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1. Introduction

The problem of rationally distributing available resources among the elements of a complex system
is a fundamental task that arises in a wide variety of situations. In the strength calculation of
engineering structures, the solution to this problem sometimes takes the form of the principles of
equistrength, equistability, or equireliability of the system components.

Such an approach has deep historical roots and is associated with the idea of fully utilizing the
material's strength properties, which, at first glance, seems not only reasonable but also the only
correct one. This approach to engineering decision-making has firmly established itself as a tradition.
This tradition is closely related to the ideas of determinism and complete predictability of the behavior
of the created structural complex, and the possibility for the designer to "foresee everything."
However, as experience shows, this is not always the case, and in this paper, we will attempt to analyze
the validity and possible universality of this "equalizing" paradigm.

This question gains particular significance when the subject of analysis is not the structure's
performance under "normal" operating conditions (including possible limit states), but rather its
extreme states accompanied by local damage, and the assessment of their resistance to disproportionate
(progressive) collapse.

2. Equi-strength

In his principal book [1], the "father" of modern science, Galileo Galilei, placed the science of
material resistance on the notion of failure. Moreover, he found the ideal parabolic shape for a beam
subjected to a transverse force, a beam we now call equistrength (or fully stressed). The problem of the
compressed column of minimum volume, with equi-strength shape, was posed and solved by Joseph-
Louis Lagrange in 1770-1773 [2]. The famous Maxwell-Michell structures [3, 4, 5] were also
equistrength.

The optimization approach to structural mechanics problems began with the problem of selecting
the cross-sections of members in a system of minimum volume. Fundamental results were obtained
here by Maurice Levy, who proved that the solution can be expressed as a statically determinate
system.

The first general works in the field of searching for equistrength truss structures belong to A.
Pippard [6] and H. Heimann [7]. They contained a prescriptive description of a method for calculating
statically indeterminate trusses, which consists of specifying the forces in the redundant (conditionally
necessary) members, based on which the sections of all other members are selected from the condition
that the stress in them equals the limiting value. Thus, the truss (with the exception of the redundant
members) turns out to be "fully stressed".

A small brochure by Heinrich Heimann [7], who proposed using the areas of the cross-sections of
the truss elements as unknowns when resolving static indeterminacy, led Rabinovich [8] to the idea of
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solving the optimal truss design problem using the method of installed stresses, which is based on the
idea of equistrength18. It turned out that achieving complete equistrength in a statically indeterminate
system is impossible. This result was formulated as an addition to Levy's theorem in the form [8, p.
53]: "The highest achievement possible in the area of stress distribution is that the stresses in at least
the members of the chosen primary system of the force method have a specified magnitude".
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Fig. 1. Equally stressed structures under bending and tensio

An important proposition was proven regarding the possibility of creating a truss of minimum
weight on the condition of using prestressing (this result was rediscovered much later by Hofmeister
and Felton [9]).

But an equistrength and fully stressed structure is intuitively appealing because every element
"gives all its strength" to support the loads. Therefore, the search for such structures actively
continued. Special interest in fully stressed design was sparked by the aerospace industry in the 1940s
and 1950s, where it was known as the "use-one-boss" principle or simultaneous failure mode design
[10].

It was proven that statically determinate equistrength structures (truss systems, membranes,
membrane shells) are optimal in terms of material consumption [11], but this fact is debatable for
statically indeterminate systems. There are examples where equistrength structures were optimal, but
this is not the case in general. One positive example is the solution to the problem of a rational elastic
simply supported plate obtained by Mushtari [12]. The volume of an equi-strength plate of variable
thickness amounted to 74% of the volume of a plate of constant thickness. For a plate clamped along
the contour, this indicator is 79.4%8.

For a single load case, a number of other problems were solved for creating equistrength structural
elements (members, plates, cutout reinforcement, discs, shells of revolution) [13, 14]. In the spheroidal
droplet-shaped reservoir shown in Fig. 2 as an example, all structural elements are stretched by the
same force, making it an equi-stressed shell.

This and other examples, as well as
considerations of simplicity of
implementation, led to the fact that the
striving for a situation where the limit
stress state is realized in every element in
at least one load case (the principle of
discrete equistrength [11]) became a widely
used design technique.

