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A numerical method for studying the static behavior of a soil base in a geometrically and physically nonlinear formulation
under the action of rolling stock is proposed. The mathematical model of the boundary-value problem of the ballast prism and
soil base statics was constructed using the computational procedures of the finite element analysis program NASTRAN. Both
single-layer and multi-layer soil models in the form of a plane half-space were considered. The static action of rolling stock was
represented as a concentrated force applied to the ballast prism, corresponding to the weight of empty and loaded freight train
cars. To describe the elastic-plastic behavior of the single-layer soil base, the Mohr—Coulomb model was applied, while for the
multi-layer base the Drucker—Prager model was used. To evaluate the elastic-plastic behavior of the soil base, results of linear
and nonlinear static analyses of both models under two load cases were compared. The Newton—Raphson method was applied to
study the static characteristics of the models in a nonlinear formulation. The influence of considering the elastic-plastic models
of single-layer and multi-layer soil bases on their stress—strain state was assessed.

Keywords: finite element method, nonlinear static, ground base, rolling stock.

Introduction. The study of nonlinear soil deformation requires the use of a correct computational
model that takes into account the properties of soils in individual layers, as well as the hydrogeological
conditions of the soil mass. When a weak soil layer is present in the soil medium, the stress distribution
pattern changes significantly. In engineering practice and construction, soil models are divided into
linear and nonlinear [1, 2]. Each of them has its limitations in application. Linear models, such as the
Winkler—Fuss model, consider soil in an elastic state, where deformations are proportional to the
applied load. Nonlinear models, namely: the Mohr—Coulomb model, also known as the Mohr—
Coulomb strength criterion, which is based on experimental data and describes the conditions under
which soil begins to undergo plastic deformations and failure; the hardening soil model; the creep
model; the Cam-Clay model; the isotropic linear-elastic perfectly plastic model with the Hoek—Brown
strength criterion; as well as the Drucker—Prager model, which depends on hydrostatic pressure, take
into account more complex soil behavior, including nonlinear stress—strain relationships. For
qualitative analysis, one or a combination of several methods can be used.

The article presents a numerical method for studying the static behavior of a soil base in a
geometrically and physically nonlinear formulation under the action of rolling stock. Single-layer and
multi-layer soil base models in the form of a plane half-space are considered. To describe the elastic-
plastic behavior of the single-layer soil base, the Mohr—Coulomb model is applied, and for the multi-
layer base, the Drucker—Prager model is used. The mathematical model of the boundary-value problem
of the ballast prism and soil base statics was built using the computational procedures of the finite
element analysis program NASTRAN [3]. The influence of elastic-plastic soil behavior on the stress—
strain state under the weight of empty and loaded freight cars was assessed.

1. Finite Element Model of the Ballast Prism and Base

The mathematical model of the boundary-value problem of the ballast prism and soil foundation
statics is constructed based on Lagrange’s principle of virtual displacements in generalized coordinates
and is implemented using the finite element method. To obtain the reduced stiffness matrices,
geometric stiffness, and generalized external forces, the computational procedures of the NASTRAN
program were applied.
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The finite element model of the ballast prism and a single-layer soil foundation (sand) in the form
of an elastic plane half-space with a length of 200 m and a depth of 30 m was presented by the authors
in work [5]. The characteristics of the ballast prism were assumed as follows: sand (ballast):

E,=16,484.10°kPa, v=0,3, B=0,3, p=10,0kN/m>; macadam (ballast): E=5-10kPa,
v=0,27, =027, p= 14,OkN/m3 ; reinforced concrete sleepers: E = 3,8:10’kPa, v=0,2,
B=0,05, p=245kN/m’ .

The computational model of the multilayered foundation consisted of five layers of soils from the

actual engineering-geological profile (Fig. 1). The first layer (Layer 1) is fine sand of medium density
with a low degree of water saturation, 2m thick, v =0,3-0,35, 8 =0,42 ; the second layer (Layer 2)

is fine sand of medium density, water-saturated, 2m thick, v =0,3-0,35, 5 =0,42; the third layer
(Layer 3) is light silty clay, soft-plastic, 1.5m thick, v =0,38—-0,45, S =0,35; the fourth layer (Layer
4) is light and heavy soft-plastic clay, 3m thick, v =0,38-0,45, B =0,39; the fifth layer (Layer 5) is
heavy silty clay, 10m thick, v =0,3-0,38, 8 =0,39. The remaining physical properties of the soil
layers are presented in Table 1.

