard. Similarly, describing planar thermal loading (whether uniform
or non-uniform through the shell thickness) is also straightforward. In the case of thickness-wise non-
uniform heating, it is only necessary to distinguish between the top and bottom nodes of the FESM to
correctly represent the applied temperature field.

A more complex case arises when the thermomechanical loading varies within the shell plan.

5.1.2. The first example is the non-uniform planar heating of an axisymmetric shell [14, 23]. The
temperature field through the shell thickness is assumed to be constant. The panel heating is considered

_ for two cases of the radial temperature distribution along
Tir),t=const

g Totr? the radius 7 =r/a, where a is the radius of the support
t < . contour (Fig. 4):
| T(t.7)=1(1-7?), 3)
et T(F) =172 . )
. | - The temperature parameter ¢ =const is prescribed.
1 " M2 That is, the function T'(¢,7) varies only along the panel

Fig. 4. Temperature field distribution along the radius and de.:pe?nds on the siven paramete?r L. .
panel radius By associating the FESM mesh coordinate /2 with the
radius of the shell’s support contour, the loading function
can be easily obtained. Indeed:

7 PR
7y=——(12-1), I12=1,M2.
T2 M2—1( )

Then, for the functions (3) and (4), we have:
T(t.77)) = t0=715) 5 T(t.7p) =17 (5)
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5.1.3. A more complex case is the non-uniform heating of shells with stepwise-varying thickness,
such as shells with ribs (Fig. 5a) or with channels (Fig. 5b)

(b)
Fig. 5. Fragments of the FESM with ribs (a) and channels (b)

The following shell element heating options are considered: a shell's casing (without geometric
features along its thickness) is heated by 7% degrees, while areas with ribs or channels are heated by

T" or T° degrees, respectively. Examples of heating of shell elements:
(I) uniform heating/cooling of the entire panel;

(T1) uniform heating/cooling of the casing by 7% degrees, while the sections with ribs or channels
remain, for example, unheated 7" =0/T“ =0;
(TIT) uniform heating/cooling of the sections with ribs or channels by 7" / T¢ degrees, while the

casing remains unheated 7°¢ =0.

The first heating case, uniform heating/cooling of the entire panel, is implemented in the standard
way for the finite element method.

The second and third cases, when the casing and the sections with ribs / channels are subjected to
different temperatures, require the use of a special procedure.

In the case of ribs, narrow elements are used at the boundary between the casing and the ribbed

sections. The casing temperature 7°¢ is set at those nodes of these finite elements that border other
casing finite elements (named as CFEs). The intermediate elements are also the CFEs. The rib element
temperature is set at other nodes of the narrow finite elements that border the ribbed elements. This
procedure is shown schematically in Figure 6.

According to accepted terminology [14—17], a universal finite element modeling sections with ribs
or channels is called a modifiable finite element (MFE). In ribbed sections, it is designated as the

MFE *, and in sections with channels, as the MFE ™.

TSC

TSC TSCTSCTI'TI' TrTrTscTsc TSC
CFE CFE MFE* CFE CFE

Fig. 6. Heating/cooling of the casing by T°° degrees and the shell section with a rib by T’ degrees
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In the case of a section with channels (Fig. 7), the narrow finite element (MFE ) is located on the
channel side. The casing temperature T°° is set at those nodes of the intermediate element that border

the CFE. The channel element temperature 7°¢ is set at other nodes of the narrow finite element.
This approach allows for the assignment of nodal temperatures according to different heating laws
for shells with stepwise-varying thickness.

TSC TSC TC TC TCTC TSCTSC TSC

. . S
I ! I 1

T5¢ T5¢ TTC Tc-.rc.rs.c.rsc T8¢
CFE MFE- MFE~ MFE~ CFE

Fig. 7. Heating/cooling of the casing by T*° degrees and the shell section with a channel by T¢ degrees

Such loadings occur, for example, in the analysis of spacecraft (with ribs and channels) during
atmospheric entry or re-entry. Significant stresses can develop in the shell panel due to the differing rates
of heating between the panel itself and its structural elements, namely ribs and channels [14, 15, 24-26].
For instance, in the presence of channels and cavities in the structure, the thinned sections heat up faster
than the shell panel at the initial stage of atmospheric entry, while the panel remains relatively cool. The
cold panel restricts the thermal expansion of the heated sections, which can lead to their compression and
potential global instability of the shell. Later, the channel sections may cool faster than the panel, with the
cooler channel areas limiting the overall expansion of the shell. This can cause local buckling of the panel
due to the compressive stresses generated. Similarly, when ribs reinforce the shell, complex
thermomechanical loading produces comparable deformation and stability loss processes.

