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A method is presented for calculating the strength of the walls of I-shaped reinforced concrete beams during failure along a
strip between inclined cracks, based on the provisions of the theory of plasticity of reinforced concrete, considering the concrete
of the wall under conditions of flat compression-tension stress state when tensile stresses are transferred to the concrete from
shear reinforcement. Within the framework of the developed method, the criterion for failure is taken to be the attainment of
limit values by the main compressive stresses in the concrete strip of the web under the corresponding stress state. The general
case of the limit equilibrium of a beam within the strip between inclined cracks with arbitrary content and location of shear
reinforcement is considered. Calculation dependencies are obtained for calculating the ultimate values of stresses in the strip and
shear force during wall failure.
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1. Introduction

One possible type of failure to reinforced concrete elements under shear forces is the fragmentation
of concrete in an inclined strip between inclined cracks. This type of failure occurs in I-beams and I-
sections, as well as in thin-webs rectangular beams. In this case, the inclined cracks between which the
failure occurs are regular in nature, form in the middle of the section height and, as the load increases,
develop along a straight line in the direction of the tension and compression edges. In I-beams, inclined
cracks develop within the webs, usually up to the boundaries of the flanges in the tensile and
compressive zones.

The concrete of the beam webs between the inclined cracks is under flat stress conditions of
compression and tension, which is characterized by axial compression along the axis of the strip and
tension transmitted to the concrete by the transverse reinforcement located at an angle. Within the
framework of existing calculation methods, the strength of concrete in the strip between inclined
cracks, which determines the strength of the element itself, is usually determined very approximately
on the basis of empirical dependencies that do not take into account the actual stress-strain state of the
concrete strip and, first of all, its shear reinforcement.

This work is a development of the provisions of the theory of plasticity of reinforced concrete [1, 2]
as applied to the calculation of the strength of concrete in the strip between inclined cracks in I-beams
based on a flat stress state of compression-tension with the transfer of tensile forces to the concrete
from the reinforcement.

2. An overview of literary sources

Numerous experimental studies have been devoted to the problem of reinforced concrete resistance to
shear forces, as a result of which the main patterns in the processes of crack formation and development,
the stress-strain state of concrete, longitudinal and shear reinforcement, possible types of element failure,
and the influence of a wide range of factors on their strength have been established [3-19].

The traditional test specimen used in testing was a freely supported beam loaded with two
concentrated forces symmetrically located at different distances from the support. It has been
established that the main influencing factor determining the nature of crack formation, the stress-strain
state of concrete and reinforcement, the type of failure and the strength of the beam is the relative
distance from the support to the concentrated force - a/d [4, 5,9, 12, 13, 17, 18]. Thus, in the range

of values a/d =2.0...4.0, a critical inclined crack forms during loading in the middle of the beam
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cross-section height and subsequently develops in the direction of the compressed and tensile edges
along a curved trajectory close to the trajectory of the main tensile stresses. After reaching the critical
inclined crack of the cross-section under concentrated force and subsequent increase in load, the beam
fails as a result of concrete fragmentation above the critical inclined crack. During failure, the stresses
in the transverse reinforcement reach their yield point, while the stresses in the longitudinal
reinforcement usually do not reach their yield point. In the range of values a/d =2.0...4.0, failure can
also occur as a result of the development of a critical inclined crack along the longitudinal
reinforcement towards the support, accompanied by a loss of bond between the reinforcement and the
concrete [5, 13, 17, 18].

In the range of values a/d =1.0...2.0, failure occurs along a diagonal critical inclined crack, which
runs in a straight line from the support to the concentrated force [5, 9, 10, 12, 13, 18]. The stresses in
the shear reinforcement reach the yield strength.

With a decrease in a/d <1.0, failure occurs as a result of concrete fragmentation in the strip
between the inclined cracks that run between the support and the concentrated force [12, 17, 18]. In
this case, the width of the strip (the distance between the inclined cracks) is determined by the
dimensions of the support reaction and concentrated force transfer areas, and the stresses in the shear
reinforcement, depending on their intensity, may or may not reach the yield strength.

