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Theoretical foundations for calculating the strength of reinforced concrete elements are presented based on the theory of
concrete plasticity and considering reinforcement as an internal bond that limits the transverse deformations of concrete during
compression, causing the emergence of reactive compressive stresses. Calculation dependencies have been obtained for
determining the ultimate stresses in a reinforced concrete element under axial compression, plane stress state compression-
compression, compression-tension when stresses are transferred directly to concrete or through stretched reinforcement, which
take into account the strength characteristics of concrete, content, position and strength characteristics of reinforcement. The
graphs are given that allow to estimate the influence of the listed factors on the value of ultimate compressive stresses in
concrete. The developed theoretical approach is extended to the design of the strength of compressed elements with welded
mesh reinforcement and the possibility of its use for the design of similar elements with confinement reinforcement, as well as
pipe-concrete elements, is shown.
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1. Introduction

A feature of reinforced concrete is the fact that, under certain conditions, the presence of
reinforcement can cause a change in the stress state of the element, compared to the stress state caused
by the action of an external load. Thus, transverse reinforcement in the form of welded meshes along
the height or transverse reinforcement along the perimeter of the centrally compressed element
restrains transverse deformations of concrete, causes the occurrence of reactive compressive stresses
and, as a consequence, the transition of the stress state of concrete from axial compression under the
action of an external load to triaxial compression and an increase in the ultimate values of concrete
strength under compression. A similar phenomenon occurs in pipe-concrete structures, when
transverse deformations of concrete under compression are restrained by an external pipe and the
concrete operates under conditions of triaxial compression. In beam-walls and column consoles, the
concrete in the strip between the support and the load is under conditions of axial compression, and the
transverse reinforcement in the strip is located at an angle to the acting force and experiences tensile
stresses. Thus, the concrete strip is in the conditions of a plane stress state of compression-tension.
These and other cases of stress-strain state of reinforced concrete elements, within the framework of
existing design methods, are taken into account very approximately and, as a rule, on the basis of
empirical dependencies. This work is devoted to the development of a unified theoretical approach to
design the strength of reinforced concrete elements under plane stress state based on the theory of
concrete plasticity, taking into account the presence, position, intensity, stress state and strength
characteristics of the reinforcement.

2. An overview of literary sources

Most of the studies conducted to date on the influence of reinforcement on the stress-strain state of
concrete reinforced concrete elements consist of experimental studies of the strength of compressed
elements reinforced with flat welded meshes and confinement reinforcement, as well as pipe-concrete
elements.

The experimental studies included tests of axial compression of reinforced concrete elements, in
which the intensity of volumetric reinforcement with welded meshes with different bar diameters was
varied, the pitch of reinforcement and meshes in height [1-10], the design of confinement
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reinforcement in the form of hoops of different diameters, shapes, numbers of branches and pitch in
height [11 - 15], spirals [16], additional pre-stressed reinforcement rings [17, 18].

As a result of the conducted studies, experimental data were obtained on the nature of the
destruction of the strength of elements, changes in longitudinal and transverse deformations of
concrete, stresses in transverse reinforcement during loading, including cyclic loading [9, 11].

It has been established that the presence of reinforcement in the form of meshes or confinement
reinforcement, due to the limitation of transverse deformations, leads to the occurrence of a triaxial
stress state in concrete and an increase in the strength of samples under axial compression by 1.10-
1.45 times, which corresponds with the results of concrete tests under triaxial compression at the
corresponding values of transverse compressive stresses within 0.1...0.5 of the ultimate under axial
compression [19 - 24]. At the same time, with an increase in transverse reinforcement with welded
meshes or confinement reinforcement, the strength and plasticity of the elements increase.

The calculated assessment of the influence of confinement reinforcement on the strength of
elements under central compression is reduced to the introduction of empirical coefficients that take
into account the intensity, type, configuration and design of confinement reinforcement [25 - 30].

At the same time, despite the fairly large number of reinforced concrete elements, such as beam
walls in the zone of action of shear forces, column consoles, shear walls, slabs, the concrete of which is
in a plane stress state, similar experimental and theoretical studies of the effect of reinforcement on the
stress state of concrete have not been carried out to date. The consequence of this is the fact that the
presence of reinforcement is not taken into account at all or is taken into account very approximately,
which makes it relevant to conduct targeted, primarily theoretical, research in this area.