5.2. If the fype of thermomechanical loading changes during the loading process, different modes of
thermal and mechanical influence are considered sequentially. The moment of transition between loading

modes depends on the specified value of the load parameter P, = Pno, where Pno is the predetermined
load at which the loading mode changes, and #n > 2 is the total number of loading modes.
For each loading mode 7, a corresponding function P" = P" (Q,T ) is prescribed, which describes

the distribution of thermomechanical loading across the shell plan. When changing the loading mode
for each new combined loading scenario, it is necessary to redefine the algorithm control parameters to
account for the new loading law. This is important!

This approach allows not only the specification of different thermomechanical loading laws across
the shell plan, but also the handling of various transitions between loading modes.

5.2.1. For example, consider preheating a shell followed by loading it with uniform pressure while
keeping the temperature field fixed. This situation involves two distinct thermomechanical loading
modes. In the first stage of the analysis (loading mode n =1), the algorithm parameters must be set as
for thermal loading. In the second stage (loading mode n = 2), the parameters must be redefined as for
combined thermomechanical loading.

5.2.2. Another example of a complex thermomechanical loading regime on a shell is as follows.
The shell is subjected simultaneously to uniform heating and pressure. When the pressure intensity ¢

reaches a certain value qo, the panel heating stops at a temperature 7 =7,°C. From this moment
onward, the pressure continues to change while the temperature field remains fixed. Again, two
thermomechanical loading modes are present.

To implement the first mode of simultaneous thermomechanical influence (n=1), a relationship
between mechanical and thermal loading must be established. For instance, this could be a law in which,
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for each 1° increase in temperature, the pressure increases by a specified amount. The next mode (n=2)
corresponds to the further variation of pressure under a fixed (unchanging) temperature field.

The use of the developed methodology of specifying thermomechanical loading as a function
allows modeling of combined and complex operational loads on shell structures that closely resemble
real conditions. This, in turn, enables a more accurate assessment of the effect of loading regimes on
the system’s stability, allows a more detailed study of the structural elements’ behavior, and helps
predict the shell’s response under various operational scenarios.

6. Numerical calculations and analysis of results

A series of specially selected problems illustrate and explain certain features of the developed
method. The setups and solutions of stability problems for inhomogeneous shells under action of
thermomechanical loads are considered.

6.1. The capabilities of the method for determining solution branching points g are illustrated
using the classical problem [27-29] of determining the critical load for a shallow, axisymmetric, spherical
panel rigidly clamped along its contour. The shell is subjected to a uniform pressure of intensity ¢ . The
possibility of the appearance of axisymmetric (AM) and non-axisymmetric (NAM) modes of instability
for panels with different curvatures k = H/h is investigated. The curvature variation is achieved by
changing the panel thickness 4 while keeping the rise H =5 constant. Three approaches for
determining the branching points g using the developed method (see Section 4) are considered.

The dependence of the dimensionless critical load g, on the dimensionless shallowness parameter

b=4/6.6k of the axisymmetric spherical panel

-

demonstrates the effectiveness of the applied o [27], AM
approaches (Fig. 8): 1L () 1=0, AM
95 12(1-V2) (RY
T =g 4 (7] ’ 08 |
where R — is the radius of the spherical shell, £ — :
is the Young’s modulus, v — is the Poisson ratio. 06F =, " (i) WA, L2171, NAIM
The branching points are determined using | :: (i) = 0,001 |
three approaches: 04l | I :
(1) by counting the number of negative : i . |
eigenvalues (denoted in Fig. 8 as MFES, n=0); : :: — (0 P‘P’:ﬂ'l:fEESS n=0 1
(ii) by introducing a small perturbation into the ber : I: : E::I) M,:ES'R@D'DT
initial shape of the shell (MFES, n=0.001); | :, —a-[27] :
(iii) by modal analysis (MFES, MA). . : d:' !_; ! IE % IB b

The obtained solutions show good agreement
with the corresponding results reported by other
authors. A detailed analysis of the results can be
found in [17].

