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Introduction. This paper is a continuation of the authors’ systematic studies on the problems of
nonlinear deformation, buckling, and natural vibrations of thin elastic shell structures of
inhomogeneous composition under static thermomechanical loads [1-4]. The finite element method,
on which the solution procedure for these classes of problems is based, can be confidently considered
one of the most widely used numerical methods in structural mechanics [5-12].

In the developed method [1-4], an elastic inhomogeneous shell is treated as a three-dimensional
body of small thickness without employing the conventional hypotheses of classical thin plate and
shell theories [13—14]. The proposed approach to modeling elastic inhomogeneous shells, including
shells with step-variable thickness, provides an efficient tool that allows one, within a unified
methodology, to account for various realistic geometric features of structures. The shell may have ribs,
channels, holes, sharp bends of the mid-surface, variable thickness, etc. For this purpose, a universal
(within certain limits) three-dimensional finite element with additional variable parameters has been
developed [1-4]. The finite element analysis is based on the geometrically nonlinear relations of the
three-dimensional theory of thermoelasticity [15—17] and on the principles of the moment finite-
element scheme (MFES) [6, 18-20]. Large displacements and small strains are considered, while the
temperature field is assumed to be a known (prescribed) function of the coordinates and independent of
the stress—strain state of the shell. In general, the behavior of a flexible elastic shell is a complex
thermomechanical phenomenon. Different stages of loading can give rise to specific features in
deformation and natural vibrations. In particular, in the pre-buckling domain, bifurcation points of
equilibrium solutions may appear whose detection is an important step in studying buckling of shell
structures. The developed buckling analysis method for inhomogeneous shells [1-4] makes it possible
to detect the presence of bifurcation points and to trace new branches of solutions corresponding to
alternative deformation modes. This is achieved by two approaches: (i) by the qualitative theory (in
which case such points are determined within the accuracy of the load increment, i.e., within the
interval of its variation), and (ii) by introducing a small imperfection into the initial mid-surface shape
of the shell (which, in the pre-buckling domain, may transform a bifurcation point into a critical point).
The capabilities of the proposed method are illustrated by the analysis of spherical axisymmetric
panels of uniform thickness, for which the conditions of occurrence of asymmetric deformation and
buckling modes along with symmetric ones were determined [4]. A classical benchmark problem [21,
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22] was considered, namely, the determination of the critical load for panels of different curvatures
rigidly clamped along the contour and subjected to a uniform pressure of intensity ¢. The

effectiveness of the developed approach has been confirmed.

1 Objective of the study. This paper continues the research presented in [4]. The results of the
analysis of the deformation and buckling behavior of elastic shells are presented. Among all the studies
conducted by the authors [1-4], this work focuses primarily on shells for which the «load—deflection»
curves (g —u ) exhibit bifurcation points in the pre-buckling deformation domain. Both constant-
thickness and stepwise variable-thickness shells are considered. The results are presented on the
influence of both structural parameters of the shells and thermomechanical loading on the buckling
behavior of inhomogeneous elastic shells.

The results are presented in terms of the dimensionless parameters for the load g = a4q/ (Eh4) and

the deflection ' =u" / h along the Cartesian axis x' . Here a is the characteristic in-plane dimension

of the panel, & — is the thickness, and E — is the elastic modulus. For convenience, the figures include
corresponding notations indicating the class of problems being considered.

2 Buckling and natural vibrations of a constant-thickness panel. A square smooth spherical
panel is considered (Fig. 1). The panel is simply supported along its contour and subjected to a uniform
pressure. The shell material is isotropic. The curvature of the panel is defined by the

parameter K =2a2/ (Rh), where R — radius of the mid-surface of the panel. The input data are as

follows: E =2,1-10° kg/cm?, Poisson’s ratio v =0,3 and density p=7.85-10~ kg/cm’.
2.1 The behavior of a shallow spherical panel with the curvature parameter K =32, A =1 cm,
a=60h , R=225h isinvestigated.
A detailed analysis of the buckling of the
panel according to the static criterion, where the e
solution is presented as the g—u curve, is e e