In general, with a decrease in a/d from 4.0 to 1.0, the value of the ultimate load increases
significantly and can be from 2.5 to 3.0 times or more [5, 9, 12, 13].

The resistance to shear forces of thin web of I-beams has its own fundamental characteristics and
practically does not depend on the distance from the support to the concentrated force [15,18,19].
Inclined cracks in such beams form in the middle of the section height and then develop along the
compressed and tensile edges in a straight line, reaching the flanges. As a result, a system of regular
inclined cracks forms in the web of the beams, and as the load increases, failure occurs as a result of
the concrete between the inclined cracks breaking up.

The experimental data obtained were used as the basis for the developed calculation models of the
strength of reinforced concrete elements under the action of shear forces, oriented towards possible
forms of failure - truss model [20-26], strut-and-tie model [27-28], compressive-force path model [29-
30], nonlinear finite-element model [31], mechanical model [32, 33]. At the same time, while the
calculation models [20-26, 29-33] primarily considered failures due to concrete fragmentation above
an inclined crack and along a diagonal crack, the strut-and-tie model [27, 28] — failure in the strip
between the support and the concentrated force at a/d <1.0. The results of theoretical developments, in
one form or another, were subsequently used in the relevant documents on structural design [34-40].

The failure of concrete webs of I-beams between inclined cracks was described by computational
models [40-42]. However, neither these nor other calculation methods, including indirect assessment
based on a truss model [34], were able to provide the necessary calculation accuracy for this type of
failure [43], leading in some cases to underestimation of strength and in others to overuse of transverse
reinforcement.

The purpose of the work — to develop a method for

Ou calculating the strength of I-beam walls under transverse

v ¢ ¢ $ ¢ ¢ $ $ ¢ forces during failure as a result of concrete fragmentation

Q in the strip between inclined cracks based on the

/‘)/"0-5 provisions of the theory of reinforced concrete plasticity

o . [1,2].

’ / s 3. Presentation of the main material

G4 In [2], based on the theory of reinforced concrete

B plasticity [1], various cases of flat stress state of reinforced

T442412414 concrete are considered, including the case that occurs in

the webs of I-beams under the action of shear forces,
_ _ namely, the stress state of compression-tension with the
Fig. 1. Diagram of the flat stress state of transfer of tensile stresses to concrete from reinforcement
reinforced concrete under compression and . . .
tension when tensile stresses are transferred fo located at an angle to the direction of compressive stresses
the concrete from the reinforcement (Fi g. 1).
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The value of the ultimate compressive stress o, in the case under consideration is calculated using
the formula:

fo=fu+p-o,-sin’0-(sind—0,/ f,)
+ +

0, = p-0,(cosf—sinB)cos” @ 2

2
+J(%) +0,75-p-fy-sin26-(sin6—0'S/fy)-[Z(fL,—fc,)—p-fy-sin20-(sin0—0'S/fy)} (1)

As an example, Fig. 2 shows graphs of changes in ultimate compressive stresses in concrete
( f.=20MPa), constructed according to (1) depending on the content ( p =0,002), angle of inclination

and stresses ( f, =400MPa) in reinforcement
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Fig. 2. Dependence of ultimate compressive stresses on content, angle of inclination and stresses in reinforcement

The design model of an I-beam element failing as a result of concrete fragmentation between
inclined cracks is shown in Fig. 3.

Shear forces act on the strip of web between the inclined cracks, caused by tangential stresses 7,
acting at the contact between the web and the flange in the compressed and tensile zones, and tensile
forces transmitted to the strip from the shear reinforcement (Fig. 4).