The following considerations were
adopted as the basis for the calculation
algorithm:

e If the structure is statically
Fig. 2. Teardrop-shaped reservoir determinate, the size of each element can be
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chosen independently so that it can be fully stressed. AX
e For a statically indeterminate system, the iterative process
is based on the idea that if an element is overstressed, its size
should be increased, and if it is under stressed, its size can be 1
reduced to save materials. A,
Fig. 3 shows the geometric representation of the calculation BY )
process in the space of stiffness parameters x; and x,. Curves 1 v
and 2 correspond to the boundary strength conditions (the 2 P
inadmissible region is shaded), and the first approximation, iy
represented by point Ay, indicates the elements are overstressed. B0 A,
All points on the ray passing through A, correspond to the /
stiffness ratio at which the internal forces were found, and /.
resizing means the sections of elements 1 and 2 move to points B, ‘
and B,, respectively. They are located on the boundary of the , %
admissible region (the limit stress is maintained) and on the >1
original ray (the proportionality to the forces is maintained for the
previously adopted stiffness ratio). Fig. 3. The geometric interpretation
The stiffnesses corresponding to the new sections define point of the iterations
A, (the ray changes), and it becomes necessary to account for this
in the new iteration. The convergence of this iterative process is investigated in [15], and the result
depends primarily on the initial structure used to initiate the iterative method. This work presents three
illustrative examples of possible outcomes of iterations, in which fully stressed sections are selected at
each step (Fig. 4).

e In the problem in Fig. 4 (a), the iterative process converges to the equi-strength solution 4,
which is also the minimum weight solution.

e The result of the iterative process for the problem in Fig. 4 (b) depends on the state from
which the iterations start. If we start with ,>1;, we arrive at solution B, in the form of two cantilevers
with a degenerate middle section; otherwise, the iterations converge to the degenerate solution B,, in
which a balanced moment load acts on the middle beam section. One of these solutions corresponds to
the minimum weight system.

e Finally, in problem 4 (c), depending on the starting distribution of stiffnesses, the iterations also
converge to different equistrength solutions, but only solution B, is also the minimum weight system.

p

1, A4, ¢ I, 4, I, A, N ¢

Fig. 4. Variants of possible optimal solutions
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In the literature on optimal design, there are methods based on optimality criteria [16], in which, for
example, instead of minimizing the objective function, a solution to the equations and inequalities of
the Kuhn-Tucker optimality criterion is sought. Sometimes, as in the search for a fully stressed
structure, other conditions (conditions of rationality) are used instead of the optimality criterion, but
then it cannot be stated that the optimal solution is being sought [17]. However, structures designed in
this way are often close to minimum volume structures (rational) in many practical problems.

It should be noted that the deviation from the optimum that may arise from using a fully stressed
structure is quite significant for aerospace technology objects, where the reduction in weight launched
into orbit more than covers all additional costs from the complication of the structural solution. For
most other objects, the issue is less critical, and other problems may come to the fore.

A characteristic example is the work [18], which proposes a method for solving the problem of
optimal grouping of structural elements into unified groups for a fully stressed structure (Fig. 5). The
solution moves even further away from the material-consumption optimum, but the economic effect
arises due to the simplification of the manufacturing technology.

(b)

Fig. 5. Grouping result: (a) minimum weight system, (b) system with unified element groups

It is easy to see that the equi-strength of structural elements silently assumes their equal role in
ensuring the reliability of the system as a whole, where the failure of at least one element is a critical
event. Such systems are called series systems (in terms of reliability) of their constituent elements;
these include, for example, all multi-element statically determinate structures.

It should be noted that the method for assessing the bearing capacity of a structure, which is
enshrined in design codes, is based on the scheme of searching for the weakest link in the structure, the
search for which is implemented by sequential checks of all design sections. From this point of view,
the system is viewed as a series-connected chain of design sections, which is far from reality in all
cases. And the designer's desire to ensure that the acting forces equal the bearing capacity for all
design sections is, in essence, a striving to build an equistrength structure.

The desire for the practical implementation of equistrength (and not only for statically determinate
systems) is associated with the possibility of using prestressing, which was discovered as early as [8].
In work [19], this issue is examined in detail, and methods for determining the necessary prestressing
are indicated.