The main principles of the methodology for specifying complex thermomechanical loading are
illustrated using three representative problems. These examples of defining the load as a function
allowed obtaining solutions to practically important tasks and demonstrated the effectiveness of the
developed approach in the study of shell buckling.

6.2. The influence of a thermomechanical load, consisting of two action regimes, on the stability of
a thin shell of constant thickness % is considered. The axisymmetric shell is hinged along its contour

(‘{i‘.)_ The input data are: H =4k, h=1cm, a=100h, o =0.125-107* grad_l is a coefficient of
linear thermal expansion. The calculation results are presented in the figures using the dimensionless
parameters g = a4q/(Eh4) and u' = uly/h )

The influence on the shell’s stability of a uniform volumetric preheating to a specified temperature 7

Fig. 8. Dependence of the critical load on curvature for
axisymmetric spherical shells

(T'=0,+20,+40°C) and subsequent loading by an external uniform pressure of intensity ¢ is studied.
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In other words, the panel is subjected to two regimes of thermomechanical loading, which in the
algorithm are implemented as a combined sequential loading process. This process is carried out in two
stages, meaning that the #ype of thermomechanical action changes during loading (see 5.2.1). At each
stage of the thermomechanical loading, however, the #ype of influence remains constant (see 5.1.1).

At the first stage (n=1), the panel undergoes a uniform volumetric heating, which induces
nonlinear deformation of the shell and serves as a preliminary perturbation of its stress—strain state. At
the second stage (n =2), the pressure acts under the fixed temperature field T . Its effect leads to the
loss of shell stability. The nature of this influence depends on the magnitude of the preheating.

The evolution of the ¢ —u curves for

7 the spherical panel depending on the

magnitude of the preheating is shown in
BO Fig.9. In the absence of heating
BO

(T =0°C) and for a panel heated only to
T =20°C,the g —u curves have a rather
complex shape. In the domain of the upper
critical load g7, loops appear and there

are branching points (g* < g7 ), detected
using the Method (i) (see 4.1).

Introducing a small non-symmetric
perturbation to the mid-surface of the
perfect shell, according to the Method (ii)
(n=0.001), allowed refining the value of

40

g * and reaching a new branch of the

]

solution (dashed curve). In the vicinity of
this point, the shell’s deformation
transitions from the axisymmetric form to
an adjacent non-axisymmetric one. The
g —u curves corresponding to heating the

-1

1

Fig.9. The g —u curves of the spherical panel for different levels
of preheating

panel to 7 = 40°C are simpler in shape, reflecting the general loss of stability of the shallow shell due
to central snapping.
This change in the ¢ —u curves is explained by the heating effect. Preheating of the panel causes it

to bulge in the direction opposite to the applied pressure, increasing the rise of the panel (Fig. 10). The
hotter the panel gets, the greater its rise becomes. For comparison, the initial shape of the shell is

shown in the figure as a bold dash-dotted line labeled (7 =0°, ¢ =0).
Buckling of a non-preheated panel (7 = 0°C) is characterized by the formation of an axisymmetric

dent (T =0°C, ¢'*).

cr

Heating the shell by 7 =20°C results in a volumetric expansion and an increase in the panel’s rise
by up to 0,4~ (Fig. 10, a). The deformed shape of the panel after heating is denoted on the figure as

(T=20°C,¢g=0). Shell buckling occurs through the formation of an axisymmetric dent
(I'=20°C, g.F), as in the case of the non-preheating panel (7'=0°C). The shapes of the non-
preheating (7 = 0°C) and preheating (7 = 20°C ) panels at the branching point «*» (at the moment
of loading g * ) are non-axisymmetric. They have two dents (7 =20°C, g").

A larger preheating of the shell by 7=40°C increases the panel rise by an amount 0,74
(T =40°C, g = 0; Fig. 10b). Due to the enhanced bulging effect, the g —u curve takes the form shown
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in Fig. 9, characteristic of a global stability loss by snap-through of the central portion near the pole
(T =40°C, ¢/ ; Fig. 10b). Branching points in the pre-critical deformation domain are not observed.