Within the accepted model, the criterion for element failure is the attainment of the ultimate values

of the main compressive stresses in the concrete wall o, , according to (1), which in the case under

consideration takes the form:

fo=fu+p-Ogy,-sin’0-(sind-0,,/ f,)
+ +

Oy = P Oy, (c0s 0 —sin 0) cos” 6 2

2
+J(%) +0,75-p- f, ~sin29~(sin6—0'SW/fy)~[2(fc ~f)-p-f, -sin20-(sin9—0'm,/fy)], )

where 6 — acute angle between the direction of action of the main compressive stresses 6,, and the
transverse reinforcement 6, (Fig. 3 (a)):
at 0, >0,
6=6,-6,, 3)
at 9, <0,
0=n/2-6,+86,. 4)
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Fig. 3. Design model of an I-beam element failure due to concrete fragmentation in the zone between inclined cracks:
(a) - distribution of external and internal forces; (b) - distribution of forces in the strip

Tc
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Fig. 4. Forces in the strip of web between inclined cracks

The ultimate shear force experienced by the element is determined from the equilibrium of the
strip, selected by section 1-1 (Fig. 3 (b)) by:
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Vu=o-cmu'bw'hw . Slnaw .
’ cos(6,, —0,,)[sin8, —cosb,, -1g(8,, —0,)

Angle of inclination of the main compressive stress action areas in the concrete strip 6,, is found

6))

from the equilibrium condition, assuming that the tangential stresses in section 1-1 (Fig. 3 (b)) are zero
according to:

cos@,,
cos(6,, —6,)

Solution of equation (3) with respect to 6,, depending on the angle of the crack 8, and the angle

=sin6, -sinf, -[cos , +sin, -1g(8,, —0,,). 6)

of inclination of the shear reinforcement 6, are listed in Table 1.

Table 1
Values 6,, of the angle of inclination of the main compressive stresses in an inclined strip
0, °
Oy ,°
0,=30° 0, =45° 0, =60° 0, =90°
22 79,5 71,0 65,5 64,5
24 78,0 69,6 63,8 63,0
26 77,5 68,5 62,4 61,9
28 77,0 67,2 61,1 60,9
30 76,5 66,0 60,0 59,9
32 75,6 65,1 59,1 59,2
34 75,0 64,3 58,4 58,6
36 74,5 63,7 57,8 58,1
38 74,0 63,4 57,5 58,1
40 73,9 63,4 57,5 58,0
42 73,8 63,3 57,5 58,0
45 73,7 63,3 57,5 58,0

In general, the sequence of calculations for determining the ultimate shear force at failure of the
web of [-beam elements as a result of concrete fragmentation in the strip between inclined cracks under
a given loading scheme, element geometry, transverse reinforcement, and strength characteristics of
concrete and reinforcement can be represented as follows:

- the calculation is performed by sequentially considering a series of crack inclination angles in the
range 1,0<cotf, <2,5;

- for each inclination angle, according to Table 1, the areas of main compressive stresses 6,, are
taken;

- according to (2), the value of the main compressive stresses ¢, , is calculated within the framework of'a
conservative approach, assuming that the stresses in the shear reinforcement are equal to the yield strength
(f,); otherwise, the stresses in the shear reinforcement can be determined from the element equilibrium
equation in section 2-2 (Fig. 3 (a)), assuming;

- according to (3), the ultimate shear force perceived by the element at failure V,, is calculated.

Fig. 6 shows an example of the application of the developed calculation method for an I-beam with
concrete strength f, =20 MPa, with transverse reinforcement p =0,001 with strength f, =400 MPa in

the vertical position of the ties, and graphs comparing the ultimate shear force as a function of the
angle of inclination of the strip between the inclined cracks are constructed for calculations using the
developed method and EN 1992-1-1:2023 [34]. The analysis of Fig. 6 shows that the developed
method generally correctly estimates the trends in the change in the ultimate shear force from the angle
of inclination of the strip, while the calculated values exceed the corresponding values according to EN
1992-1-1:2023 [34]. The latter corresponds to the conclusions [43], according to which the
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experimental value of the ultimate shear force perceived by the element at an angle of inclination of
the transverse reinforcement of 45° can exceed the calculated value according to [34] by 2...3.5 times.

es)

Fig. 6. Dependence of the calculated ultimate shear force on the angle of inclination of the strip

4. Conclusions

Concrete crushing in the strip between inclined cracks is one of the possible forms of failure of
thin-webs reinforced concrete I-beams. Existing calculation methods, including indirect assessment
based on a truss model [34], have been unable to provide the necessary calculation accuracy for this
type of failure [43], leading in some cases to underestimation of strength and in others to overuse of
shear reinforcement.

