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Two-dimensional vibrations of an elastic solid body are considered, to the boundary of which a
load that is an arbitrary function of time is applied. Such vibrations are described by a system of
dynamic equilibrium equations

1)

We will solve the problem under zero initial conditions. The problem is transformed into the
frequency domain by means of a Fourier series expansion. Accordingly, instead of solving the system
of dynamic equilibrium equations, it is necessary to repeatedly solve the system of equations for
different values of (o) — the frequency of harmonic vibrations
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To solve the problem, the potential method apparatus is applied, that is, the problem is reduced to a
system of boundary integral equations (in the frequency domain).
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Here, (u) and (¢) denote the displacements and stresses at the boundary points, either prescribed or
sought.

The first stage of the problem (solution of the BIE) makes it possible to determine the boundary
values of (u) and (q) that are not specified by the boundary conditions. The fundamental solution of the
problem is described by the following expression.
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Here, H". H" H{" are the Hankel functions of the first kind, which have a rather complicated form,

and their use significantly complicates the computational procedure. In addition, the BIE involves the
generalized derivative of the fundamental solution

Ty =nAUy, +n MUy + Uy ). (5)

As the distance between the observation point and the integration point decreases, i.e., when x—¢,
the kernels take infinitely large values. Therefore, direct integration of expressions containing these
functions in the case when the integration is performed over the element on which the observation
point is located becomes impossible. To overcome this difficulty, the kernels are approximately
replaced by the initial terms of the Maclaurin series expansion. In this case, the first term of the
expansion coincides with the kernel of the corresponding static potential, while the remaining terms
assume finite values as x—¢. Since the integration of the kernels of the static problem does not present
any difficulties, the problem of algebraization of the system of boundary integral equations can be

considered resolved. The problem under
R consideration is illustrated in Fig. 1,
/\f which shows the steady-state vibrations
of a medium with a circular cylindrical
hole subjected to a radial load applied at
its boundary.
3 q A 7B X Solution of the benchmark problem
L on steady-state vibrations of a medium
. containing a circular cylindrical hole, to
the boundary of which a radial load
varying according to a harmonic law is
applied, has shown that with piecewise-
quadratic  approximation
e of the unknowns, the
problem can be solved
with high accuracy over a
wide range of vibration
frequencies. The results of
stress analysis are
presented in Fig. 3, which
shows the tangential
stresses at characteristic

Fig. 1. Problem of steady-state vibrations of a medium with a circular
cylindrical hole, to the boundary of which a radial load is applied
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3 — BIE with Fourier series expansion terms at point B; 4 — BIE at point B illustrated in Fig. 5, which
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shows the tangential stresses at point C.
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Fig. 3. Tangential stresses at points A and B:

1 — BIE with 8 Fourier series expansion terms at point A; 2 — BIE with 16 Fourier series expansion terms at point A
3 —BIE at point A; 4 — BIE with 8 Fourier series expansion terms at point B; 5 — BIE with 16 Fourier series expansion terms at
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Fig. 4. Radial displacements at point C:

1 —BIE; 2 — 8 Fourier series expansion terms; 3 — 16 Fourier series expansion terms
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Fig. 5. Tangential stresses at point C: 1 — BIE; 2 — 8 Fourier series expansion terms; 3 — 16 Fourier series expansion terms
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The results of the analysis at point D are presented in Figs. 6 and 7, which show the radial displacements
and tangential stresses, respectively.
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Fig. 6. Radial displacements at point D: 1 — BIE; 2 — 8 Fourier series expansion terms; 3 — 16 Fourier series expansion terms
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Fig. 7. Tangential stresses at point D: 1 — BIE; 2 — 8 Fourier series expansion terms; 3 — 16 Fourier series expansion terms

Conclusion. The presented results convincingly demonstrate the efficiency and reliability of the
developed algorithm for analyzing nonstationary vibrations of elastic media containing circular
cylindrical holes. The study, based on the transformation of the initial problem into the frequency domain
through Fourier series expansion, has made it possible to reduce the governing system of dynamic
equilibrium equations to a system of boundary integral equations. By applying the potential method and
introducing fundamental solutions expressed through Hankel functions of the first kind, the problem
formulation has been successfully adapted to a form that is suitable for computational implementation.