In essence, equistrength means that all elements of the system fail simultaneously under the design
load. The drawback of such designs is that they formally do not account for the possibility of even a
small change (increase) in external loads, as this change entails a complete loss of bearing capacity of
the structure as a whole. The danger of such a situation lies in the fact that, in addition to the loads
accounted for in the design, there may be non-design loads that are difficult, and often practically
impossible, to foresee (personnel errors, gross defects, etc.).

The structural elements forming the load-bearing system interact in a complex manner during the
object's operation. They perform different functions, vary in load, and differ in wear rate. While the
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differences between these indicators across various elements of the system are relatively small in
normal operation mode, this conclusion changes sharply when considering possible extreme situations.

The fact is that building elements with large safety margins or operating in a lighter mode (under
stressed) can be considered, in a certain sense, redundant; they may be necessary to prevent general
collapse in emergency situations not directly provided for by the design. This is the basis for the
strategy of protecting a building from disproportionate collapse using the alternative load path method,
which significantly improves the system's survivability [20, 21]. On the other hand, the opposite
problem statement is also possible, where the conscious reduction in the strength of some system
elements, which take on protective functions and prevent the overloading of other elements by their
own failure, allows influencing the assumed collapse pattern and achieving the localization of possible
troubles through this [22].

Thus, it is quite logical to conceive of a conscious violation of the equistrength principle with
respect to elements (blocks, subsystems) that play different roles in ensuring the overall reliability of
the structure. However, if the corresponding subsystem is structurally composed of several equally
important parts, then the application of the equistrength principle to ensure the workability of their
connection (a bolted or welded joint, for example) is undoubtedly logical. Creating joints based on
their equistrength with the parts they connect is fully justified, and this approach has become a
universally accepted design technique.

3. Equi-stability

The idea of equi-stability was put forward by Friedrich Bleich in 1924 [23]. According to this idea,
the Euler critical stress of a centrally compressed member was equated to the critical stress of an ideal
elastic plate within the member's cross-section. From this condition, a simple relationship was found
between the slenderness of the member and that of the separate plate. For a long time, this relationship
was considered acceptable and even included in some regulatory documents for the design of steel
structures.

In contrast to strength checks, where the question of overload or underload is solved by a simple
comparison of stresses, assessing the role of a particular element in ensuring overall stability is non-
trivial. A method for solving this problem was found relatively recently [24]. But the main thing is that
it is necessary to compare not the roles of individual elements, but different buckling modes, and only
in a few cases are these modes clearly associated with the local instability of specific system elements.

In classical linear stability analysis, different buckling modes do not interact (do not influence each
other) due to orthogonality. A deeper analysis, accounting for nonlinear effects, revealed the error of
this assumption. This is clearly illustrated by the example of a compressed latticed column, whose
buckling was studied in work [25]. In the design model (Fig. 6), it is assumed that failure can occur
either due to the buckling of the chord, which has a cross-sectional area $a$ and a radius of gyration
$r$, in which case the critical load will be equal to

F,, = 2T|:2Ear2/l2 ,
or due to overall buckling at a critical load of
P,,=2n"EaR*[ .

The column will buckle at the load
F, = min(lacr,l’Pcr,L) .

cr,s

If we consider the system's behavior at different values of the parameter

2
crL/ u’l - Rl / )
and evaluate the result by the ratio y =P, /P, ; , we get the bilinear characteristic shown in Fig. 6 by

the thin line. In reality, the wave formation of the chords, associated with local buckling, reduces their
average axial stiffness, which affects the value of the critical force for overall buckling. This
mechanism of interaction between buckling modes is nonlinear, giving the solution shown by the thick
line in the figure. The maximum deviation from the classical linear solution is observed at x=1, i.e., in
the equistable system.

The buckling of stiffened plates and shells has important implications for the optimal
configurations obtained in calculations. They are characterized by the presence of multiple buckling
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modes (overall, local). The dependencies of the critical loads for the overall and local modes on the
structural parameters are, in general, of opposite sign. For example, increasing the thin-walledness
parameter (the ratio of an overall cross-section dimension to the thickness) increases the critical load
for overall modes and decreases it for local modes. Based on these considerations, it was proposed to
design these structures such that the critical stresses for these modes were equal.

a,r l AY
2 al/Z a2/3
—> Xd —
< | / |> < ¢2R (]_x)3 . (1-61)1/3
B L > i
[~ 7 i
B AvavAVAvaV OB a
i X

Fig. 6. A compressed latticed column

The equistability condition (like equistrength) was widely used in the construction of various
optimization algorithms. Subsequently, it turned out that structures designed according to the equi-
stability principle showed a particular tendency to be destabilized by initial imperfections. The danger
of such a "naive" approach to the optimization problem, based on the equi-stability condition, was
emphasized in the review [26], which indicated that, for a spatial system in which the equi-stability
principle is satisfied, structural failure of avalanche-type is possible [27].

