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The problem of unsteady forced bending vibrations of a helicopter rotor blade under specified boundary conditions has been
solved: one edge of the blade is clamped, the other is free, and a distributed load is applied to the sides of the blade. The
helicopter blade is approximated by a thin rectangular plate. A numerical calculation of the problem was performed for a given
distribution of transverse load on the front and rear edges of the blade. An analytical solution was found for the problem of
forced unsteady bending vibrations of the blade under the acting harmonic load. A numerical calculation of the dimensionless
bending of the blade depending on the rotation frequency of the helicopter rotor was performed.

Keywords: helicopter rotor blade, forced bending vibrations of a rectangular plate, distributed load on the blade.

Introduction. In Part 1 of this [1] work, two different approaches, Navier and Levi, were applied,
which showed that there is no single solution to the problem of natural vibrations of a cantilever-
mounted thin plate. Therefore, the question of correcting the boundary conditions so that the solution is
unique arises by itself.

The helicopter blade, which we model with a plate, is actually under a distributed load caused by
lift. This physical condition will allow us to find a unique solution. To do this, we will specify the
physical boundary conditions and approximate the mathematical model to the real physical problem.
Before doing this, let us give a brief analysis of what has been done in this field.

An approach similar to Navier's [2] is proposed in [3] and [4]. It consists in using a two-
dimensional Fourier series expansion of the desired deflection of the plate. However, the use of this
approach also results in an infinite system of homogeneous algebraic equations (see [4], p. 1302),
which does not have a unique solution. The problem of natural vibrations of a cantilever-mounted thin
rectangular plate, as discussed in Part 1, cannot be solved analytically, i.e., it is not possible to find a
single solution without additional conditions.

Attempts have been made to find approximate solutions for the vibrations of a rectangular plate
under certain boundary conditions that differ slightly from the classical boundary conditions. One
interesting approach is described in [5]. This approach can be divided into two parts: the first,
theoretical part is based on the well-known Levy approach. As a result, we obtain the stationary
component W, (x,y) of the general solution (see [1], equation (25)). Then the unknown constants

C,,G,,C;,C, are found after introducing ‘response’ functions, which are formed on the basis of the

Fourier series expansion of the bending W, (x,y) at the boundary. The second part is reduced to

solving the boundary equation in terms of bends, which is solved approximately.

In [6], a simplified one-dimensional non-stationary model of coupled bending and torsional
vibrations of a helicopter blade is presented. The model is based on a fourth-order differential equation
that includes parameters responsible for both bending and torsional vibrations.
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In [7], the vibrations of a thin rectangular flexible plate clamped at the boundary and loaded with a
sinusoidal force are studied. The problem is solved approximately using the well-known Galerkin's
method and polynomial approximation.

Therefore, the analysis described above indicates the need to introduce additional boundary
conditions that differ from the classical ones, so that the system of algebraic equations formed after
satisfying the boundary conditions becomes compatible, i.e., determines a unique solution to the
problem.

Problem statement. Let us set boundary conditions that are somewhat different from the classical
ones. Indeed, during rotor rotation, the blade angle of attack constantly changes, the blade seems to
float due to the horizontal hinge, i.e. it does
not resist the moment M, =0. However,

from the aerodynamics of a helicopter, it is
known that the blade surface is under a

constant unsteady transverse load ¢q(x,y,?).

This feature allows us to specify the boundary

conditions that will give a unique solution of N LRl
the problem. C a

Taking into account aerodynamic loads
at the blade boundary. For governing X

. Fig. 1 Taking into account the distributed load on the edges
equation (see [1], eq.(18)), the boundary & & of the blade ¢

conditions of the free edge are physically
incorrect, as shown above, since if they are satisfied, we do not have a unique solution to the problem.
Let us specify the boundary conditions at x = 0;¢ as follows: no moment, but transverse forces present

at x=0;c (Fig. 1):

Mx‘x:O =0 > Mx‘x:c =0 5 QX‘X:O = q(o’y)’ Qx‘x:c = q(c,y) . (1)

Taking into account the general form for the deflection amplitude (see [1], eq. (25)), the boundary

conditions (1) are written:
2 2
n n
ke~ + Cy+| ky” - C, =0, 2
(1 V(R)]z(z V(R)]4 (2)