S

given in [1]. In [2], the results of the modal
analysis of this panel are presented. The issue of
the validity of employing symmetry planes in
the finite-element shell model (FESM) was
studied. Naturally, the use of symmetry planes .
simplifies the formulation of the buckling R
problem and makes the solution process more
manageable; however, it simultaneously
eliminates the possibility of the occurrence of
skew-symmetric  vibration modes, special
points, and bifurcated branches of nonlinear HOO
solutions. Figure 2 shows the «load—frequency»

curves (g—w;) corresponding to two

o

formulations of the problem: the entire panel 600

without symmetry planes, frequencies o, ; and
a quarter panel with the FESM including two 400
symmetry planes, frequencies ®;. The
corresponding vibration modes of the panel at
the initial loading stage (g =0 ) are presented 200
in Table 1. In the last column of the table .

schematic representations of the natural :?
]

vibration modes are provided. i ' : : _
0 50 100 150 200 g

Fig. 2. Natural vibration frequencies for the finite-element
model of the entire panel ( ® ) and the quarter panel ( @)
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The FESM with two symmetry planes excludes asymmetric vibration modes. The frequencies
corresponding to the symmetric vibration modes are identical for both FESM model variants. It should
be noted that when considering the FESM with a single symmetry plane (half of the panel), the
conjugated vibration modes corresponding to multiple frequencies are eliminated. For example, in our
case, the frequency ®, and the associated vibration mode are disregarded (Table 1). Therefore, a

complete buckling analysis of shells combined with modal analysis should be carried out using a
FESM without symmetry planes. The FESM with one symmetry plane may also be used; however, in
this case, one should consider the possible exclusion of multiple eigenfrequencies.

Considering the deformed state of the shell while ignoring the stresses accumulated at the load
increment steps (prestress) leads to an incorrect calculation of frequencies (solid curve) and a false

determination of the upper critical load ¢.? by the dynamic criterion (Fig. 3). The dashed curve g —o

o
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Fig. 3. Comparison of the results with (dashed curve)

corresponds to the calculation with prestress
considered at each load step. Circles indicate
the load levels at which the modal analysis was
performed.

The algorithm for solving the problem of
nonlinear deformation and buckling of the shell
makes it possible to identify bifurcation points
on the g—u curve. For this purpose, the

qualitative theory is applied. The occurrence of
bifurcation points (*) is associated with the
appearance of closely spaced equilibrium states
of the shell. From the mathematical point of
view, such a point is characterized by the
degeneration of the determinant of the
linearized stiffness matrix of the governing
system of equations, i.e., the first approach (i)
[1,4] is used. The stress—strain state of the
shell in the vicinity of the bifurcation point (at

and without (solid curve) consideration of the pre-stressed state the load level q * ) changes SmOOthly. This
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process corresponds to a small deflection buckling. The load value g * corresponding to the first
bifurcation point may be taken as the critical one.

For the shallow spherical panel K =32, the ¢ —u curve has a simple form (Fig. 4, a) and can be
described as a oabc curve. In the pre-buckling domain, using approach (i), at g* =191.6 a possible
bifurcation point was detected. To determine this point (value g *) more precisely, according to
approach (ii), a small asymmetric perturbation msin(2n&) (&=x/a — dimensionless in-plane

coordinate) is introduced into the initial mid-surface geometry of the panel, which can be interpreted as
an initial imperfection of the shell shape. The perturbation parameter was taken as n=0,01.

q

200

180

100

a0

(@) (b)

Fig. 4. Identification of the bifurcation point for a shallow square spherical panel and the corresponding deformation modes

The introduction of a small shape perturbation transforms the bifurcation point into a critical one.
The resulting new g —u curve acquires the form oa'bc (1n=0,01) in contrast to the curve oabc

(n=0) for the perfect panel. In the a'bh range, this curve is shown by the dashed line. The obtained

value 7* =7 =182,1 (1 =0,01) is 6% lower than the upper critical load ¢'¥ =193,7 (n=0) of the
perfect panel. Equilibrium post-buckling deformation shapes are shown in Figure4,b: an
axisymmetric deformation shape at point 1 in the ac
range for the panel of ideal shape, and a skew- )]
symmetric deformation shape at point 2 in the a'c BO0 - G-, K=32
range for the perturbed panel.