It was this feature of behavior that prompted J.M.T. Thompson [28] to call equi-stability a naive
principle of optimization. He notes that symmetry and the equistability corresponding to optimization
are, in some sense, pathological phenomena and are structurally unstable in the topological sense.
Thompson notes that they are not observed in nature, and human attempts to violate this rule are met
with resistance from nature in the form of symmetry-breaking imperfections.

A detailed study of a system with two degrees of freedom showed that at equal or sufficiently close
critical loads corresponding to different buckling modes, it is supersensitive to initial imperfections,
and the maximum bearing capacity tends to deviate from equi-stability upwards or downwards,
depending on the level of initial imperfections [27].

The creation of the theory of post-buckling behavior of structures (W.T. Koiter [25]) made it
possible to find out that the sensitivity of buckling to geometric imperfections significantly depends on
the nonlinear interaction of buckling modes. It is clear that this conclusion should have changed the
usual approach to structural optimization problems, requiring them to be solved in a nonlinear
formulation that considers the interaction of buckling modes (coupled buckling).

A typical example here can be the work of Manevich [29], which considered the problem of weight
optimization of compressed panels stiffened with longitudinal rectangular and tee cross-section ribs.
The analysis was based on solutions to the nonlinear problem in the first asymptotic approximation,
which is applicable to structures sufficiently close to equi-stable ones (the difference in critical stress is
no more than about 2 times).

The critical loads of thin-walled structures, such as plates and cylindrical shells, sharply decrease in
the presence of initial geometric imperfection, and the magnitude of the decrease in the bending load
strongly depends on the shape of the imperfection. Therefore, extensive research has been conducted to
identify the worst imperfections that reduce the critical load, within the limits set by some norm. The
worst imperfections have been found for various types of critical points, including, very importantly,
coincidence critical points.

4. Equi-reliability
For systems with a series connection of elements in terms of reliability (recall that design codes
assume all structures are such), the overall reliability is determined by the least reliable element. If it is
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impossible to increase its reliability for some reason, then requiring increased reliability for all other
elements makes no sense. This property of series systems underlies the principle of equireliability.
However, when there is a need to increase the system's reliability, and the means for implementing
this measure are limited, the problem of the optimal allocation of these means arises. Work [30]
provides a solution to the problem of minimizing the overall reliability of a system with elements
having a probability of failure Py=Pp=...=P, and whose conditional cost is C;=C,=...=C,.
Ensuring the reliability of the load-bearing structure is associated with certain costs

Cr=r(F).
In the vicinity of the initial value

b

-G/C,,
Py =(Ry)
This dependence can be approximated by the expression (£ ;, C,), which shows how the
probability of failure changes with a change in the value of C.

If, without changing the total cost Cy=C,+C,+...+C,, the values Cy; are redistributed to minimize
the system's probability of failure, then the values

| i Coi - InCy;
=l

In (1/ By) G

Cj=COi 1+ -InC, (j=1,...,m).

should be used. Thus, the reliability of the system is increased by rejecting equireliability.

The formulation of identical reliability requirements (target reliability levels) for objects of
approximately the same class of responsibility is perfectly logical, regardless of the material (steel,
reinforced concrete, or others) from which they will be designed and the type of structural scheme
[31]. However, the equality of target reliability levels is not an automatic requirement for creating an
equi-reliable structure. The same applies to the requirement of equal probability of occurrence of
design loads, regardless of their number in the design combination126. The entire standardization
system stands on these positions.

Relatively recently, target reliability levels began to be differentiated for objects of different
responsibility classes, taking into account the consequences of failure, including human casualties,
economic damage, environmental losses, and loss of cultural and historical values (Eurocode provides
for three classes: CC1, CC2, and CC3).