The purpose of the work — to develop theoretical foundations for design the strength of reinforced
concrete elements under plane stress conditions based on the theory of concrete plasticity, taking into
account the presence, position, intensity, stress state and strength characteristics of the reinforcement.

3. Presentation of the main material

Existing theories of the ultimate stressed state of reinforced concrete rely on various conditions of
the strength of concrete, proceed from a joint character of deformations of concrete and reinforcement
at projecting the forces in the latter on corresponding axes. They ignore the effect of the reinforcement
as an internal brace, capable of changing the stressed state of reinforced concrete at a presumed
loading.

The theory presented below is based on considering a reinforcing bar, randomly arranged in a
concrete bulk, as an internal brace that restrains lateral deformations and changes the stressed state of
concrete at presumed loading conditions. As the concrete strength criterion [31, 32] is assumed:

Ol +03 +03 —(0,-0,+0,-05+03-0)) = (f. = f )0, + 0, +03) ~ [.- [, = 0. (1)

Based on (1), Fig. 1 shows graphs of changes in ultimate compressive stresses for concrete class
C16/20 under two axial and triaxial compression, indicating that under two axial compression, ultimate
stresses increase by 1,16...1,97 times, and under triaxial compression, by up to 3,2 times.

In the case of a uniaxial compression with a normal arrangement of the reinforcement (Fig. 2, a),
tensile stresses arise in the latter, and reactive compressive stresses, counterbalancing the tensile
stresses, in concrete. Thus, at the presence of reinforcement, concrete changes over from the uniaxial
stressed state to a biaxial compression - compression stressed state. On the assumption that the ultimate
state in the reinforcement and concrete sets up at one and the same time, the concrete strength
condition (1) at the corresponding value of the second principal stress take the form of second principal
stress o, = p- f, takes the form

or —[(fi = f)+pf o +p7 - [ =(fu=fi)-p- [y = fufss =0 2)
Having solved (2) for o, (Fig. 2,a), the relationship for calculation of ultimate stresses at an axial
compression with a normal arrangement of the reinforcement:
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Fig. 3. Dependence of the relative ultimate compressive stresses of concrete under axial compression on the reinforcement
coefficient and the class of concrete

When the reinforcement is arranged in the concrete bulk at a random angle 6 (Fig. 4), with 6
increasing from 0 to 90° the stresses in it vary from ultimate in compression, f,. (Fig. 2,b) to ultimate
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6, in tension, f, (Fig. 2,a). Considering

u
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TTTTITTIT O; /\@&u ° stresses in the reinforcement as a

& resultant of compressive and tensile
stresses and assuming that the latter
vary in proportion to respective
components of the external force, we
derive the relation for calculating the
stresses in the reinforcement in the

2 ) ultimate state is derived:
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As follows from (5), reactive
compressive stresses in concrete o,

—
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Fig. 4. To determine stresses in concrete with inclined reinforcement and ultimate stresses o, (Fig. 3)

are:
0, =p-0,-sin’6=p-f,-sin’ 6, (6)

01, =0,+p-0; -cos> 0 =0, +p(f,.cos0— f, sin6)cos” 6. (7

Having substituted the values of 0, and o, from (6) and (7) into (1) and solved the latter for o, ,

we obtain the following expression for ultimate compressive stresses, which may be considered as the
condition of strength of reinforced concrete at a uniaxial compression:

f‘c_f‘ct +pfy Sin30
5 +

O =P f, %cos@—sin@}cos29+
¥

2
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Based on (8), Fig. 5 shows graphs of changes in relative ultimate compressive stresses in concrete
depending on the angle of inclination of the reinforcement for concrete classes C16/20 and C25/30
with a reinforcement ratio of 0.01, according to which the minimum stress value occurs at inclination
angles of 30°..45° and the maximum when the reinforcement is located normally or along the
direction of the force.
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Fig. 5. Dependence of relative ultimate compressive stresses in concrete under axial compression on the angle of inclination of
reinforcement and the class of concrete
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Further, by analogy, the cases of compression - compression loading with transmission of
respective forces to concrete as well as the case of the compression - tension loading with transmission
of the tensile forces to concrete via the reinforcement have been analysed. The value of principal stress
o, is calculated as an algebraic sum of reactive compressive stresses and stresses transmitted directly

to concrete o,, or via the stretched reinforcement o,. Corresponding relations had the following

forms:
- at transmission of the force directly to concrete (the plus sign corresponds to compressive, and the
minus sign, to tensile stresses):

ﬂ-ﬁt+P~(fy-Sin39i62)+

O, :p.fy(%cose—sinejcos29+ 5

y

2
+ . .
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- at transmission of the tensile force via the reinforcement:
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Based on the developed theory, for the strength analysis of reinforced concrete structures with an
oblique reinforcement, acted upon by lateral forces, have been elaborated.