A small perturbation of the initial shell shape
affects its natural frequencies. A divergence of the 400
g — o, curves is observed as the load approaches to

g (Fig.5). Starting from the load g =142, the

g —w, curves corresponding to the perfect (n=0) 200

and imperfect (1n=0,01) shell shapes begin to

deviate. The load at which ®;, =0 is taken as the g . . .
upper critical load according to the dynamic buckling 0 50 100 150 / 200
criterion [23]. g*i E—?up

For the panel with an ideal middle surface, o

according to the dynamic criterion g =g*=191,8 Fig. 5. The -, curves for a shallow panel

of constant thickness, K=32
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(Fig. 5). The difference from the critical load determined by the static criterion is less than 1%.
For the panel with a perturbed middle surface (approach (ii)), according to the dynamic criterion,

—k,

q "= q.F =183,0 (Fig. 5). The difference from Ti =182,1, obtained using approach (i), is less than 0,5%.

The obtained results confirm the effectiveness of applying a comprehensive approach to the
analysis of shell buckling.

2.2 The behavior of a smooth shallow shell of constant thickness with a curvature parameter
K =64 and A=1cm, a=120h, R=450h is studied.

In the pre-buckling and post-buckling domain, the «load — deflection» curves for this shallow panel
exhibit a complex shape (Fig. 6 (a), (b)). The curves ¢ —u are presented for characteristic points o

(panel center) and b (quarter panel center). Unlike the shallow panel, the buckling of the shallow shell
occurs in two stages. In the first stage, the deflection sharply increases in the panel at the middle of the
quarters, points b . At the same time, the panel center practically does not deform. This corresponds to
a local buckling, with the formation of two stiffening ridges along the symmetry axes of the panel
(Fig. 6, ¢). On the curves g —u this moment of deformation corresponds to poin 1, which has the

following characteristics: load g =777.7, deflection at point o Eol' =-0.1445, deflection at points b

E; =-0.6677. For clarity, the shapes are shown in an enlarged scale in the Figure.

4 K=64 o, 4 K=64
-— —_— 0_2@3"95
1000 F 1000 f : o
, 1 ,
800 soo b —
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all e 0 | e M
(@) (b)
1

e R e
s
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©
Fig. 6. A shallow panel of constant thickness (K=64): the g—u curves at points 0 (a) and b (b); deformed shape (c)

At the second stage, a global buckling of the panel occurs (point 2 ) accompanied by a pronounced
snap-through across the entire shell surface: the load is ¢ = 815, and the deflections at points o and
b are Eol' =-0.5500 and E; =2.999, respectively. The deformation shapes in the pre-buckling and
post-buckling domains are similar.

In the pre-buckling domain, when approaching point 1 at a load of §*i=173.5 according to

approach (i), a possible bifurcation point * was detected. The existence of this point is also confirmed
by the analysis performed using the LIRA-SAPR [24]. The computational process in the LIRA-SAPR
stopped precisely at this point. A comparison with the results obtained using the LIRA-SAPR showed
a complete agreement of the g —u curves in the pre-buckling domain (bold line).
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According to approach (ii), the introduction of a
small asymmetric perturbation into the ideal midsurface
geometry of the shell made it possible to more
accurately determine the bifurcation point *

(ﬁ*ii =775.6<g.’) and to trace the branching curve

from this point (dash-dotted line, Fig. 6).

The loading process of the considered non-shallow
panel is accompanied by a rearrangement of vibration
modes. On the g—w, curves (Fig. 7), circles indicate

the loading moments at which a change in the character
of the panel’s natural vibration modes occurs (Fig. 8).
This transformation of vibration modes depends on the
change in the multiplicity of frequencies during loading.

In the initial unloaded state (ﬁi:o ), the frequencies
o; =, are multiple. At loads c?i:7, the frequencies

03 =, become multiple, and at loads 7", the

frequencies  ®, =®;  become multiple. The

rearrangement of vibration modes takes place at loads g'~

each loading step, their variation spectrum is quite dense.