Table 1
Physical properties of the soils in the multilayer foundation model
. . Adhesion Modulus of Lo L
Lo | Do | ool | ool | et | aomain, | Lty | Sl
a MPa

1 1.64 0.61 28.2 0.7 17.3 - 300
2 1.95 0.61 30.9 0.7 28.1 - 200
3 1.82 0.85 14.8 15.3 6.7 0.69 120
4 1.86 0.9 16.5 22.0 12.5 0.34 215
5 1.94 0.9 18.3 28.7 18.5 0.18 220

Fig. 1. Finite element model of the ballast prism and multilayer soil foundation

The characteristics of the rolling stock are presented by the authors in work [5]. The static effect of
the rolling stock is represented as a concentrated force from the weight of empty and loaded freight
train cars applied to the ballast prism. The boundary conditions restrict the movement of the model
from the plane of the soil foundation.

2. Consideration of the elasto-plastic properties of soils in the static analysis of the ballast
prism and foundation
In modeling the single-layer foundation, the ideal elasto-plastic Mohr-Coulomb model was used,
which, due to its simplicity, is widely applied in geotechnical engineering. The Mohr-Coulomb failure
criterion states that the soil fails when certain values of normal and shear stresses are reached.
T=c+otang, (1)

where 7 — shear stress; ¢ — specific cohesion; ¢ —normal stress; ¢ — internal friction angle.

In the analysis of the multilayer foundation, considering the different nonlinear behavior of the soil
layers, the Drucker-Prager model was adopted to account for plastic deformations. The Drucker-Prager
criterion generalizes the Mohr-Coulomb model by incorporating a continuous yield surface, making it
particularly suitable for pressure-sensitive soils and other materials

F=t—Ptan—-k=0, )
where F — yield function; 7 — shear stress; P — mean pressure; 8 — inclination angle of the yield

surface relative to the mean pressure axis; k& — constant dependent on cohesion.
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3. Static analysis of the ballast prism and soil foundation in linear and nonlinear formulations

Linear and nonlinear analyses of the computational model of the ballast prism and soil foundation,
presented as a plane half-space, were performed under the load from the weight of empty and loaded
freight train cars. The solution of the boundary-value statics problem was carried out using the
Newton-Raphson method, implemented in the NASTRAN program.

In the nonlinear static analysis of the single-layer soil foundation model, the elasto-plastic behavior
of the soil (sand) was taken into account, represented in the study by the Mohr-Coulomb model. The
results of the calculations for the single-layer model under the load from an empty car in linear and
nonlinear formulations are shown in Figs. 2 and 3.

Fig. 2. Isolines of nodal displacements of the single-layer foundation under the weight of an empty car (P = 157 kN) in linear
and nonlinear static analyses: (a) total displacements; (b) horizontal displacements; (c) vertical displacements

(1b) (2b)

Fig.. 3. Isolines of equivalent (von Mises) stresses (a) and von Mises strains (b) in linear (1) and nonlinear (2) static analyses of
the single-layer foundation under the weight of an empty car (P = 157 kN)

The values of maximum nodal displacements, equivalent stresses, and von Mises strains in linear
(1) and nonlinear (2) static analyses of the single-layer foundation under the weight of an empty car are
summarized in Table 2.
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Table 2
Results of linear and nonlinear static analyses of the single-layer soil model
under the weight of an empty car (P = 157 kN)
Total nodal | Horizontal Vertical Voq Mises . Plastic
Problem ) . . equivalent | Von Mises .
. displaceme | displaceme | displaceme . deformatio
formulation stresses, strains
nts, m nts, m nts, m KPa ns
Linear 0,0386 0,0040 -0,0386 12879 0,0028 -
Nonlinear 0,0461 0,0051 -0,0461 6947 0,0035 0,0007

It can be observed that due to the physical nonlinearity of the soil, the von Mises strains in the
elements of the single-layer foundation model under the weight of an empty car increased by 15.9%,
while the plastic deformation accounted for 20% of the total deformation, and the von Mises stresses
decreased by 53.94%.

Table 3 presents the values of maximum displacements, stresses, and strains obtained in the
analysis of the single-layer model under the weight of a loaded car (P = 230.5 kN). The study showed
that the isolines of displacements, strains, and stresses in the elements of the single-layer foundation
model under the weight of the loaded car are similar to the corresponding isolines in the elements of
this model under the weight of the empty car, as shown in Figs. 2 and 3.