In centrally compressed elements with an oblique reinforcement in the form of mesh, concrete is
under conditions of triaxial compression stressed state of a no uniform cubic compression. In this case
the reactive compressive stresses transmitted to concrete from the reinforcement are o, =p, - f,,

o3 =ps-f, (p,,p; are reinforcement ratios in respective directions). Having substituted the values

of o, and oy into (1) and solved the latter for oy, , the expression for calculating ultimate
compressive stresses in elements with an oblique reinforcement:

— 2
1,u=f” ‘ﬁ’+'§y(p 7P 3)+\/(ﬁ;f“j +0,75 £,-(py + P3| 2(fo= )= 1, (02 =) (2 +p3) | (A1)

The developed theoretical approach based on the theory of plasticity of concrete [31, 32] can also
be extended to the calculation of compressed elements reinforced with welded meshes, confinement
reinforcement in the form of stirrup or spirals, as well as pipe-concrete elements [33] in which the
concrete is in triaxial compression due to the limitation of transverse deformations by the
reinforcement or pipe and the occurrence of reactive compressive stresses in the concrete. In this case,
the value of the reactive compressive stresses is based on ultimate limit state in the mesh
reinforcement, the confinement reinforcement or the pipe and on the co-existence of their transverse
deformations of the reinforcement and concrete elements.

4. Conclusions

Theoretical principles for calculating the strength of reinforced concrete elements under plane
stress conditions have been developed based on the theory of concrete plasticity (1) and consideration
of reinforcement as an internal connection that limits transverse deformations of concrete under
compression, causing the occurrence of reactive compressive stresses.

The corresponding calculation dependencies were obtained for determining the ultimate stresses in
a reinforced concrete element with different reinforcement arrangements under axial compression (3),
(4), (8), plane compression-compression stress state, compression-tension when stresses are transferred
directly to concrete (9) or through stretched reinforcement (10), which take into account the strength
characteristics of concrete, the content, position and strength characteristics of reinforcement.
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As examples, graphs are constructed: changes in the relative ultimate compressive stresses of
concrete under axial compression for concrete classes C16/20 and C25/30 with normal placement of
reinforcement depending on the reinforcement coefficient, indicating that the relative increase in
strength increases with the increase in the reinforcement ratio to a greater extent for concretes of lower
strength (Fig. 3); changes in relative ultimate compressive stresses in concrete depending on the angle
of inclination of the reinforcement for concrete classes C16/20 and C25/30 with a reinforcement ratio
of 0.01, according to which the minimum stress value occurs at inclination angles of 30°...45° and the
maximum when the reinforcement is located normally or along the direction of the force (Fig. 5).

The developed theoretical approach is extended to the calculation of the strength of compressed
elements with welded mesh reinforcement (11), and the possibility of its use for the calculation of
similar elements with protective reinforcement, as well as pipe-concrete elements, is shown.
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Knumos FO.A., Kozak A.A.
TEOPETUYHI OCHOBH PO3PAXYHKY MIIHOCTI 3AJIA30OBETOHHUX EJJEMEHTIB ITPU IIJIOCKOMY
HAIIPYKEHOMY CTAHI