—(k13+(2—v)(%) kl]ClSIH y+(k2 —ky(2— V)VZ)C3S“17)’ a1 (»)s 3)

( (R +k12]sm(k1 ¢)Cy - ( —” +h ]cos(kl-c)cz+

( —v (””) ]sh(kz O)Cy + (kzz i ]ch(kz )C, =0, (4)

R
{eo ol s
k1 +(2- v) coskic-C- sm—y k=2-v) smklc-Cz-sm?er
+(kf—(2— v)(g) ]chkzc-q-sin%wq(@—a—v)(%) ]shkzc-sin%ywz(y). 5)

Let us multiply equations (3) and (5) by sin% y and perform integration with respect to the

variable 0 < y < R . Since

R
. 2 tn R
sin“ — ydy =—,
'([ Ryy >
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then equations (3) and (5) will take the following form after integration:

2 2
T T
—(k13+(2—v)(7n) kl]Cl+(k23—(2—v)k2(7n) ]C3 =, (6)
where @ —Ejgsinﬂ -q;(v)dR
SRR Y4 (»)dR .
wn 2 wn 2
—(k13+(2—v)(?) ]cosklc-Cl—(kf—(Z—v)(?) ]sinklc-Cer
n 2 wn 2
+(k23 -2-v) (7) ]Chkzc G+ C, [kf -(2- v)(?) ]shkzc =w,, (7)

28 7n
where @, :E'([sm?y q,(y)dR .

The system of equations (2), (4), (6), (7) is now a non-homogeneous system of algebraic equations,
since w;,w, are present on its right-hand side. In matrix form, this system of equations can be written
as follows:

A-C=b, ®)
where C = (C,,C,,C,,C,),b = (0,0,,0,,) ,
2 2
0 2 @) 0 kz—‘{ﬂ’)
i ‘{R 2 \R
m ¢ m ¢
3_m_ ks 3 _ ks
—*sinkc i coskie lestlee Jechloc
2 2 2 2
4q3ooslqc42—%oos1qc-(%) 4 sinkc-+Q~Vgsinke: (%’] I e~ et (%) o~ stlec (%’]
Unknown constants for C,,C,,C;,C, are found using Cramer's rule:
A A A A
C=-L0C==2C=-2,C="-"2, 10
1 A 2 A 3 A 4 A ( )
where A=det4 and
2 2
mn mn
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™ 2
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Al=det (01 @ ( V) Z(Rj ’(11)
0 —k? coskic ky*shic ky’chkye
2 2 2
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b V( R]
mn : mn :
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2 2 2
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—k?sinkc —k? coske 0 kychiee
2 2 2
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As C; depend on the frequency of the external load @, the number #, the chord length ¢ of the
blade, the radius R of the blade, the thickness 4 of the blade, the density p of the material, and the

cylindrical stiffness D .
Forced vibrations of the plate - helicopter rotor blades. Let the external load be harmonic
coswt (Fig. 2), then equation Lagrange-Sophie Germain (see [1], eq.(1)) will take the form:
otw o'w  o*w
D(—+2 +—)+ phw=q(x,y)coswt . 15
(ax4 ax%0)” ay4) phw=q(x,y) (15)
We will solve this equation using the principal coordinates method 77,(¢) [8]. According to this

method, the general solution will be presented as follows:

w(x, y.0) = 3 W, (x, )1, (1), (16)
i=1
where
W, (x,v) = (C, sinkyx + C, coskpx + Cyshiyx + Cyehk,x)- sin% y.