This paper presents a developed method for design strength of webs of reinforced concrete I-beams
in case of failure along a strip between inclined cracks, based on the provisions of the theory of
plasticity of reinforced concrete [1, 2], considering the concrete of the web under conditions of plane
stress compression-tension when tensile stresses are transferred to the concrete from shear
reinforcement. Within the framework of the developed method, the criterion for failure is taken to be
the attainment of the main compressive stresses in the concrete strip of the web to their ultimate values
under the corresponding stress state.

The general case of the ultimate equilibrium of a beam within the strip between inclined cracks
with arbitrary content and location of shear reinforcement is considered. Calculated dependencies for
determining the ultimate stress values in the strip and the shear force at web failure are obtained.

A comparison was made between the calculations using the developed method and EN 1992-1-
1:2023 [34], establishing the correctness of the developed method in reflecting the main trends in the
change in the ultimate shear force perceived by the element, which allows the developed method to be
further extended to the calculation of thin-walled T-shaped and rectangular beams.
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Knimos FO.A., Kozak A.A.
MILHICTH CTIHOK JIBOTABPOBHX 3AJII30BETOHHUX EJJEMEHTIB ITPU JIi MTONEPEYHUX CHJT

Bci icHyroui MeTonM po3paxyHKy MillHOCTI 3aJli300€TOHHHUX €JIEMEHTIB 3aCHOBAaHI Ha BCTAHOBJIEHHX EKCIIEPHMEHTAJIBHO
MOXJIMBUX BH/AX PyHHYBaHHS €JICMEHTIB IPU MEBHUX 3yCHJUIAX, BUKJINKAHUX 30BHIIIHIMU CHIIOBUMH BiuBaMu. Tak, mpu ail
3rHHAJIBHUX MOMEHTIB a00 CHiJIbHIM /il MOMEHTIB 1 MO3MOBXKHIX CHJI pyHHYBaHHS BiOyBaeTbcs B pPe3yJbTaTi po3ApOOJICHHS
OETOHY CTHCHYTOI 30HHM NP AOCATHEHHI a00 HE JIOCATHEHHI HAaNpPYKeHHSAMHU B MO3/I0BXHIH apMaTypi IpaHUYHUX 3HAYCHb IPH
pO3TAryBaHHI (MeXa IUIMHHOCTI) i CTUCHEHHI, NpH Ail KPYyTHUX MOMEHTIB — IO KPUTWYHIM cHipanbHiil TpiliuHi, npu
MIPUKJIAJICHHI CTUCKAI0Y0l CHIIM Yepe3 MalJaHYuK MaJIMX PO3MipiB — Bil po3apo0iIeHHs (3MUHAHHS) OCTOHY Ii/l MalJaHYUKOM.
Omnip 3ani300€TOHHUX €JIEMEHTIB Jii MONEpeYyHUX CHJI ICTOTHO BiAPI3HSAETHCS BiA IHIIMX CHJIOBMX BIUIMBIB, OCKUIBKH
XapaKTePU3Y€eThCS PI3HUMHU BUJAMHU PYHHYBaHb — PO3pOOJICHHAM OETOHY HaJl KPUTHYHOIO MOXUIIOI TPIIIMHOIO, 3pi30M OETOHY
HaJl KPUTHYHOIO MOXWIOK TPILMHOIO, PO3IPOOJIECHHAM OETOHY B MOXMIIIH CMY3l MDK NMOXMJIMMH TpillMHaMHu ab0 OMoporo i
BaHTA)XEM, BTPATOI0 3YEIUICHHS MO30BXXHBbOI apMaTypu 3 OETOHOM B PO3TATHYTIH 30HI 32 KPUTHYHOIO MOXMIIOK TPILMHOIO,
pyiiHyBaHHI 10 MOXWJIMX TpIlIMHAX NPH MPOJABIIOBAHHI IO MOSCHIOETHCS BIUIMBOM CXEMH HABAHTA)KCHHs, 'COMETPI€i0 Ta
KOHCTPYKTMBHUMHU OCOOJIMBOCTAMM eJIeMEHTa. BilmoBifHO, I OLIHKM MIIHOCTI NPH MOXJIMBUX BUAAX PYyHHYBaHHS
3aCTOCOBYETHCS BIIMOBIIHUN PO3PaxXyHKOBUH amapat, sKUH HE 3aBXKIH PEalli3yeThCsl B PaMKax €IMHOI po3paxyHKOBOT Mozeii
esieMeHTiB. TOMy Ha MPaKTHIli 3aCTOCOBYIOThCS Pi3HI METOM PO3PAXyHKY CTOCOBHO KOXKHOTO 3 MOXJIMBUX BUJIB PyHHYBaHHS.