[Tnockuii HanpyXeHUH CTaH Mae Micle y CTiHKax OalloKk y 30HiI il MONEpPEeYHHX CHJI, KOHCOJIIX KOJIOH, aiadparmax
JKOPCTKOCTI, IUIMTaX, OOOJIOHKaX Ta 0araTbOX IHIIMX 3a/i300€TOHHMX KOHCTPYKUisX. Ilpu po3paxyHKy MiIlHOCTI TakHX
KOHCTPYKIIii BUKOPHCTOBYIOTbCS Pi3Hi, 10 1HO/I BIPI3HAIOTHCSA OAMH Bijl OZIHOTO, TECOPETUYHI MIXOAU 1 METOM PO3PAXYHKY,
3aCHOBaHI, B I[IOMY psiJli BUIIQJKIB Ha EMITIPUYHMX 3QJISKHOCTAX. Y TOH e yac, iCHYIOTh peajbHi IepeayMOBH MOOYI0BH
METOJIIB PO3PaxyHKy MII[HOCTI 3aJli300€TOHHUX €JIEMEHTIB NP IJIOCKOMY HANpPYXKEHOMY CTaHi Ha OCHOBI €JUHOTO MiAXO1y
BUXOISYM 3 TeOpii MIACTUYHOCTI OETOHY 3 BpaxXyBaHHSM HAsSBHOCTI, IOJIOXKEHHS, IHTEHCHBHOCTI, HAIPYXXEHOr0 CTaHy Ta
XapaKTepUCTUK MIIHOCTI apMaTypu. Y I1ii poOOTi HaBEAECHO TEOPETHYHI OCHOBHM PO3PAXyHKY MII[HOCTI 3aii300€TOHHHX
€JIEMEHTIB Ha OCHOBI TeOpii IMJIACTUYHOCTI OETOHY Ta PO3IJIAAY apMaTypu SK BHYTPILIHBOTO B'si3i, sfika 0OMEXye IorepedHi
nedopmartii 6eTOHY NpH CTUCKAaHHI, BUKJIMKAIOUM BUHUKHEHHS PEAKTUBHHMX CTHCKAIOYMX HanpyxeHb. OTpUMaHi pO3paxyHKOBI
3QJIKHOCTI Ul BM3HAYCHHS TPAaHMYHUX HAIPYKEHb B 3ai300€TOHHOMY €JICGMEHTI IIPU OChOBOMY CTHCKY, IUIOCKOMY
Hanpy>KEHOMY CTaHi CTUCHEHHS-CTUCHEHHS, CTUCHEHHS PO3TAI'YBaHHS NP Iepeadi HanpyxeHb Oe3nocepeHbo Ha 6eToH abo
4yepe3 PO3TATHYTY apMaTypy, SKi BpaxOBYIOTb XapaKTEPUCTHUKM MiLlHOCTI OETOHY, BMICT, INOJIOXKECHHS 1 XapaKTEPUCTHUKH
MinHOCTI apmarypu. HaBenmeno rpadiku, sSiKi JO3BOJSIOTH OLIHUTH BIUIMB HaBEAEHUX (AKTOPIB HAa BEIMYMHY TI'PAHUYHHX
CTUCKAIOYMX HanpyXeHb Yy OeToHi. Po3poOieHuit TeopeTMYHMH MigXil MOMMPEHUH Ha PO3PaxyHOK MILHOCTI CTHCHYTHX
€JIEMEHTIB 3 apMyBaHHSAM 3BapHUMH CITKaMH i IOKAa3aHO MOXJIMBICTH HOro BHKOPHUCTAHHS JUIS PO3PAXyHKY aHAJIOTIUHHX
€JIEMEHTIB 3 MTONEPEYHOI0 APMATYPOIO, 110 CTPUMYE MonepedHi aedopmarii 6eToHy, a TAKOXX TPYOOOSTOHHUX EJIEMEHTIB.

Kuro4oBi ciioBa: 6eTOH, CTHCK, IIONEpEYHa apMaTypa, Teopis MIIACTUYHOCTI, TNIOCKUH HANPYKEHUH CTaH, MILIHICTb.

Klimov Yu.A., Kozak A.A.
THEORETICAL FOUNDATIONS FOR DESIGN OF REINFORCED CONCRETE UNDER PLANE STRESS STATES

The plane stress state occurs in beam walls in the zone of action of shear forces, column consoles, shear walls, slabs, shells
and many other reinforced concrete structures. When calculating the strength of such structures, various, sometimes different
from each other, theoretical approaches and design methods are used, based, in a number of cases, on empirical dependencies. At
the same time, there are real prerequisites for the creation of methods for design the strength of reinforced concrete elements
under a plane stress state based on a unified approach based on the theory of concrete plasticity and taking into account the
presence, position, intensity, stress state and strength characteristics of the reinforcement.