After substituting (16) into (15), we obtain the following equation:

- 2 4
DY [X,(x) sin% y-2X, (x)”(%) sin% v+ Xn(x)(%) sin % yjl n,(6)+

n=1
- ..
+phY X, (x) sin =" i, (1) =q(x, y)cos . (17)
n=1
Next, according to the method of
principal coordinates, we multiply both parts Vi e b
(17) by sin% y and perform integration g (X;y) 4L %

_ /L/ =

over the variable x from 0 to ¢, and over
the variable y from 0 to R. As a result,

we have: 0

R R .
DMV,ETI,,(I)JrPhEN,,m(t)=qn(t), (18)

where
Fig. 2 Forced vibrations of the blade under the action of
aerodynamic load
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2 4
c wn wn
M, = J‘O {(k14 _ 2k12 (?) +( 2 ) WCsinkyx +C, cosklx)}dx +

c 2 4
+ j {(k; —2k3 (%) + (%) )(C;shk,x + C4chk2x)} dx, (19)
0
N, = j(Cl sinkx + C, cos k;x + Csshk,x + C,chk,x)dx , (20)
0
c R . Ttn
q,)=( jo dx jo 4(x,y)sin=" ydy)-cos e . 1)
Let us rewrite equation (18) in a compact form:
1,#)+n-n,(t)=nycos ot , (22)
where
D M
n = K jquymm—qm» (23)

oh N, Rth

The differential equation (22) is a linear differential equation of the second order. The characteristic
equation for it gives the roots ii\/n—1 or i\/n_1 . The first case is realized if M,/ N, >0. Let us
consider it, then:

5 COS QI . (24)

. n
n,(t)= A, sinmt+ B, cos/nt+—2
n -

The general of equation (15) in the non-resonant region will take the form:

w(x,y,t)= ZW (x, »)(4, sm\/_t+B cos\/_t+

i=1 n
Under zero initial conditions 7,_y(#) =0, 1,_,(¢) =0, we have:

5COS ) . (25)
-’

n

z 5 (G sinkyx + G, coskyx + Gyshk,x + Cychk, x) - sm— y-(cos@x —cos \/7 1), o# \/7
-
wep =10 (26)

z \/7 (G sinkx+C, coskyx + Gyshk,x + Cychk, x) - sm? y-tsin \/7 t, 0= \/7 .

In solution (26), the non-resonant (@ # \/”_1 ) and resonant (@ = \/”_1 ) zones of plate vibration are

separated. For the resonant region, L'Hopital's rule (differentiation by variable @ and limit transition
at w— \/”_1 ) is applied by analogy with (see [8], p. 423). Solution (26) is somewhat similar to the

solution given in [9]. However, it differs in that we did not equate the zero determinant of the matrix
because we were looking for a unique solution to the problem. That is, we did not establish an
additional dependence between the eigenvalues. Therefore, the coefficients C;,C,,C;,C, in solution
(26) differ from the similarly designated coefficients of the problem in [9].

Example of calculating the forced vibration problem for a given distribution ¢(y) at the
front and rear edges of the blade. During flight, excess pressure occurs under the helicopter blade,
which creates lift L. If the blade has no geometric twist, the lift distribution varies along the blade
span by coordinate y . It depends on the blade flow velocity and cross-sectional shape, which vary
along the blade span. In the case of the above problem, we do not yet take into account the shape of a
thin blade in cross section. The study of the influence of shape on the distribution of lift is planned in
further research. In this work, we will only take into account the change in speed along the blade span.
We will assume that the circulation is I" = const .

From helicopter aerodynamics, it is known that the lift force L of a blade section located at a
distance » along the blade span varies as follows [10], [11]:
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dL/dr = ponT, 27
or after integration,
L(r)= p—‘;’rr? (28)

Under the condition I' =const we have a quadratic distribution L(r) . It is also known that the end

vortices on the blade reduce the lift force, i.e., the load on the blade, to zero. This property is
approximately reflected in the following mathematical distribution from [12]:

yI-R) 29)
(y=R+1)*+1°
where in our case y =r . Therefore, after determining the coefficients #;, n, using formulas (19), (20),

q(y)=

(29) and substituting them into equation (26), we will obtain the distribution of the helicopter blade
deflection.
We are interested in the dependence of the blade deflection on the rotor rotation frequency @ at

given parameters ¢ =0,5m, R=10m, h=0,05m .
Fig. 3-5 shows the calculations of the dimensionless blade bending amplitude W (x,y). They

reflect the wave nature of the blade's natural vibrations at different values of revolutions per second:
n =30;40;45;50,55 . The specified number of revolutions per second corresponds to the standard

range of helicopter rotor rotation frequencies - 2000 —3000 rpm . A characteristic feature common to

all the above calculations is an increase in the amplitude of vibrations at the blade tip with an increase
in the helicopter rotor rotation frequency.