§f=0 = O: i

g=" =415.6

o~ =156,31 o5’ =162,01 ol =164,71 o’ =164,71

o =220,32 w5 =220,32 o

(&3]
250 [
200
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Fig. 7. The g—w, curves for a non-shallow panel
of constant thickness, k=64

" and g™’ . For the frequencies obtained at

-”; :’.!};c, Hz

0 =233.04 wi? = 24921

g~ =700.4

o~ =92,023 w5’ =117,24

ol =117.24 wi? =133.11

Fig. 8. Transformation of vibration modes of a non-shallow panel of constant thickness, K=64

Comparing the behavior of shallow (K=32) and non-shallow (K=64) panels, it can be noted that for the
non-shallow panel the g —u curves are more complex. Buckling of the non-shallow panel occurs in two
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stages, with the maximum deformation developing not at the center, as in the shallow panel, but in the
middle of its quarters. The loading process is accompanied by a transformation of the vibration modes.

3 Buckling and natural vibrations of a ribbed panel. The behavior of a ribbed non-shallow panel is
studied (K=64, h =1 cm, a=120h, R=450%). The concave side of the shell is reinforced with a pair of central

crossing ribs: &, =24 is arib height excluding the shell thickness %, b, =2h is arib width.

The deformation pattern of this ribbed panel (Fig. 9) differs only slightly from that of the
previously considered non-shallow shell without ribs. This is due to the ribs being in areas where
natural stiffness ridges form during the deformation of the smooth shell (Fig. 6 (c)).

1000

800

500

400

200

Fig. 9. Non-shallow ribbed panel (K=64): the g—u curves at points O (a) and b (b); deformation shape (c)

The presence of the central rib pair has almost no effect on the magnitude of the critical load, which
increased only by 3,3%, compared to the smooth shell. The g —u curve at the characteristic point 1

shows the following values: ¢ =804,4, Eol'=-0,3470,

b3
Eg' =-0,7087. The overall buckling of the panel (point 2 )
250 occurs at a load of g =1012.
In the pre-buckling deformation domain for the
200 considered ribbed panel, a bifurcation point (7" =800,2),
is also observed, identified according to approach (i).
150 Comparison with results obtained using the LIRA-SAPR
(bold curve) shows complete agreement of the curves
100 g —u in this domain.
The g-w, curve (Fig. 10), similar to the smooth
50 panel, exhibits a mode shape transformation (Fig. 11). The
loads at which this transformation occur are marked with

0 0 2['][] 460 EiI]U 0 3 circles. For the ribbed panel, at loads §°=° <g <g"~’, the

g up frequencies ®, =, are multiples; at loads Jiﬂ >q, the
or

Fig. 10. The 7o, curve for the non-shallow frequencies ®; =, become multiples. The mode shape

ribbed panel, K=64 transformation occurs at loads '~ and g'~'°.
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w0 =232,80 50 = 252,51 i =252,51 i =268,23

g~ =6434
o~ =179,54 ;' =188,00 w; =195,76 o =195,76

g% =7986

o = 68,890 w10 = 76,150 o 1 =77,173 o0 = 77,173

Fig. 11. Mode shape transformation of the non-shallow ribbed panel, k=64

It can be concluded that the behavior of smooth and ribbed shallow panels k=64 remains similar.
This is explained by the fact that the installed cross ribs pass through the natural stiffness ridges
inherent in the smooth shell during deformation, which enhances the local rigidity of the structure. The
conducted study confirmed the effectiveness of the applied method for analyzing ribbed shells.

4 Buckling of a panel with channels. A smooth shallow panel (K=32, A=1cm, a=60h,
R =225h) weakened by four cross channels is considered. The channels are symmetrically arranged
on the inner and outer surfaces of the panel (Fig. 12) and have identical dimensions: length a, width
b.=6h,depth h, =0,7h.