It should be noted that for panels with a clamped edge, such effects are absent. For these panels, the
g —u curves are simple, and branching points in the pre-critical deformation domain are not present.

i .
xl,m x''m 0

T=20°C k=4 5 T=40°C k=4
B =0 -
ol T=0° A - b ol i g e
q=0 5 T=0°C /_/' "-..\ =
001 [ % \'\ I ’ B Dy
. T=20" . ) .
7 —q* N v ~
o q=9 N . . ;
-0.02 g Tm0%C 0,02 | K4 T=40°C N,
7 i S 3 4 ¢=qu N
q=q: : 'y N
008 g T=20C 3 .08 b A 7 -
SR = i WV agass R
q=9f = ) — A
0.04 L L L . L L L L 0,04 h L L L L L L .
-1 -0.8 06 04 02 0 0.2 0.4 0.5 0.8 , 1 -1 -0.8 0.6 -04  -0.2 0 0.2 0.4 0.8 0.8 1
xZ'm x¥m
(a) (b)

Fig. 10. Deformation and buckling shapes of the spherical panel

6.3. The effect of non-uniform thermomechanical loading on the behavior of a shell with a stepped
variable thickness is shown using examples of panels with channels and ribs.

6.3.1. A shallow spherical panel of square plan with curvature parameter K = 2a2/ (Rh)=32 is
considered. The shell’s casing, of thickness / , is weakened on the inner side by four channels of width
b. =2h and depth h. = 0.3k . The longitudinal axes of the channels are located at a distance a/3 from
the shell contour. The panel is simply supported along its contour. The input data are as follows:
h=0.01m, a=60h, R=225h, E=20.59-10* MPa,v=03, a.=0.12-10"* deg .

First, the panel is heated: uniformly through the thickness and nonuniformly over the plan. It is
then additionally loaded by a uniformly distributed pressure. Thus, as in the previous cases, the shell is
subjected to two thermomechanical loading regimes, with the type of action remaining unchanged at
each stage. However, at the first stage (n =1), the panel heating is non-uniform in the plan (see 5.1.3).
Algorithmically, the heating is implemented according to the scheme shown in Fig. 7. At the second
stage (n =2 ), a uniform pressure acts under the fixed temperature field 7 [15].

Four cases of non-uniform heating and uniform pressure of a shell with a stepped variable thickness
are considered:

(1) pressure (for reference), denoted in the Figures as 1. q;

(ii) preheating the shell's sections with channels by 7 =40°C degrees followed by pressure at

constant temperature (2. T 4‘60 ,q);

(iii) preheating the shell’s casing by T =40°C degrees followed by pressure at constant

temperature (3. 7,7, q);

(iv) preheating the entire shell followed by pressure at constant temperature (4. 7. +7,. , ¢ ).

Naturally, the greatest effect of the combined thermomechanical loading on the value of the upper
critical load g7 is exerted by the preheating of the entire shell (4th case, Fig. 11). This heating results

in the greatest increase in stiffness. The value of g7 for the three heating types gradually increases by

6%, 12%, and 18%, respectively, compared with the non-preheating shell (1st case).

The developed functional approach to load specification made it possible to assess the effect of the
sequence of combined thermomechanical loading on the shell with channels (see 5.2.2). The regime of
this combined thermomechanical action is as follows.

At the first loading stage (7 =1), the panel is subjected simultaneously to pressure and uniform

heating (5. ¢ + T4‘g? , ¢ ). The panel is heated by temperature 7 =40°C until the pressure reaches the
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upper critical point g° = zjc”fo =178.79 of the 1th case (1. ¢ ). From this moment onward, further
variation of pressure occurs under a fixed temperature field. This corresponds to the second loading

stage (n=2).
A comparison has been performed to evaluate the influence of the heating sequence on shell
behavior: preheating (4th case) versus simultaneous heating and pressure (5th case) (see Fig. 12).

q q
K=32 c sC | E=32
4'T4D°+T4D° g 900
200 £ O
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180 200 ;
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—up0 4 Lot Ty, 4D
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0 -05 -1 -5 @ 6 1 -2 -3 -4 o
Fig. 11. Load—deflection curves of the panel center for four Fig. 12. Effect of sequential and simultaneous
cases of non-uniform preheating thermomechanical loading on panel stability

With preheating, the upper critical load is g» *=210.36, which is 18% higher than g?°. With
simultaneous heating and pressure, the upper critical load increases significantly to q;?5=300.91,
representing a 68% increase. At the same time, the lower critical load also increases substantially to

g *=1210.50, compared to g"*°=22.48 and g"** = 17.22 in the other cases.