W (x.
3 (x.y)
2
|
O
-1
-2
-3
4 , 2 34 5 6 789 10.ym
- O T
L(-l_j
).4
).5
x, m
(a) (b)
Fig. 3 Distribution of dimensionless blade bending: (a) @ =27-35;(b) ®=27-40
3 W (x.y) 3 W (x.y)
2 2
! 1
0
0

(@) (b)
Fig. 4. Distribution of dimensionless blade bending: (a) w=27-45;(b) w=27-50
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W (xy) Note.  Non-stationary  calculations
ml ) according to expression (26) were not
1 performed in this work. The non-stationarity
0“ of vibrations should lead to additional
bending. The solution to this problem is
planned for future research, where the
complete non-stationary load distribution

2 10 .ym q(x,y,t) and the blade cross-section shape

—

corresponding to the actual conditions of the
flow around the blade will be taken into
account.

Conclusions. This paper presents and
analytically solves the problem of small bending vibrations of a rectangular thin plate, a helicopter
blade, with one edge cantilevered, the opposite edge free, and a distributed load on the other two
edges. The rest of the blade is free and unloaded. The solution is found using the Levy approach.
Further, using the normal coordinate method, an analytical solution is found for the problem of forced
vibrations of the plate, taking into account the force distribution specified on the surface. The
calculation of the dimensionless distribution of the bending amplitudes of the plate (rotor blade)
showed the wave nature of the bending vibrations, as well as the dependence of the amplitude of the
blade tip vibrations on the rotation frequency of the helicopter blade.

Fig. 5. Distribution of dimensionless blade bending: @ =27 -55
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Jlyk’anos I1.B., Jlykan A.B., Lxkpune O.0O.
HECTALIOHAPHI 3rUHAJIBHI KOJIMBAHHHSI JIOITATI POTOPA BEPTOJIBOTA IIJ AI€IO PO3MOAIIEHOTI'O
AEPOJJUHAMIYHOI'O HABAHTAXKEHHS1. YACTHHA 2. BAMYIUEHI KOJIMBAHHSI JIOITATI

KoxHa TexHiyHa MOCTaHOBKA 3ajadi morpedye y mNojajbLIoOMy ajekBaTHOi ¢izuuHoi mozeni. Lls Monens nmoBuHHA
BPaxOBYBaTH OCHOBHI (pi3MuHI BIACTUBOCTI, HAOIM3UTH (Bi3UUYHY ITOCTAHOBKY 3a/adi Oe3MOCepeHbO 10 TEXHIUHOI 3a1a4i. Y
Yactuni 1 naHoi poOOTH HaBEEHO eKClepUMEHTalbHI MUTTEBI (oTorpadii 3ruHaIbHUX KOJIMBAHb JIONATI POTOPA BEPTOJHOTA,
AKi CXOXKI 3 MaJMMU 3THHAJIBHUMH KOJTMBAaHHAMH KOHCOJIBHO 3alleMJIEHOi TOHKOI MiacTHHM. Bimomo, mo snonati BepToboTa
BUTOTOBIIAIOTHCS )KOPCTKMMHU. TOMy Ul MOJETIOBAaHHS MaJlMX 3THHAIBHUX KOJHBAaHb B JaHiil poOOTi 3aCTOCOBAHO TiMoTe3n
Kipxrosa - JIsBa, piBusnus Jlarpanxka - Codi XKepmen.