The obtained g —u curves are plotted for the deflections at two characteristic points of the shell:

o is the panel center, b is the intersection point of the channels (Fig. 13 (a)). A comparison of the
results obtained using the MFES and LIRA-SAPR (bold curve) and SCAD [25] (dashed curve), shows
that the curves fully coincide in the pre-buckling domain. The analysis in LIRA-SAPR terminated at
the bifurcation point (marked with “*’ on the graph), which the program interprets as the upper critical
load. The bifurcation point was also detected in the calculations performed by the MFES (approach

(1)). To refine the value of Ti approach (ii) was applied,
which involves introducing a small asymmetric perturbation

(n=0,01) into the initial mid-surface shape of the shell. The Eu
calculation results are given in Table 2. The branching of the T [ [—— Jl' WA
new equilibrium path is shown by the dash-dot curve. o] L pad =

It should be noted that the deformation shapes of the shell B R
obtained using different algorithms (MFES, LIRA-SAPR, and ~ — =~~~ "1 T
SCAD) agree well with each other (Fig. 13 (b)). At the b ;‘-’
moment of buckling, the deflection at the panel center is ¢

Fig. 12. Schematic representation of a shell

smaller than in the region of the channel. scament with channels, -
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(a) (b)
Fig. 13. Spherical panel with channels (K=32): the g—u curves (a) and
deformation shapes of the shell at characteristic load levels (b)
Table 2
Method of Analysis g @™ (o) A/A" % g fa" AT AT o
MFES 72,94/-0,2876 0/0 63,34/-0,2410 0/0
LIRA-SAPR — — 64,79/-0,2451 2,89/1,70
SCAD 74,71/-0,3289 2,43/12,81 — —

It is shown that the developed method is effective for studying nonlinear deformation, buckling,
and post-buckling behavior not only of smooth shells of constant thickness and ribbed shells, but also
in analyzing the behavior of shells with structural weakenings, such as channels.

5 Effect of preliminary heating on buckling of a thin shell. A shallow axisymmetric spherical
panel of constant thickness is considered. The panel is subjected to a temperature field and an external

uniform pressure. The shell is hinged along its contour (Qi‘v). The input data are as follows: k= H/h is
a parameter, characterizing the shallowness of the axisymmetric panel, H=4# is the rise of the panel,
h=1cm, a=100h, o =0.125-10"* grad " is the coefficient of linear thermal expansion.

In the calculations, the effect of heating and pressure on the shell is treated as a combined
thermomechanical loading process carried out in two stages. First, the panel is heated to a specified

temperature: 7=0,+20,+40°C. This causes nonlinear deformation of the shell. The heating acts as a

preliminary disturbance of the panel’s stress—strain state during subsequent loading by a uniformly
distributed normal pressure of intensity ¢ . The additional loading by pressure is applied while

maintaining a fixed temperature field 7 .

The evolution of the ¢ —u curves of the spherical panel depending on the amount of preliminary
heating is shown in Fig. 14. In the absence of heating (7 =0°C) and when the panel is heated to
T =20°C, the curves g —u have a rather complex shape. In the domain of the upper critical load

g.7, loops appear and bifurcation points (g* < g ) are observed. The introduction of an asymmetric
disturbance into the mid-surface of the shell according to approach (ii) (= 0.001) made it possible to

obtain a new branch of the solution (dash-dotted curve). In the vicinity of this point, the axisymmetric
deformation mode of the shell transitions into an adjacent non-axisymmetric one.
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Fig. 14. The g—u curves of the spherical panel at different levels of preliminary heating

With further heating of the shell (7 =40°C), due to the increased effect of the bulging
phenomenon and the rise of the panel, the g —u curves acquire a simpler shape (Fig. 14 (b)).

Bifurcation points in the pre- ;
buckling domain are absent. X7,

=20° k=4
Such a transformation of the g —ur ol e e ;_:ﬁo_ Cm =

curves is explained by the influence of =0

heating. Preliminary heating of the | 2 S

panel causes it to bulge in the direction 7 T= 20:_ \\

opposite to the applied pressure and 4 | o L N

increases the rise of the panel (Fig. 15). 7 T=_°°up = N\

The more heat then the rise is greater. 49| 4 1% .