This paper presents the theoretical foundations for design the strength of reinforced concrete elements based on the theory of
concrete plasticity and consideration of reinforcement as an internal connection that ultimate transverse deformations of concrete
under compression, causing the occurrence of reactive compressive stresses. Calculation dependencies have been obtained for
determining the ultimate stresses in a reinforced concrete element under axial compression, plane stress state compression-
compression, compression-tension when stresses are transferred directly to concrete or through stretched reinforcement, which
take into account the strength characteristics of concrete, content, position and strength characteristics of reinforcement. The
graphs are given that allow to estimate the influence of the listed factors on the value of ultimate compressive stresses in
concrete. The developed theoretical approach is extended to the design of the strength of compressed elements with welded
mesh reinforcement and the possibility of its use for the design of similar elements with confinement reinforcement, as well as
pipe-concrete elements, is shown.

Keywords: concrete, compression, transverse reinforcement, theory of concrete plasticity, plane stress state, strength.
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Hasedeno meopemuyni 0CHO8U PO3PAXYHKY MIYHOCHI 3a7i300€MOHHUX eNleMeHmié Ha OCHO8I meopii niacmuyHocmi bemony ma
PpO3271A0y apMamypu AK GHYMpiuHb020 65131, AKka 00Medcye nonepeyni oegopmayii 6emony npu CMUCKAHHI, GUKIUKAIOYU
GUHUKHENHS PeaKmueHux Cmuckawouux Hanpycenv. Ompumani po3paxyHkosi 3anedicHocmi 0N GUHAYEHH 2SPAHUYHUX
Hanpyoicenb 6 3ani300eMOHHOMY ejleMeHmi NPUu 0CbOGOMY CMUCKY, NJIOCKOMY HANPYICEHOMY CMAHi CMUCHEHHS-CIUCHEHHS,
CMUCHEHHS DO3MAZY6AHHA Npu hepeoaui Hanpysicenb 0e3nocepednvbo Ha 6Gemon abo uepe3 pO3MAHYMY aApMAmypy, AKi
6pPAX0BYIONMb XAPAKMEPUCTIUKYU MIYHOCMI Oemony, emicm, NON0JCeHHA | Xxapakmepucmuky miynocmi apmamypu. Hasedeno
2pagiku, aKi 003601410Mb OYIHUMU 6NIUG HAGEOCHUX (PAKMOPIE HA BENUYUHY SPAHUYHUX CIUCKAIOYUX HANDYIICeHb ) OEmoHi.
Po3spobaenuti meopemuunuil nioxio nowupenuil Ha po3paxyHOK MIYHOCMI CMUCHYMUX eNeMeHmié 3 apMy6aHHAM 36aPHUMU
cimkamu i ROKA3aHO MOJICIUBICIb 11020 GUKOPUCTANHSA OJIsL PO3PAXYHKY AHANO2IYHUX eleMeHMiE 3 NOnepeyHoI0 apManmyporo, o
cmpumye nonepeuni depopmayii 6emony, a maxoxc mpyo0oemoHHUX enemMeHmis.
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Klimov Yu.A., Kozak A.A. Theoretical foundations for design of reinforced concrete under plane stress states // Strength of
Materials and Theory of Structures: Scientific-and-technical collected articles. — K.: KNUBA. 2025. —Issue 114. - P. 311-318.
Theoretical foundations for calculating the strength of reinforced concrete elements are presented based on the theory of
concrete plasticity and considering reinforcement as an internal bond that limits the transverse deformations of concrete during
compression, causing the emergence of reactive compressive stresses. Calculation dependencies have been obtained for
determining the ultimate stresses in a reinforced concrete element under axial compression, plane stress state compression-
compression, compression-tension when stresses are transferred directly to concrete or through stretched reinforcement, which
take into account the strength characteristics of concrete, content, position and strength characteristics of reinforcement. The
graphs are given that allow to estimate the influence of the listed factors on the value of ultimate compressive stresses in
concrete. The developed theoretical approach is extended to the design of the strength of compressed elements with welded mesh
reinforcement and the possibility of its use for the design of similar elements with confinement reinforcement, as well as pipe-
concrete elements, is shown.

Fig. 5. Ref. 33.
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