A key challenge in this context lies in the singular behavior of the kernels when the observation and
integration points coincide. This issue, which typically prevents direct integration, has been overcome by
approximating the kernels with the initial terms of their Maclaurin series expansions. In this
representation, the leading term coincides with the static potential kernel, while higher-order terms retain
finite values. Such a technique ensures that algebraization of the system of boundary integral equations is
both feasible and computationally stable. This methodological contribution provides a powerful and
universal tool for dealing with dynamic problems of perforated elastic bodies.

The verification of the proposed approach was carried out through the benchmark problem of steady-
state vibrations of an elastic space with a circular cylindrical hole subjected to harmonic radial loading.
Numerical experiments demonstrated that the piecewise-quadratic approximation of the unknowns allows
obtaining highly accurate results across a wide frequency spectrum. The computed radial displacements
and tangential stresses at specific boundary points (A, B, C, and D) not only confirmed the internal
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consistency of the approach but also highlighted its robustness in capturing localized stress concentrations
and displacement variations.

Furthermore, the analysis has shown that the method is well-suited for handling both low- and high-
frequency regimes. At lower frequencies, the solutions converge smoothly to the static limit, while at
higher frequencies the algorithm remains stable and accurate, ensuring reliable prediction of vibration
characteristics. This makes the proposed methodology versatile and applicable to a wide range of
engineering problems involving dynamic loads and complex geometries.

The overall conclusion is that the developed algorithm is fully operational and demonstrates high
computational accuracy, efficiency, and adaptability. It provides a scientifically sound and practically
valuable approach to solving dynamic problems in structural mechanics. The next logical step involves
extending the algorithm to address more complex engineering applications, including multi-hole
configurations, anisotropic materials, and three-dimensional problems with mixed boundary conditions.
Additionally, integration with modern numerical platforms and high-performance computing
environments can significantly enhance its applicability to real-world engineering tasks.

In summary, the research has established a reliable methodological foundation for the analysis of
nonstationary vibrations in elastic structures with internal cavities. The robustness of the algorithm,
combined with its potential for generalization, makes it a promising tool for the solution of more
sophisticated engineering problems, including those in aerospace, civil, and mechanical engineering,
where dynamic effects and structural perforations play a crucial role.
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leanuenxo I'.M., Yynpuna FO.A., Manxin M.O., Maxcum 1ok O.B., Mupownux O.M.
JOCJIKEHHSI HECTALIOHAPHUX KOJIUBAHD ITPYKHOI'O TPOCTOPY 3 IBOMA KPYIVIMUMU
HUWJIIHAPUYHUMHU OTBOPAMU