Table 3
Results of linear and nonlinear static analyses of the single-layer soil model
under the weight of a loaded car (P = 230.5 kN)
Total nodal | Horizontal Vertical Voq Mises . Plastic
Problem ) . . equivalent | Von Mises .
. displaceme | displaceme | displaceme . deformatio
formulation stresses, strains
nts, m nts, m nts, m KPa ns
Linear 0,0564 0,0059 0,0564 18981 0,0043 -
Nonlinear 0,0674 0,0075 0,0674 10254 0,0035 0,0011

The comparison of results showed an increase in deformations by 16.7% due to the physical
nonlinearity of the single-layer soil under the weight of the loaded car, with plastic deformation
accounting for 31.4% of the total deformation, and the von Mises stresses decreasing by 54.02%.

The results of linear and nonlinear static analyses of the multilayer model under the weight of

empty and loaded cars, presented as isolines of displacements, stresses, and strains, are shown in
Figs. 4 and 5. In the nonlinear static analysis of the multilayer soil foundation model, the elasto-plastic
properties of the foundation layers were taken into account, represented in the study using the Drucker-
Prager model.

Table 4 presents the values of maximum displacements, stresses, and strains obtained in the
analysis of the multilayer model under the weight of an empty car.

Table 4
Results of linear and nonlinear static analyses of the multilayer soil model
under the weight of an empty car (P = 157 kN)
Total nodal | Horizontal Vertical Voq Mises . Plastic
Problem ) . . equivalent | Von Mises .
. displaceme | displaceme | displaceme . deformatio
formulation stresses, strains
nts, m nts, m nts, m KPa ns
Linear 0,0364 0,0042 -0,0364 12759 0,0045 -
Nonlinear 0,0435 0,0043 -0,0435 7216 0,0048 0,0026
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Fig. 4. Nonlinear static analysis of the multilayer foundation under the weight of an empty
car (P = 157 kN): total nodal displacements (a), horizontal nodal displacements (b), vertical nodal displacements (c), von Mises
equivalent stresses (d), von Mises strains (e), plastic deformations (f)

It can be observed that in the elements of the multilayer foundation model under the weight of an
empty car, due to the physical nonlinearity of the soils, the von Mises strains increased by 5.8%, with
plastic deformation accounting for 54.1% of the total deformation, while the von Mises stresses

decreased by 43.45%.
=

Fig. 5. Nonlinear static analysis of the multilayer foundation under the weight of a loaded car (P=230.5 kN):
total nodal displacements (a), horizontal nodal displacements (b), vertical nodal displacements (c),
von Mises equivalent stresses (d), von Mises strains (e), plastic deformations (f)

Table 5 presents the values of maximum displacements, stresses, and strains obtained in the
analysis of the multilayer model under the weight of a loaded car.

The study showed that due to the physical nonlinearity of the soils, the von Mises strains in the
elements of the multilayer foundation model under the weight of a loaded car increased by 7.4%, with
plastic deformation accounting for 54.33% of the total deformation, while the von Mises stresses
decreased by 43.34%.
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Table 5
Results of linear and nonlinear static analyses of the multilayer soil model
under the weight of a loaded car (P = 230.5 kN)
Total nodal | Horizontal Vertical Voq Mises . Plastic
Problem ) . . equivalent | Von Mises .
. displaceme | displaceme | displaceme . deformatio
formulation stresses, strains
nts, m nts, m nts, m KPa ns
Linear 0,0534 0,0061 -0,0534 18736 0,0066 -
Nonlinear 0,0650 0,0066 -0,0650 10615 0,0072 0,0039

Conclusion. The proposed methodology allowed for the development of a computational model of
the ballast prism and foundation and for the investigation of nonlinear soil deformation, taking into
account the elasto-plastic properties of its individual layers under the static load of rolling stock.
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JIyk anuenko O.0., Kosak A.A., Kocmin /].€.
CKIHYEHHO-EJEMEHTHE MOJEJTIOBAHHA CTATUYHOI MOBEAIHKH MPYKHO-TIJIACTUYHOT
IPYHTOBOI OCHOBH ITPH JIIi PYXOMOI'O CKJIAZTY