Today, setting target values for reliability measures at the structural element level when checking
the corresponding limit states is practically universal. This is explained by the fact that, in traditional
calculations, the designer applies the safety format at the element level, or more precisely, at the
section level. And despite the fact that structural elements are subdivided into reliability classes (RC)
based on the consequences of failure, these classes practically correspond to the CC classes based on
the consequences of system failure.

As emphasized in [32], in the design process, depending on the adopted structural solution of the
building and the expected failure mode, higher or lower consequence classes should be assigned to
individual structural elements than to the structural system as a whole. And although [33] permits the
use of different reliability classes for different structural elements, this is practically never done in
conventional design.

The situation is different when the problem of ensuring system survivability is considered, and the
ability of a damaged structural system to retain operability (possibly limited) after the occurrence of an
abnormal action is evaluated. The probability of collapse is then calculated using the multi-component
Bayes formula:

P(Collapse) = P(Collapse | LD) P,(LD | H) P;(H),
where P(Collapse) is the total probability of disproportionate collapse; Ps;(H) is the probability of the
H-th emergency action being realized; P,(LD | H) is the probability of local destruction of a single
structural element upon the occurrence of an emergency event H; and P;(Collapse | LD) is the
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probability of disproportionate collapse occurring, given that local destruction of a single element
occurs upon the realization of emergency event H.

The designer's possibilities are limited to influencing P, (strengthening elements) or P; (increasing
survivability by improving the structure and system). It is evident that effective protection can be
achieved with different values and ratios between P, and P, and the solution depends on the adopted
protection strategy.

e When using a strategy based on the application of key elements, their reliability is consciously
increased against the background of the rest of the structure's elements.

e Another strategy related to system segmentation can be based either on weak segment
boundaries or on strong segment boundaries. In both variants, the reliability of the boundary elements
differs from that of all other elements. These two strategy variants are well-known in fire protection,
where they are implemented in the form of a fire break or a fire wall.

5. Conclusions

The principles of equi-strength, equi-stability and equi-reliability of the constituent elements of a
complex system, traditionally used in design practice, have a very specific area of rational use, where
they provide acceptable engineering solutions [34-39], but cannot be considered universal.

A conscious deviation from these principles allows influence on certain performance indicators of
load-bearing structures and can be an important tool in the decision-making process. A detailed
analysis of its capabilities is required to improve this tool.
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Ilepenvmymep A.B., Eniwaxo 1E.
PO3JIYMHU PO PIBHOMIIHICTb, PIBHOCTIMKICTb, PIBHOHAJAIMHICTH TA ONITUMAJIbHE
HNPOEKTYBAHHSI

PosrnsmaeTses TpaauuidHI MiAXOAM JIO TNPOEKTYBaHHS OYAIiBENBHUX KOHCTPYKIIHM, IO IPYHTYIOTbCS Ha IIOBHOMY
BHUKOPUCTaHHI IXHBOT'O OIOPY i CIIUPAIOTHCS HA TOIYK YMOB PIBHOMIIIHOCTI, PIBHOCTIHKOCTI 00 PiBHOHA/IHHOCTI KOMIIOHEHTIB
CHCTEMH.

3BepraeThcs yBara Ha Te, 110 PIBHOMILHICTH €JIEMEHTIB KOHCTPYKIII MOBYA3HO HPHIIYCKa€ IXHIO OJHAKOBY pOJIb Yy
3a0e3neyeHHl Oe3BiIMOBHOCTI CHCTEMM B IIJIOMY, KOJM BiMOBa Xo4a O OJHOrO €JEMEHTAa € KPUTHYHOIO mouiero. Todro
KOHCTPYKIIisl BBaXKAETHCSI CHCTEMOIO 3 MOCHIOBHO (y ceHci 0e3BiIMOBHOCTI) 3'€IHAHUMHU €JIEMEHTaMHM, 1 Il 4acTo He
BiAnoBigae aificHocti. Came TOMy yMOBH ONTHMi3alii HE CIiBNAJalOTh 3 NPUHIMIIOM piBHOMIIHOCTI. HaBonsaThes npukiagu
CBIIOMOT'O BiJIXMJICHHS Bijl PIBHOMILIHOCTI 3 METOIO MiJIBUILEHHS XHUBYYOCTI KOHCTPYKIIIH.