The deformation shapes of the panel at the load level ¢ =§C’,‘f° (Fig. 13) demonstrate qualitatively
similar deformation patterns for the considered thermomechanical loading regimes. For all loading
types, branching points and branch-merging points are detected only along the unstable domain of
the g —u curves (Fig. 12), that is, between the upper and lower critical loads.
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Fig. 13. Deformation shapes of the panel at the loading level g = qff 0

Characteristic changes in the total deformation energy of the shell I;:W/ (ER*) and its
components (membrane energy Wm and bending energy Wb) are shown in Figure 14. For

simultaneous thermomechanical loading (5th case) the instant (g = g.” %) the heating is terminated is
represented by the salient kink point on the curves, and the rate of increase in strain energy decreases.
This is explained by the increase in shell stiffness due to the action of the temperature field. In the
precritical domain, the deformation energy increases mainly due to the membrane component, whereas
in the postcritical domain, the bending component becomes dominant.
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Analysis indicates that the increase in the upper critical load g.” in all heating scenarios is due to
the direction of the thermal field. When heat and pressure (5th case) are applied simultaneously, the
upper critical load g7 increases by 43.0% compared with the 4th case where they act sequentially. In

this case, the lower critical load g, g™ increases significantly by a factor of 12. These effects are due to

the increased stiffness of the heated shell.

g g g
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Fig. 14. Load—deformation energy curves

6.3.2. The nonlinear deformation and buckling of a ribbed panel, characterized by the curvature
parameter K =48 (a =60k, R=150h), is considered. The shell is reinforced from the inside with
two cross ribs (height /. =34, width b, = 2h, length a = 604 ). The ribs and the shell are made of the

same material.
A combined regime of thermomechanical loading on the shell (see 5.2.2) is studied, consisting of
two stages. In the first stage, the shell is subjected simultaneously to a non-uniform heating and a

uniform pressure (7 =1).The structural elements are heated by temperature 7 =20°C (see 5.1.3)
following the scheme shown in Fig. 6. The simultaneous thermomechanical loading continues until the

pressure reaches g = g . Afterwards, with the temperature field held constant, only the pressure acts
(n=2). The type of loading on each stage remains unchanged. All three heating scenarios are applied
until the dimensionless parameter of the first upper critical load reaches g° = 172‘5’0 =553.22. This
value has been for the shell under the action of pressure (1. ¢ ).

The load—deflection ¢ —u curves at points O and B (Fig. 15) indicate that, upon loss of stability,

the shell undergoes similar significant changes for all loading cases. All heating scenarios of the shell
elements result in a substantial increase in the stiffness of the ribbed panel.

q q
1000 1000
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500 500 f
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1 Fig. 15. The q —u curves of the spherical ribbed panel for
X ,m
’ i _ four cases of combined pressure and heating action
T q=0 K=48 T
001 b - \“\ The deformation shapes of the shell at the
= N ‘\\ load level g° =g are practically identical,
002 p ST . with the maximum deflection located at the
4. g+Topet Tage TN, centers of the panel quarters (Fig. 16). Such a
003 5 q+T2E, N deformation  pattern  is  characteristic
N specifically of non-shallow panels. In the
-0.04 ¢ 5 q+T" 3 figure, the mid-surface deformation curves are
1' U+ 200 shown along the diagonal. The initial shape is
-0.05 S - indi - i
e 4 indicated by a dash-dotted line labeled as
T 2 q=0.
-0.06 E 1 L 1 L L X 2 , m . . . .
0 005 01 045 0.2 025 As in the previous cases, the increase in the

0 critical load g, for all heating cases is
Fig. 16. Deformation shapes of the ribbed panel at g°=g'? . .

¢ P P e associated with the effect of the temperature
field, which leads to an increase in shell
stiffness. The behavior of the ribbed panel is similar for all heating regimes. The deformation shapes

are identical, and the ¢ —u curves in the post-critical domain practically coincide.