Ha chorozni icHy1o4i migxoau po3B’s3aHHs 3a/adi NpO BIACHI 3TMHAJIbHI KOJMBAaHHSA TOHKOI HPAMOKYTHOI INIACTHHH 3a
YMOBHU KOHCOJIPHOTO 3alleMJICHHSI IPU3BOJATH 10 HEBU3HAYCHOCTI, HE €MHOCTI po3B’ 3Ky 3axaui. Tomy, y Yactuni 2 nanoi
poOOTH 3 METOK OTPUMAHHS €IMHOTO PO3B’SA3KY 3a/adi, Ha IBOX KpasX IUIACTMHH  3a/a€ThCs HEHYJIbOBHH pO3IOILI
HOpMaJIbHUX 3ycuilb. Lli 3ycniuis ypaxoBaHi JiMlle y TPaHUYHUX YMOBaX, a PEILITA MOBEPXHi Jionati € BiibHOIO. TOoMy y mpaBy
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yacTuHy piBHsAHHS Jlanrpanxa-Codi JKepMeH HISKMX CuII HE JOAAEThCs. Take yTOYHEHHS IPAaHUYHUX YMOB HaOukae GisudHy
MOCTAHOBKY 3ajladi caMme 10 peajbHOi TEeXHIYHOI 3ajayi: Ha JiomaTe MiA 4ac ii o0epTaHHA AIOTh CHJIM, L0 CIPUYUHSIOTH
MiIHOMHY CHJTY, SiKa 00yMOBJIIO€ HOPMAJIBHE /10 TOBEPXHI JIONATI PO3MO/IJICHE HABAHTAKEHHSI.

3MiHa TpaHMYHUX YMOB Ha JBOX KpasX JIONaTi Npu3Bena J0 TOro, L0 CHUCTEMa JIIHIMHUX anredpaluHuX pIBHAHBb 3
OJTHOPIIHOI IepeTBOpHiIach Ha HeoaHOpiaHy. Lle n1o3Bonmio Ha ocHOBI mpaBuia Kpamepa 3HalTH €1vHMI pO3B’S30K 3ajaui,
OJJTHO3HAYHO BU3HAYMUTH INYKaHI KOHCTAHTHU iHTerpyBaHHA. OCKUIBKM pyX JIONATi € MEpiOAMYHHUM, TO 3a/auy PO3B’A3aHO 3a
YMOBH TapMOHIYHOTO Y 4aci HABAaHTAKCHHS TJIACTHHH.

Jl1s OTpUMaHHS aHAITHYHOrO PO3B’SI3KY 3ajadi I BUMYIICHUX KOJHBaHb 3aCTOCOBAHO METOJ HOPMAIbHUX KOOPJMHAT.
BiH /103BOJIsIE BUKOPUCTATH PO3B’A30K 3a/1a4i Il BIACHUX KOJMBAaHb, CTAIllOHAPHY YaCTHHY HOro, Ta Ha 1Oro OCHOBI OTPUMATH
PIBHAHHA JUIi HOPMaJbHOI KOOPAMHATH, IO OIMCYE HECTAalliOHAPHICTh 3arajlbHOro po3B’s3Ky 3ajgaui. CKOpHCTaBIIMCh
npaBuiioM JlomniTtans, OTpMMaHMi 3arajJbHUK PO3B’S30K PO3/IIEHO IO YACTOTAM Ha HEPE30HAHCHY Ta PE30HAHCHY 00JIaCTb.

SIK TMpHKJIAJ] YMCEIBHOTO PO3PaxyHKY, PO3paXoBaHO aMILTITY/IH POrMHY BIACHUX KOJIMBAHb IIACTHHH, JIONATI BEPTOIbOTA,
JUI pi3HUX 4acToT 1i oOepraHHs. BusBIIEHO, 1O aMIUIiTYAa NMPOTHMHY Ma€ XBWIBOBHH XapakTep, AEI0 30UIbIIYIOTHCA 110
30BHIIIHBOTO KiHIIS JIONATI 31 30 IBIICHHSIM YaCTOTH 00EepTaHHsS pOTOpa BEPTOJILOTA.

KaroudoBi cioBa: jonate poTopa BepTOJbOTA, BJIACHI Ta BUMYILIEHI 3THHAJIBHI KOJMBAHHS NPSAMOKYTHOI IUIACTHUHH,
AHAJITUYHUN PO3B’S30K.