IIpoexTyBaHHS PIBHOCTIMKMX KOHCTPYKILIH CIHMPAEThCS HAa HE3aJNEXKHICTh Pi3HUX (OPM BTpPaTH CTIHKOCTI, ajie Taka
HE3aJEeXKHICTh MOPYLIYETbCSA NPU MEPeXoii N0 HeliHiiHOro aHanizy. Toal BHUABISETHCA, IO KOHCTPYKII, 3alpPOEKTOBaHI 3a
MIPUHLIUIIOM PIBHOCTIMKOCTI, MalOTh OCOOJIMBY CXHIIBHICTD J10 1€CTAOMIII3yI0HOro e(peKTy Mo4aTKOBUX HEIOCKOHAJIOCTEH, 1 TYT
BHUHHMKA€ MOXJIMBICTh PYHHYBaHHS KOHCTPYKIIiH, 1110 HOCUTb JIABUHONOAIOHUH XapakKTep.

HaronouryeTtbcs, 110 UIKOM JIOTIYHUM € (HOPMYJIOBAHHS OJHAKOBMX BHUMOT 1010 HAAIHHOCTI (DyHKIIOHYBaHHSA (I[UIbOBHX
piBHIB HajiftHOCTI) 10 00'eKTiB MPUOIM3HO OHAKOBOIO CTYNEHS BiJIOBIJAIILHOCTI, HE3aJEKHO BiJl MaTepiany, 3 sIKOrO BOHU
Oy/lyTh 3alpOEKTOBaHi, Ta Bill BUIY KOHCTPYKTHBHOI cxemu. CrpaBeaiyMBa TakOoX yMOBa IOJO PIBHOT HMOBIPHOCTI HOSBH
PO3paxyHKOBHX HaBaHTAXEHb, HE3AJEKHO BiJl KIJIBKOCTI B PO3PaXyHKOBOMY IO€IHAHHI. AJie PIBHOHAIIMHICTh E€IEMEHTIB
KOHCTPYKIII MOXe He BIANOBiIaTH IXHbOMY (YHKIIOHaJbHOMY NpH3HAYEHHS, WO NPUBOAUTH A0 3HMWXKEHHSA 3arajibHoOl
HaziitHocTi. [IpocTimiM npuKIagoM € 3a0e3MeUeHHs KUBYHYOCTI IIUIIXOM BUKOPHCTaHHS KIIOYOBHX €IEMEHTIB 3 MiJBUIIEHOIO
HaJiiHICTIO.

Kro4oBi ci1oBa: piBHOMIIHICTb, PIBHOCTIHKICTb, PIBHOHAJIHHICTB, )KUBYYiCTb.

Perelmuter A.V., Elishakoff LE.
MEDITATIONS ON EQUI-STRENGTH, EQUI-STABILITY, EQUI-RELIABILITY AND OPTIMAL DESIGN

Traditional approaches to the design of building structures are considered, which are based on the full use of their resistance
and rely on the search for conditions of equi-strength, equi-stability or equi-reliability of system components.

Attention is drawn to the fact that the equi-strength of structural elements tacitly assumes their equal role in ensuring the
reliability of the system as a whole, when the failure of at least one element is a critical event. That is, the structure is considered
a system with sequentially (in the sense of reliability) connected elements, and this often does not correspond to reality. That is
why the optimization conditions do not coincide with the principle of equi-strength. Examples of deliberate deviation from equal
strength in order to increase the survivability of structures are given.

The design of equi-stable structures is based on the independence of various forms of loss of stability, but such independence
is violated when switching to nonlinear analysis. Then it turns out that structures designed according to the principle of equi-
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stability have a special tendency to the destabilizing effect of initial imperfections, and here there is a possibility of destruction
of structures, which has an avalanche-like character.

It is emphasized that it is quite logical to formulate the same requirements for the reliability of functioning (target reliability
levels) for objects of approximately the same degree of responsibility, regardless of the material from which they will be
designed and the type of structural scheme. The condition for the equi-probability of the occurrence of design loads is also valid,
regardless of the number in the design combination. But the equal reliability of structural elements may not correspond to their
functional purpose, which leads to a decrease in overall reliability. A simpler example is ensuring survivability by using key
elements with increased reliability.

Keywords: equi-strength, equi-stability, equi-reliability, reliability.
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