3anporoHoBaHa YHCeNbHA METOJIMKA JOCHI/UKEHHS CTaTHYHOI MOBEAIHKM IPYHTOBOI OCHOBM Y T'€OMETPUYHO i (i3UUHO
HeNiHIHHIA mocTaHoBLI BiA Xii pyxoMoro ckiaay. MaTemaTHuHa MOENb KpailoBoi 3ajadi CTaTUKM 0anacroBol HMpU3MH i
I'PYHTOBOi OCHOBHM NOOYyJOBaHa i3 3aCTOCYBaHHSIM OOYMCIIOBAJIbHUX MPOLEAYP NPOrpaMH CKIHYEHHO-EJIEMEHTHOIO aHalizy
NASTRAN. Po3risHyTO OziHOIIApoBa i OaraTomapoBa MOJENIi OCHOBU Yy BUIVIAAI IUIOCKOro HamiBrmpoctopy. CraTuuHa Jist
PYXOMOro CKJIaJy IOJaHa y BHIJIAII 30CEPE/KEHOI CHIHM, NMPUKIAAEHOl o 0anacToBOi NPHU3MH, BiJ Baru IMOPOKHBOrO i
3aBaHTA)KEHOTO BAarOHiB BAaHTAXXHOTO MOTATrY. JIjIs ONMCaHHS NPY)KHO-TJIACTUYHOI TOBEAIHKU OJHOMIAPOBOI IPYHTOBOI OCHOBH
3acrocoBaHa Mojenb Mopa-Kynona, mis GararomapoBoi — mopens Jlpykepa-IIparepa. [l OLIHKM IPYKHO-TUIACTHYHOT
MOBEJIIHKM TPYHTOBOI OCHOBM BHMKOHAHO MOPIBHSHHS PE3YJITATIB JIIHIHHOrO i HEJHIMHOrO CTaTUYHHMX PO3PaxyHKIB JBOX
Mojenel BijJj IBOX HaBaHTaXXeHb. 3acTocoBaHo MeTo H’rorona-Padcona i gociiiKeHHs CTAaTHYHUX XapaKTePUCTHK MOJienei
B HENiHIHHIA mnoctaHoBui. OIIHEHO BIUIMB BpaxyBaHHS NPYXHO-IUIACTUYHUX Mojesell omHouapoBoi i OararormapoBoi
I'PYHTOBMX OCHOB Ha IX HampyxeHo-nedopmoBanuii craH. 3a paxyHOK (i3M4HOI HENHIHHOCTI TIPYHTY B e€JEMEHTax
OJTHOILIAPOBOi MOJI€JIi OCHOBHU TIPH Aii Bark MOPOXHBOIO 1 3aBaHTAKEHOIO BaroHy CIOCTEPIraaock 30iiblIeHHs Aedopmaii 3a
Mizecom BiamoinHo Ha 15,9% i 16,7%, npu npomy miactuyna aedopmanis ckiana 20% i 31,4% Bin 3aranpHoi pedopmartii,
HanpyKeHHs 3a MizecoM 3MeHmmIock Ha 53,94% i 54,02%. Pesynbrat pociijkeHHs OaratomapoBoi OCHOBM HpH il Baru
MOPO’KHBOI'O 1 3aBAaHTA)XEHOI'0 BAaroHY IOKAa3aju, I10 3a paxyHOK (i3nuHoi HemiHifHOCTI IpyHTIB gedopmarii enemeHTiB 3a
Mizecom 30inbumanch BignoBixHo Ha 5,8% i 7,4 %, npu upoMy miactuuHa aepopmanis cknana 54,1% i 54,33% Bin 3aransHoi
nedopmartii, HanpyxeHHs 3a Mizecom 3MeHIMI0Ch Ha 43,45% 1 43,34%. 3anporoHoBaHa METO/IMKA JJ03BOJIMIIA ChOPMYBATH
PO3paxyHKOBY Mojenb 0agacToBOi NMPU3MM i OCHOBM Ta AOCHIAMTH HENiHiiHE nAeOpMyBaHHS IPYHTIB i3 ypaxyBaHHSAM iX
MPYKHO-TUIACTUYHUX BJIACTUBOCTEH MPH CTATHYHIN JIiT pyXOMOT'O CKJIamy.

Kuro4oBi ci10Ba: MeTo/| CKIHUEHHUX €JIEMEHTIB, HEliHIMHA CTaTHKA, IPYHTOBA OCHOBA, PyXOMHH CKJIaJ.