VY naHiit poOOTi HaBeIEHO PO3POOJICHUI METOA PO3paxyHKY MILHOCTI CTiHOK JIBOTaBPOBUX 3alli300€TOHHUX 0asok mpu
pyHHYBaHHI MO CMy3i MDK NOXMJIMMH TpillMHAMH, 3aCHOBAHMH Ha IIOJOXEHHAX Teopil IUIACTUYHOCTI 3ali300€TOHY,
po3risiaodd OETOH CTIHKM B yMOBAaX IUIOCKOTO HAIPYKEHOrO CTaHy CTHCHCHHS-PO3TATCHEHHS INPH Mepeiadi pO3TATYIUHX
Hanpy>KeHb Ha OETOH 3 morepeyHol apMaTypu. B paMkax po3poOiieHOro MeTony, B SKOCTI KPUTEpPil0 PYyHHYBaHHS HNPUUHATO
JIOCSITHEHHST TOJOBHMMM CTHCKAIOYMMM HANpPY)XEHHAMH B CMY3i O€TOHY CTiHKM TpaHMYHUX 3HAu€Hb INPU BiINOBIIHOMY
HaNpy>KEHOMY CTaHi. PO3risiHyTO 3arajabHUN BUIAOK I'PAHUYHOI PIBHOBAaru Oajku B MEXaxX CMYI'M MK MOXWIMMHM TPIiLLIMHAMHU
Npy JOBUIBHOMY BMICTI 1 po3TallyBaHHi nomnepedHol apmarypu. OTpUMaHO pPO3PaxyHKOBI 3al€KHOCTI Uil OOYMCIICHHS
IPaHUYHUX 3HAUYCHb HAPY)KEHb B CMY3i 1 IOMEPEYHOT CHIIM NIPU PYHHYBaHHI CTIHKH.

KuarouoBi ciioBa: nBoTaBpoBa 6asika, CMyra MK TpilllMHAMHU, PyHHYBaHHS, 'PAaHUYHHUN CTaH, TEOPis MIACTUYHOCTI.

Klimov Yu.A., Kozak A.A.
STRENGTH OF WEBS OF I-SHAPED REINFORCED CONCRETE ELEMENTS UNDER SHEAR FORCES

All existing methods for calculating the strength of reinforced concrete elements are based on experimentally established
possible types of element failure under certain forces caused by external forces. Thus, under the action of bending moments or
the combined action of moments and longitudinal forces, failure occurs as a result of the crushing of the concrete in the
compressed zone when the stresses in the longitudinal reinforcement reach or do not reach the limit values for tension (yield
strength) and compression. under the action of torsional moments — along a critical spiral crack, when a compressive force is
applied over a small area — from the crushing of concrete under the area. The resistance of reinforced concrete elements to shear
forces differs significantly from other forces of action, as it is characterized by different types of failure — concrete fragmentation
above a critical inclined crack, concrete shear above a critical inclined crack, crushing of concrete in an inclined strip between
inclined cracks or a support and a load, loss of adhesion of longitudinal reinforcement to concrete in the tension zone beyond a
critical inclined crack, and failure along inclined cracks during punching, which is explained by the influence of the loading
pattern, the geometry and design features of the element. Accordingly, to assess strength in the event of possible types of failure,
the appropriate calculation tool is used, which is not always implemented within a single calculation model for elements.
Therefore, in practice, different calculation methods are used for each of the possible types of failure.