The initial shape of the panel is shown - I;;%pc b

by a bold dash-dotted line for g : el et g :

comparison of the deformation R R L LU

process. Heating the hinged shell to @ xem

T =20°C leads to an almost uniform x'\m T=20°C o

expansion of its volume and an 40— 5

increase in the rise by nearly half of the Ule T=0° = = < "

thickness (Fig. 15 (a)). Buckling of the q=0 Pie S

panel occurs with the formation of an D0 F ) .

axisymmetric dimple. A  more e . N,

P . . 002 F R4 T=40°C N

significant preliminary heating of the / g=qUP N\

shell to 7 =40°C causes a further e 4 2 N

increase in the rise of the panel by 7 e b

0,75k . Buckling in this case occurs 0,04 : : : : : . ‘ .

through a snap-through of its central T e 0E 0 08 U'Bxgﬁl

part near the pole (Fig. 15 (b)). (b) '

It should be noted that studies
presented in [4] have shown that for
a panel with a clamped edge, such effects are absent. In this case, the g —u curves have a simple

Fig. 15. Deformation and buckling modes of the spherical panel, /=4

form, and no bifurcation points are observed in the pre-buckling deformation domain.

Conclusions

The comprehensive approach developed by the authors for analyzing the behavior of elastic shells
under static thermomechanical loads has been applied to study geometrically nonlinear deformation,
buckling, and natural vibrations of shells. This work continues the authors’ previous research. Special
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attention is given to shells whose load—deflection curves may exhibit bifurcation points in the pre-
buckling domain. The presented numerical examples demonstrate the effectiveness of the method for
investigating shell buckling, including the identification of bifurcation points and tracing of branching
solution paths.
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Kpusenxo O.I1., Jlisynos I1.11., Karawnixos O.b.
AHAJII3 CTIMKOCTI MPYKHUX OBOJIOHOK CTYINIHYACTO-3MIHHOI TOBIIIAHA IMTPU CTATUYHUX
TEPMOMEXAHIYHUX BIIVIMBAX

Hanano pe3ynbTaTH KOMIUJIEKCHOTO aHAaJli3y MOBEJIHKM IPYKHUX OOOJOHOK IPH CTaTHYHIH il TepMOMeXaHIYHUX
HaBaHTaXXeHb. BUBUYAIOTBCA MHPOIECH T€OMETPUYHO HENiHIHHOro aeopMyBaHHS, BTpaTH CTIMKOCTI Ta BJIACHUX KOJIMBAaHb
00010HOK. B po0oTi rosoBHa yBara mpuiiicHa BU3HAYEHHIO HASBHOCTI TOYOK pO3rally’)KCHHA Yy JOKPUTHYHIA oOnacti
nedopmyBanHs 00010HOK. KOMIIEKCHMH METOJ J1OCIIIPKEHHS MOBEAIHKN OOOJIOHKU PEai30BaHUM K JBOCTAITHUN aIrOPUTM.
Ha koXHOMy Kpolli TepMOMEXaHIYHOTO HaBAHTAXXCHHA BiH IOEIHY€E PO3B’SI3aHHS CTATUYHOI 3a/iaui FreOMETPUYHO HEJIIHIHHOTO
nedopmyBaHHs 000JIOHKM Ta IPOBEACHHS MOJAIBHOIO aHali3y Ha LboMy Kpoui. Takuit miaxia 103Bosis€e BU3HAYATH KPUTHUHI
CTaHU OOOJIOHKM SK 32 CTATUYHMM KpHUTEpieM (TOYKAa MAaKCUMyMy KPHBOI HAaBaHTaKCHHS-NPOTMH), TaK 1 3a JUHAMIYHUM
(HaBaHTAXXEHHS, JJIS IKOTO HAWHIIKYA YaCTOTA BIACHUX KOJMBaHb OOOJIOHKH JOPIBHIOE HYJI0). Mero/ no0y/jo0BaHUN Ha OCHOBI
TEOMETPUYHO HENiHIHHOT Teopil TePMOIPYKHOCTI, MOMEHTHOI CXEMHU CKIHYEHHHX €JIEMEHTIB Ta YHIBEPCAJIbHOIO TPUBHMIPHOTO
CKIHYEHHOro enemeHTa. [t BM3HAUEHHS TOYOK posranykeHHs (Oidypkauii) y MOKpUTHuHIA obsacti gedopmyBaHHS
3aCTOCOBYETbCS METO/IMKA 100 BHECEHHS Y BHXIAHY (opMy OOOJOHKM ManMX HECUMETpHUYHHMX 30ypeHb. Takuil mixxin
3a0e3neuye MOXKJIMBICTh BUXOJY Ha HOBI TJIKM PO3B’S3KY, IO BiANOBINAIOTH CYMKHUM (opmam BTpatH crilikocti. HaBeneHi
YHCeNbHI MPUKIIAM MiATBEPIAKYIOTh JOCTOBIPHICTb, YHIBEPCAJIBbHICTh Ta €()EKTUBHICTb METOY.