Lukianchenko O.0., Kozak A.A., Kostin D.Ye.
FINITE ELEMENT MODELING OF THE STATIC BEHAVIOR OF AN ELASTIC-PLASTIC SOIL BASE UNDER
THE ACTION OF ROLLING STOCK

A numerical method for studying the static behavior of the soil base in a geometrically and physically nonlinear formulation
from the action of rolling stock is proposed. A mathematical model of the boundary value problem of the statics of the ballast
prism and the soil base is constructed using the computational procedures of the finite element analysis program NASTRAN.
Single-layer and multilayer base models in the form of a flat half-space are considered. The static action of the rolling stock is
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presented in the form of a concentrated force applied to the ballast prism from the weight of empty and loaded freight train cars.
To describe the elastic-plastic behavior of a single-layer soil base, the Mohr-Coulomb model is used, and for a multilayer one,
the Drucker-Prager model. To assess the elastic-plastic behavior of the soil base, a comparison of the results of linear and
nonlinear static calculations of two models from two loads is performed. The Newton-Raphson method is used to study the static
characteristics of the models in a nonlinear formulation. The influence of taking into account the elastic-plastic models of single-
layer and multi-layer soil bases on their stress-strain state was assessed. Due to the physical nonlinearity of the soil in the
elements of the single-layer base model under the action of the weight of an empty and loaded car, an increase in the Mises
deformation was observed by 15.9% and 16.7%, respectively, while the plastic deformation was 20% and 31.4% of the total
deformation, the Mises stress decreased by 53.94% and 54.02%. The results of the study of the multilayer base under the action
of the weight of an empty and loaded car showed that due to the physical nonlinearity of the soils, the Mises deformation of the
elements increased by 5.8% and 7.4%, respectively, while the plastic deformation was 54.1% and 54.33% of the total
deformation, the Mises stress decreased by 43.45% and 43.34%. The proposed methodology allowed us to form a computational
model of the ballast prism and base and to investigate the nonlinear deformation of soils taking into account their elastic-plastic
properties under the static action of rolling stock.
Keywords: finite element method, nonlinear static, ground base, rolling stock.
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3anporoHOBaHa 4YHCENbHA METOAMKA MOCHI/DKEHHS CTaTMYHOI MOBENIHKM TIPYHTOBOI OCHOBM Y T'€OMETpPIiYHO 1 (i3udHO
HeNiHIHHIA mocTaHoBLI BiA Xii pyxoMoro ckiaay. MaTemaTHuHa MOAENb KpaloBOi 3ajadi CTaTUKM 0anacroBoi HMpPU3MH i
IPYHTOBOT OCHOBM IOOYZOBaHa i3 3aCTOCYBaHHAM OOYMCIIOBAIBHUX IPOLEAYP NPOrpaMH CKiHYEHHO-EIEMEHTHOrO aHailizy
NASTRAN. PosrisiHyTo ofHOmIapoBa i OaraTtomiapoBa MOJEN OCHOBM Y BMIVIII IUIOCKOrO HamiBrmpocrtopy. i onucanHs
MPYKHO-TIACTUYHOI MOBEIIHKM OJIHOIIAPOBOI TPYHTOBOI OCHOBHU 3acTocoBaHa Mozens Mopa-Kynona, mis OararomapoBoi —
Mmoznens Jlpykepa-IIparepa. O1iHeHO BILIMB HPY)KHO-TIJIACTUYHOI HOBEIIHKM I'PYHTIB Ha IX HanpyXeHo-1e(opMOBaHUii CTaH Mpu
i1 Baru MOPOXXHBOTO i 3aBaHTAXKEHOT0 BarOHiB BAHTAXKHOT'O MOTATY.
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A numerical methodology is proposed for investigating the static behavior of a soil foundation under geometrically and
physically nonlinear conditions due to the action of rolling stock. The mathematical model of the boundary-value statics problem
of the ballast prism and soil foundation was constructed using the computational procedures of the NASTRAN finite element
analysis program. Single-layer and multilayer foundation models in the form of a plane half-space were considered. The Mohr-
Coulomb model was applied to describe the elasto-plastic behavior of the single-layer soil foundation, while the Drucker-Prager
model was used for the multilayer foundation. The influence of the elasto-plastic behavior of soils on their stress-strain state
under the weight of empty and loaded freight train cars was assessed.
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