VY craTTi NpencTaBieHO KOMILICKCHE JOCITIHKCHHS HECTAIlIOHAPHUX KOJNHMBAHb MPYXKHOIO CEPEIOBHINA 3 JBOMA KPYTJIHMH
MWTHAPAYHAME OTBOPAMH, III0 IiUTAI0THCS 3aI€KHOMY BiJl Yacy IPaHMYHOMY HaBaHTayKeHHIO. [locTaHOBKA 3aaui 3/iHCHIOETHCS 33
HYJIbOBHX TIOYaTKOBHX YMOB, 3 IIEPEXO/IOM y YaCTOTHY 00JIaCTh LUIIXOM po3knaganus B psag Dyp'e. Takuil miaxin 103BoIIs€ 3BECTH
CHCTEMY PIBHSHb JMHAMIYHOT PIBHOBAIHU JI0 MOCIII0OBHOCTI KpaOBHX 3a/1a4 JUIS PI3HUX 3HAYCHb YACTOTH FApMOHIYHUX KOJMBaHb. J{is
PO3B's3aHHsI 337144l 32CTOCOBAHO METO/] TIOTEHIIaiB, SIKUii IEPETBOPIOE MOCTAHOBKY HA CUCTEMY I'PAHMYHHUX IHTErPAJbHUX PIBHSIHb Y
4acToTHIH 00nacti. DyHIaMEeHTaIBLHUN PO3B'SI30K BBOAUTHCS B 3aMKHEHIM aHATITHUHIN (hopMi, 1110 BKITFoYae GyHKIT ['aHKes mepIroro
POy HYJIBOBOTO, IIEPILIOrO Ta APYroro MOPsIKIB, a HOro yzarajJbHEeHi MOXiJHI BUKOPHCTOBYIOTCS B iIHTErpasIbHUX siapax. OCKiIbKH 1
sIpa CTAl0Th CHHTYJSIPHHUMH TIPH 30iry TOYOK CIIOCTEPEKEHHS Ta IHTErpyBaHH, IPsiMa YKCIIOBa OLiHKA HeMOoKBa. Lo mepemkony
JIOJIAIOTH IUIXOM 3aCTOCYBAHHSI PO3KJIAJAHHS siaep y psa Makiopena, B SIKOMY TOJOBHHiT WIEH 30ira€Tbesl 3 sSAPOM CTATHYHOIO
TOTEHIIATy, TOMI SK “WICHH BHIIOrO MOPSIKY 3aJMIIAIOTHC CKIHYCHHUMHU. B pe3ynbTaTi cTa€ MOXJIMBOIO ayreOpan3aliis CHCTEMH
TPAaHUYHUX IHTErpaJbHUX PIBHSAHD. EQEKTHBHICTD 3aIIpOIOHOBAHOIO IIXOAY MEPEBIPIETHCS MUIIXOM PO3B'SI3aHHS €TAJIOHHOI 3a/1adi
MpO CTalliOHAPHI KOJMBAHHS CEPEIOBHIIA 3 KPYIJIMM LWIHAPAYHEM OTBOPOM IIifi TAPMOHIYHHAM paJialbHUM HAaBaHTA)KEHHSIM.
Pe3ynbTat MOKa3yloTh, 0 BUKOPUCTAHHS KYCKOBO-KBAJPATHYHOrO HAOMMKEHHS HEBIZOMUX 3abe3edye BHCOKY OOYHCITIOBAIBHY
TOYHICTh Yy MIMPOKOMY Jiana3oHi 4acToT. YHMCIOBI €KCHEPUMEHTH IMMiATBEPKYIOTh JOCTOBIPHICTh Ta CTAOUIBHICTH METOLY B
MPOrHO3YBAaHHI PaiajIbHUX TEPEMIIlleHb Ta TAHTCHIIAIBHUX HANPYKEHb Yy PI3HUX XapaKTepHUX TOYKAX MEXi, THM CaMUM
BCTAHOBJIIOIOYM HOr'0 3aCTOCOBHICTB JIJISl aHAM3Y JMHAMIYHOT MOBEMIHKH 1MephOpOBaHUX MPYKHUX KOHCTPYKIH. Kpim Toro, anami3
TMIIKPECITIOE BAXKJIMBICTh 3aCTOCYBAHHSI IIEPEIOBHX MATEMATHYHUX METO/IB /ISl BUPILIICHHS CKJIAJIHUX 3a/1a4 CTPYKTYPHOI IMHAMIKH, J1€
TPAMITIAHI YUCIIOBI METOIM CTHKAIOTHCS 3 OOMEKEHHAMH. 3alIpOIIOHOBAHA METOIOJIONS IEMOHCTPYE CTIMKICTh HE JIMIIE Y BU3HAYCHHI
JIOKaJIbHUX KOHIICHTpAIIN HaIlpy:KeHb, aje i y 30€peKeHHI TOYHOCTI B PEKMMaX BHCOKOI YaCTOTH, IO POOUTH Ti MPUAATHOIO IS
IH)KEHEPHHUX 3aCTOCYBaHb, 110 BUMAraloTh TOUYHOCTI. P0o3po0IieHy OCHOBY MO)KHA PO3IIMPUTH HA 3ajadi 3 KiJIbKOMa B3aEMOMIFOUMMH
MOPO’KHUHAMHM, AHI30TPOIHMMHU MaTepiasiaMd  ab0 TPUBHMIDHOIO T'€OMETpI€l0, sKI YacTo 3YCTPIHAIOThCS B  AEPOKOCMIuHiH,
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MalMHOOY/AIBHIN Ta LMBUIBHIN Tamy3sx. OmDke, msg pobora 3al0esredye HE JMIIC TEOPETUUHMII Mporpec, aje W MpaKTHYHUI
00YMCITIOBAJIBHUI IHCTPYMEHT, SIKMM MOXHA IHTErpyBaTH B Cy4acHi CEpEIOBMIIA MOJAECIIOBAHHA I MIATPUMKH HMPOEKTYBAHHS Ta
OLIIHKH O€31EKH CKJIaTHUX CTPYKTYPHHX CHCTEM.