Lukianov P.V., Lukan A.V., Shkryl O.O.
NON-STATIONARY BENDING VIBRATION OF A HELICOPTER ROTOR BLADE UNDER DISTRIBUTED
AERODYNAMIC LOAD. PART 2. FORCED VIBRATIONS OF THE BLADE

Each technical problem statement requires an adequate physical model. This model must take into account the basic
physical properties and bring the physical problem statement closer to the technical problem. Part 1 of this work presents
experimental instantaneous photographs of the bending vibrations of a helicopter rotor blade, which are similar to the small
bending vibrations of a cantilever-clamped thin plate. It is known that helicopter blades are made rigid. Therefore, to model
small bending vibrations, we apply Kirchhoff-Love's hypothesis and Lagrange-Sophie Germain's equation in this work.

Currently, existing approaches to solving the problem of natural bending vibrations of a thin rectangular plate under
cantilever clamping conditions lead to uncertainty and non-uniqueness of the solution. Therefore, in Part 2 of this work, in order
to obtain a unique solution to the problem, a non-zero distribution of normal forces is set at the two edges of the plate. These
forces are taken into account only in the boundary conditions, and the rest of the blade surface is free. Therefore, no forces are
added to the right-hand side of the Langrange-Sophie Germain equation. This refinement of the boundary conditions brings the
physical formulation of the problem closer to the real technical problem: during rotation, forces act on the blade, causing a lifting
force, which determines the load distributed normal to the blade surface.

The change in boundary conditions at the two edges of the blade resulted in the system of linear algebraic equations
changing from homogeneous to non-homogeneous. This made it possible to find a unique solution to the problem based on
Cramer's rule and to unambiguously determine the desired integration constants. Since the blade motion is periodic, the problem
is solved under the condition of a time-harmonic load on the plate.

To obtain an analytical solution of the problem for forced vibrations, the normal coordinate method is used. It allows using
the solution of the problem for natural vibrations, its stationary part, and on its basis, obtaining an equation for the normal
coordinate that describes the non-stationarity of the general solution of the problem. Using L'Hdpital's rule, the obtained general
solution is divided by frequency into non-resonant and resonant regions.

As an example of numerical calculation, the amplitudes of the bending of the natural vibrations of a plate, a helicopter blade,
are calculated for different frequencies of its rotation. It was found that the amplitude of the bending has a wave character,
slightly increasing towards the outer end of the blade with an increase in the rotation frequency of the helicopter rotor.

Keywords: helicopter rotor blade, natural and forced bending vibrations of a rectangular plate, analytical solution.
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Ompumano mounutl aHANIMUYHUL PO38 A30K 3a0ayi Npo 61ACHi Ma SUMYUIEHI KONUBAHHA NAACMUHU HA OCHOSI PIGHAHH:
Jlacpansca - Coghi JKepmen 3a ymoe KOHCONbHO20 3aKpINNeHHS 00HO20 KIiHYA, BLIbHO20 NPOMUNEHCHO20 KiHYsA Jonami ma
PO3N0OINEHO20 HABAHMANCEHHS HA OIYHUX CIOPOHAX NAACMUHU, JONAMI 6epMOTLOMA. Y AKOCMI NPUKNAOA BUKOHAHO YUCETbHUL
PO3PAXYHOK MOOeNbHOI 3a0aui 0Nt 2apMOHINHO20 po3nodily 6 daci nasanmadscenns. Hecmayionapua 3a0aua poss’sizana 3a
00nOMO02010 MEMOOY HOPMANLHUX KOOPOUHAM.
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Lukianov P.V., Lukan A.V., Shkryl O.O. Non-stationary bending vibration of a helicopter rotor blade under distributed
aerodynamic load. Part 2. Forced vibrations of the blade // Strength of Materials and Theory of Structures: Scientific-&-
Technical collected articles — Kyiv: KNUBA, 2026. — Issue 116. — P. 26-34.

The problem of non-stationary bending vibrations of a helicopter rotor blade has been solved. The helicopter blade is
approximated by a thin rectangular plate. The natural and forced vibrations of the plate are investigated based on the
Lagrange-Sophie Germen equation under the conditions of cantilever fixation of one end and three free ends. It is shown that the
solution is not unique. Under corrected boundary conditions on two sides of the plate, an analytical solution to the problem of
free and forced vibrations of the plate is obtained. As an example, a numerical calculation of the model problem under a specific

load is performed.
Fig. 5. Ref. 12.
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