Conclusions

An integral approach is applied to the analysis of geometrically nonlinear deformation, buckling,
post-buckling behavior, and natural vibrations of thin inhomogeneous shells under static
thermomechanical loading. A comprehensive investigation of the stability and natural vibrations of
shells subjected to static thermomechanical loading is implemented by means of a stepwise algorithm.
A distinctive feature of the proposed method and the algorithm developed on its basis is the ability to
accurately analyze both the pre-buckling and post-buckling states of shell deformation with various
thickness features, including ribs, channels, and similar structural elements.

The specificity of the method and algorithm lies in the adopted methodology for prescribing
thermomechanical loading as a function. This enables the definition of various loading regimes and the
description of complex combined thermomechanical effects on the structure that may be close to real
operating conditions. In addition, the developed method provides the capability, in the analysis of
nonlinear deformation and buckling of shells to determine solution branching points and to trace
adjacent equilibrium branches in the pre-buckling domain.

The features of the method and algorithm are demonstrated through a series of specially selected
benchmark problems.
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Kpusenko O.I1., Jlisynos I1.11., Kanawnikog O.B.
OCOBJUBOCTI CKIHYEHHOEJEMEHTHOI' O MOJIEJTFOBAHHS AHAJII3Y CTIMKOCTI ITPYKHUAX
OBOJIOHOK HEOJHOPIIHOI CTPYKTYPH ITPM TEPMOMEXAHIYHHX BIUTUBAX

Meroz 0CIiIKEHHs TOBEIHKN TPYKHUX HEOIHOPIAHUX ODOJIOHOK 0a3yeThCs HA T€OMETPHYHO HENIHIHHMX CIIBBIAHOLICHHSX
TPUBUMIPHOI TEOpii TEPMONPYKHOCTI, MOJOKEHHSAX MOMEHTHOI CXEMM CKiHYCHHHMX EJIEMEHTIB 1 BMKOPHCTAHHI YHIBEpCaJIbHOrO
MPOCTOPOBOrO CKIHUEHHOI'O €JIEMEHTa, 1110 MOIU(DIKYEThCS 38 PAXyHOK J0AATKOBUX 3MIHHHMX mapamerpiB. Jlis aHallizy reoMeTpuyHO
HeNiHiMHOro JeopMyBaHHS, BTPATH CTIKOCTI, 3aKPUTUYHOI IOBEJIHKM Ta BJIACHUX KOJMBaHb OOOJOHOK IpH [ii CTATHYHMX
TEPMOMEXaHIYHUX HABAHTAKEHb 3aCTOCOBYEThCA IHTErpajbHUK miaxia. KoMruiekcHe AOCIimKeHHs CTIMKOCTI Ta BIIACHMX KOJIMBAaHb
000JIOHOK, 110 3HAXOIATHCS MiJ Jii CTATMYHMX TEPMOMEXaHIYHMX HABaHTaXKCHb, PEAJi3yeThCS KPOKOBHM AJIrOPUTMOM. BinMiHHOIO
PHCOI0 METO/Y Ta 100YyI0BAHOIO HA HOro OCHOBI alrOPUTMY € MOXJIMBICTD TOYHO aHANI3yBaTH SIK JOKPUTHYHMH, TaK i 3aKpUTHUHUH
cTaH J1e)opMyBaHHS OOOJIOHOK 3 PISHUMM OCOOJMBOCTSMH 3a TOBIIMHOIO, B TOMY 4YHCIi 3 pedpamu, KaHanamu Toio. Crerudikoro
METOJIy Ta AITOPUTMY € TIPUHHATA METOMOJIONIS 3a/laBaHHs TEPMOMEXaHIYHOrO HABAHTAXKEHHS SK CKiagHol GyHKi. [{e Hagae 3mory
3aJ1aBaTh K Pi3HI POKMMH HAaBAaHTAKEHHS, TAK 1 ONMMCYBATH CKJIAJHI KOMOIHOBaHI TEPMOMEXaHi4HI BIUIMBM HA KOHCTPYKLIIO, SIKi
MOXYTb OyTH OJIM3BKUMH JI0 peasibHuX. OKpiM TOro, po3poOseHHi MeTo)| HaAIeHUH MOMJIMBICTIO NPU PO3paxyHKax HeNiHiiHOro
niehopMyBaHHS Ta BTPATH CTIMKOCTI OOOJOHOK BU3HAYaTH TOYKHM PO3railyXKEHHs PO3B’S3KIB Ta OTPMMYBATH BHXIiJ Ha CYMDKHI I'JIKHM
PO3B’sI3KY Y 3aKpUTH4Hii oOxnacti pedopmyBanHs. OcoOIMBOCTI METOLY Ta ITOPUTMY IPOAEMOHCTPOBAHI HAa HHM3LI CIIELiaIbHO
migi0paHux 3a1a4.