Kutro4oBi ciioBa: HecTalioHapHi KOJIMBAaHHS, MIPY)KHE CEPEJOBUIIE, LIMJIHIPUYHI OTBOPH, FAPMOHIYHE HABAHTAKEHHS, IPAaHNUYHI
IHTerpaJbHi piBHAHHS, METOA OTeHLiay, GyHkuii [ankens, po3kiag MakiopeHa, IMHaMiYHa piIBHOBAra.
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RESEARCH OF NONSTATIONARY VIBRATIONS OF AN ELASTIC SPACE WITH TWO CIRCULAR CYLINDRICAL
HOLES

The paper presents a comprehensive study of nonstationary vibrations of an elastic medium with two circular cylindrical holes
subjected to time-dependent boundary loading. The formulation of the problem is carried out under zero initial conditions, with the
transition into the frequency domain implemented by Fourier series expansion. This approach allows reducing the system of dynamic
equilibrium equations to a sequence of boundary value problems for different values of the frequency of harmonic vibrations. To solve
the problem, the potential method is applied, which transforms the formulation into a system of boundary integral equations in the
frequency domain. A fundamental solution is introduced in closed analytical form, incorporating Hankel functions of the first kind of
orders zero, one, and two, and its generalized derivatives are employed in the integral kernels. Since these kernels become singular when
the observation and integration points coincide, direct numerical evaluation is impossible. This obstacle is overcome by applying the
Maclaurin series expansion of the kernels, in which the leading term coincides with the static potential kernel, while higher-order terms
remain finite. As a result, the algebraization of the system of boundary integral equations becomes feasible. The efficiency of the
proposed approach is verified by solving a benchmark problem on steady-state vibrations of a medium with a circular cylindrical hole
under harmonic radial loading. The results demonstrate that the use of piecewise-quadratic approximation of the unknowns ensures high
computational accuracy over a wide frequency range. Numerical experiments confirm the validity and stability of the method in
predicting radial displacements and tangential stresses at different characteristic points of the boundary, thus establishing its applicability
for analyzing dynamic behavior of perforated elastic structures. Furthermore, the analysis highlights the importance of applying advanced
mathematical techniques to address complex problems of structural dynamics where traditional numerical methods face limitations. The
proposed methodology demonstrates robustness not only in capturing local stress concentrations but also in preserving accuracy under
high-frequency regimes, making it suitable for engineering applications requiring precision. The developed framework can be further
extended to problems with multiple interacting cavities, anisotropic materials, or three-dimensional geometries, which are often
encountered in aerospace, mechanical, and civil engineering. Hence, this work provides not only theoretical advancement but also a
practical computational tool that can be integrated into modern simulation environments to support the design and safety assessment of
complex structural systems.

Keywords: nonstationary vibrations, elastic medium, cylindrical holes, harmonic loading, boundary integral equations, potential
method, Hankel functions, Maclaurin expansion, dynamic equilibrium.
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