This paper presents a method for calculating the strength of I-beam reinforced concrete webs when they fail along a strip
between inclined cracks, based on the principles of reinforced concrete plasticity theory, considering the concrete of the web
under conditions of plane stress compression-tension when tensile stresses are transferred to the concrete from shear
reinforcement. Within the framework of the developed method, the criterion for failure is taken to be the attainment of the main
compressive stresses in the concrete strip of the web at the corresponding stress state. The general case of the ultimate
equilibrium of a beam within the strip between inclined cracks with arbitrary content and location of transverse reinforcement is
considered. Calculated dependencies are obtained for calculating the limit values of stresses in the strip and shear force at wall
failure.

Keywords: I-beam, crack zone, failure, limit state, plasticity theory.
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Knimos F0.A., Kosak A.A. MinHicTh CTIHOK ABOTAaBPOBHX 3a/1i300€TOHHUX eJeMeHTiB npu Aii monepeuynux cuia // Omip
MarepiaJiB i Teopist ciopya: Hayk.-tex. 30ipH. — K.: KHYBA. 2025. — Bun. 115. — C. 85-93. — Anrn.

Hagedeno pospobrenuti memoo po3paxyHKy MiyHocmi CmiHOK 080MAPOBUX 3ANi300€MOHHUX OANOK NpU PYUHYBAHHI NO CMY3i
MIDIC NOXUIUMU MPIWUHAMY, 3ACHOBANUT HA NOJIOJICEHHAX MeOopii NAACMUYHOCII 3a1i300emoHy, po32Na0adu 6emoHn CmiHKu 6
YMOBAX NIOCKO20 HANPYIICEH020 CMAHY CMUCHEHHA-PO3MAHEHHA NpuU nepeoavi po3msAYlouux Hanpyscenvb Ha 0emon 3
nonepeunoi apmanmypu. B pamxax po3pobaeno2o memooy, 8 AKOCMi Kpumepiio pyiuHyeants RPUIHAMO O0CASHEHHS 20JI06HUMU
CIMUCKAIOUUMU  HANDYICEHHAMU 6 CMy3i OemoHy CMIHKU 2SPAHUYHUX 3HAYEHb NpU  GIONOGIOHOMY HANPYICEHOMY CHAHI.
Posenanymo 3azanvhutl 6unadox epanuynoi pienoeazu OAIKU 6 MedCcax CMyau Midic NOXUNUMU MPIYUHAMU RPU OOGIILHOMY
emicmi i posmauwtyeanni nonepeunoi apmamypu. Ompumano po3paxyHKo8i 3a1eldcHOCmi Ol OOYUCTIEHHA SPAHUYHUX 3HAYEHb
Hanpysicensb 6 cMy3i i nonepeuHoi cunu npu pyuHy8aHHi CmiHKu.

. 6. Bi6miorp. 43 Hazs.
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A method is presented for calculating the strength of the walls of I-shaped reinforced concrete beams during failure along a
strip between inclined cracks, based on the provisions of the theory of plasticity of reinforced concrete, considering the concrete
of the wall under conditions of flat compression-tension stress state when tensile stresses are transferred to the concrete from
shear reinforcement. Within the framework of the developed method, the criterion for failure is taken to be the attainment of
limit values by the main compressive stresses in the concrete strip of the web under the corresponding stress state. The general
case of the limit equilibrium of a beam within the strip between inclined cracks with arbitrary content and location of shear
reinforcement is considered. Calculation dependencies are obtained for calculating the ultimate values of stresses in the strip
and shear force during wall failure.

Fig. 6. Ref. 43.
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