Karo4oBi cjioBa: TOHKa HEOAHOpPiIHA OOOJOHKA, T€OMETPUYHO HeliHiHE JedopMyBaHHS, CTIHKICTh, TEpMOMEXaHIYHE
HaBaHTAXXECHHS, YHIBEPCAIbHUH TPUBUMIPHUN CKIHUCHHHUH €JIEMEHT, MOMEHTHA CXeMa CKIHYEHHHX €JIEMEHTIB.
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Krivenko O.P., Lizunov P.P., Kalashnikov O.B.
FEATURES OF FINITE ELEMENT MODELING FOR BUCKLING ANALYSIS OF ELASTIC SHELLS WITH
INHOMOGENEOUS STRUCTURE UNDER THERMOMECHANICAL LOADS

The method for studying the behavior of elastic inhomogeneous shells is based on geometrically nonlinear relationships of the three-
dimensional theory of thermoelasticity, the principles of the finite element moment scheme, and the use of a modifiable universal 3d
finite element with additional variable parameters. For the analysis of geometrically nonlinear deformation, buckling, post-buckling
behavior, and natural vibrations of shells under static thermomechanical loading, an integral approach is employed. A comprehensive
study of the stability and natural vibrations of shells subjected to static thermomechanical loading is implemented using a stepwise
algorithm. A distinctive feature of the method and the algorithm developed on its basis is the capability to accurately analyze both the
pre-buckling and post-buckling states of shell deformation with various thickness features, including ribs, channels, etc. The specificity of
the method and algorithm lies in the adopted methodology for prescribing thermomechanical loading as a function. This enables the
definition of various loading regimes and the description of complex combined thermomechanical effects on the structure that may be
close to real operating conditions. In addition, the developed method provides the capability, in the analysis of nonlinear deformation and
buckling of shells to determine solution branching points and to trace adjacent equilibrium branches in the pre-buckling domain. The
features of the method and algorithm are demonstrated through a series of specially selected benchmark problems.

Key words: thin inhomogeneous shell, geometrically nonlinear deformation, buckling, thermomechanical loading, universal 3D
finite element, finite element moment scheme.

VK 539.3

Kpusenxo O.I1., Jlisynos I111., Kanrawnikos O.5. Oco0.1uBOCTi CKiHUEHHOEJEMEHTHOT0 MO/ETIOBAHHS aHANi3y cTilikocTi
NPYKHUX 000JI0HOK HEOJHOPIIHOI CTPYKTYPH NPU TePMOMEXaHIYHMX HABaHTa:KeHHAX // Onip mMaTepiaiiB i Teopist cnopyx:
Hayk.-Tex. 30ipH. — Kuis: KHYBA, 2026. — Bun. 116. — C. 50-66.

Posenanymi Oeaxi npakmuuHi numanns KOMN 10MepHO20 MOOENI08AHHA MA aHANi3y Npoyecie 2eoMempuyHO HeNiHilIH020
dehopmy6anHs MOHKUX 0OOJNOHOK CMYNIHUACMO-3MIHHOI MOSWUHU Npu Ofi CIMAMUYHUX MEPMOMEXAHIYHUX HABAHMANCEHD.
Memooonoeis docniodicenns 060NOHKOGUX cuCmeM 3 PISHUMU KOHCIPYKMUGHUMU eNeMeHmami 3a moguuHol cnupacmocs Ha
BUKOPUCIANHA YHIBEPCATbHO20 NPOCMOPOB020 CKIHYEHHO20 eNeMeHmd, Wo MOOUDIKYEMbCA 3a PAXYHOK 000AMKOGUX 3MIHHUX
napamempis.
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This article examines some practical aspects of computer modeling and analysis of geometrically nonlinear deformation
processes in thin shells with stepwise variable thicknesses under static thermomechanical loads. The methodology for studying
shell systems with structural elements of varying thickness is based on the use of a modifiable universal 3D finite element with
additional variable parameters.
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