Kuaro4oBi ciioBa: ToHKa 000JI0HKA, T€OMETPUYHO HelliHiliHe 1eopMyBaHHs, CTIMKICTh, TEpPMOMEXaHIYHE HABAHTAXKCHHS,
Oidypxartis, yHiBepcaIbHUI TPUBUMIPHUI CKIHUEHHUH €JIEMEHT, MOMEHTHA CXeMa CKIHYEHHMX €JIEMEHTIB.

Krivenko O.P., Lizunov P.P., Kalashnikov O.B.
BUCKLING ANALYSIS OF ELASTIC THIN SHELLS WITH STEPWISE VARIABLE THICKNESS UNDER
STATIC THERMOMECHANICAL EFFECTS

The results of a comprehensive analysis of elastic shell behavior under static thermomechanical loads are presented. The
study focuses on geometrically nonlinear deformation, buckling, and natural vibrations of shells. Special attention is given to the
identification of bifurcation points in the pre-buckling domain of shell deformation.The proposed comprehensive method is
implemented as a two-stage algorithm. At each step of the thermomechanical loading, it combines the solution of the
geometrically nonlinear static problem for the shell with a modal analysis at the same step. This approach allows the
determination of critical states according to both the static criterion (maximum point of the load—deflection curve) and the
dynamic criterion (load at which the lowest natural frequency of the shell becomes zero). The method is based on the
geometrically nonlinear theory of thermoelasticity, the moment scheme of finite elements, and a universal three-dimensional
finite element. We apply the methodology of introducing small non-symmetric perturbations into the initial geometry of the
midsurface of the shell to determine bifurcation points iin the pre-buckling domain. This approach enables tracing new solution
branches corresponding to adjacent forms of buckling. The presented numerical examples confirm the accuracy, universality,
and effectiveness of the proposed method.

Keywords: thin shell, geometrically nonlinear deformation, buckling, thermomechanical loading, bifurcation, universal 3D
finite element, finite element moment scheme.

VK 539.3

Kpusenxo O.I1., Jlizynos I1.11., Kanawnikos O.5. AHani3 cTilikocTi NPy»KHUX 00010HOK CTYNIHYACTO-3MiHHOT TOBIUMHU NPH
CTATHYHUX TepMOMeXaHIYHUX BIIMBaX // Omnip MaTepiaiiB i Teopis cnopya: Hayk.-tex. 30ipH. — Kuis: KHYBA, 2025. — Bumn.
115.—-C. 94-106.

Ilpusedeni pesyrbmamu O00CHIONCEHHA HENHIUHO20 0ePOPMYSAHHSA, 6Mpamu CMIUKOCcMi ma 6IACHUX KOJIUSBAHb NPYICHUX
000710HOK HEOOHOPIOHOT CIMPYKMYPU 3 8UAGTIEHHAM MOYOK PO32ANYHCEHHS Y OOKPUMUYHIL 001acmi 0eopmMy6aHHs.

Tabu. 2. In. 14. Bi6uniorp. 25 Ha3s.

UDC 539.3

Krivenko O.P., Lizunov P.P., Kalashnikov O.B. Buckling analysis of elastic thin shells with stepwise variable thickness
under static thermomechanical effects / Strength of Materials and Theory of Structures: Scientific-and-technical collected
articles. — Kyiv: KNUBA, 2025. — Issue 115. — P. 94-106.

The results of an investigation of nonlinear deformation, buckling and natural vibrations of elastic shells of inhomogeneous
structure with the detection of branching points in the sub-buckling domain of deformation are presented.

Tabl. 2. Fig. 14. Ref. 25.
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