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Mathematical modeling of stochastic parametric oscillations of an elastic cylindrical tank shell with real and modelled shape
imperfections under the action of a random axial load was performed. Finite element models of the imperfect shell were
generated in the NASTRAN software. A functional approach was applied to the formation of a reduced model of parametric
shell oscillations in the form of a system of differential equations of the first Markov approximation with respect to moment
functions of the second order, taking into account specific values of the constant components of the parametric load. The
stochastic component of the parametric load was given in the form of a delta-correlated random load. The influence of the
stochastic component of the parametric load on the dynamic behavior of the shell was investigated using the fourth-order Runge-
Kutta method. Response realizations and phase trajectories of the shell with real and simulated imperfections at a given
frequency of the hidden periodicity of the stochastic load, damping coefficient, and correlation parameter were obtained. The
stochastic stability of parametric oscillations of an imperfect shell was investigated using generalized Hill determinants. The
stochastic stability problem was reduced to determining the characteristic indices of a linear autonomous system. The influence
of real and simulated imperfections of the shell shape on the stability of parametric oscillations at different values of the constant
and stochastic components of the axial load was estimated.
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The mathematical aspects of the theory of stochastic stability elastic systems were presented in [1-
6]. The methods and approaches of the stochastic stability theory aim to answer the question: will the
trajectory of the system's motion in some stochastic sense deviate sufficiently little from the unexcited
trajectory for a given initial perturbation or a perturbation acting in time. The numeral methods allow
to explore dynamic problems of the thin shells including parametric vibrations [7-14]. To form of the
reduced models of parametric vibrations of shells was developed the numeral approach [11] that was
based on the finite element method and computational procedures of the NASTRAN software and
special program to modeling of the imperfections. As an example, the influence of real and modelled
imperfections on natural frequencies and modes of reservoir shell parametric vibrations excited by
axial load was investigated by the authors in the articles [14]. The importance of considering influence
the constant component of parametric load on natural frequencies and modes of reservoir shell was
shown. The continuation of these investigations is analysis of influence shape imperfections on the
stochastic stability of reservoir shell parametric vibrations. Mathematical modeling of stochastic
parametric oscillations of the elastic cylindrical shell with real and modelled shape imperfections under
the action of an axial delta-correlated perturbation was performed. Using the functional approach and
splitting of the correlation of the external influence, a reduced finite element model of parametric shell
oscillations was formed in the form of a system of differential equations of the first Markov
approximation for second-order moment functions. The influence of real and modelled shape
imperfections on the dynamic behavior of an elastic shell under the action of constant and random
components of a parametric load was investigated using the fourth-order Runge-Kutta method. The
stochastic stability of parametric oscillations of a shell with imperfections was investigated using
generalized Hill determinants.
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1. Reduced mathematical model of parametric oscillations of elastic shell

with shape imperfections

A cylindrical reservoir shell with a perfect surface, real and modelled shape imperfections in the
form the first bifurcation buckling mode of perfect shell under uniform pressure was considered by the
authors in the article [14]. The mathematical model of parametric oscillations of elastic shells was
constructed according to the numerical approach [11]. The random parametric axial load was given as
a sum of the constant and stochastic components. Reduced matrices were obtained under the condition
of normalizing the forms of natural oscillations by the mass matrix. The members of the reduced
matrix of stiffnesses were the squares of the frequencies of the shell natural oscillations. To obtain the
members of the reduced matrix of shell geometric stiffnesses, a two-stage calculation was performed:
the boundary value problem of statics under the action of a specific values of the constant components
of the parametric load was solved using the Newton-Raphson method and the modal analysis of the
prestressed shell by Lanczos method.

Then the reduced model was taked in the form of a system of uncoupled equations that describe the
parametric oscillations of the shell taking into account a specific value of the constant component of
the random parametric load

. . ~ ~ . Sii(z .
yi(t)+2€l-wl-2yl~(t)+wiz(ZO)yi(t)—z(t)%yi(t)=O, i=1,2,.,m, (1)

where @, and @, — circular frequency of natural oscillations of the shell and the shell loaded with a

specific value of constant component z, of the parametric load (s [14]; 8ii(zy) ~ member of the

reduced geometric stiffness matrix taking into account the constant component z;; Z(¢#) — stochastic

component of the parametric load, which was given in the form of a delta-correlated random load with
a correlation function
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where 0'3 — the intensity of the stochastic influence; a - the correlation parameter, 6, — the

frequency of the hidden periodicity.

To study the stochastic stability of the shell, we considered the question of transforming the system
of equations (1) with respect to second-order moment functions in normal form. The system of
equations in the form of a system of three deterministic differential equations of the first Markov
approximation with respect to moment functions of the second order in the phase variables

({,’1 (t)> =y,(t), ({,’2 (t)> = y,(t) for each frequency of shell natural oscillations of the shell with initial
conditions ¢(0) = y0, £,(0) = g

LR O)=2EOE0)
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d N 8 .
E(;f () = —4&,0,(53 (1)) - 2wf(20)<§1(t)§2(t)> + ogrowf(zg)a;(zg) (G@y, i=1,2,...,m. 4)
Here B2y = &ii(z,) !z

2. Investigation of stochastic stability of shell parametric oscillations with respect to moment
functions of the second order in the phase variables
The influence of the stochastic component of the parametric load Z(#) on the dynamic behavior of

the solution <§’ 12 (t)> (m?) of system (4) and phase trajectories at the frequency of the hidden periodicity
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of the stochastic load 6, =w,, the damping coefficient & =0,001 and the correlation parameter

o=gw;. In the case when the value <§12(t)> decreased over time, the state of the parametric

oscillations of the shell was considered stable, when it increased, an unstable oscillation mode was

observed.
The oscillation stable mode of the shell with the imperfection amplitude & =[0(1),7eal(2),h(3)] and

the constant component of the parametric load z, = [IOO(a), 200(b), 300((:)]kN are presented in Fig. 1.
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Fig. 1. Oscillation stable mode of the shell with the imperfections amplitude & = [0(1),real(2),h(3)] and

zo =[100(a), 200(5),300(c) kN

As an example, in Fig. 2 we can see the phase trajectories of oscillation unstable mode of the shell
with the imperfection amplitude 6 =% and the constant component of the parametric load

zo =[100(a), 200(b),300(c) |kN .
The oscillation unstable mode of the shell with the imperfection amplitude d=[0(1),real(2),h(3)] and
the constant component of the parametric load z, = [IOO(a), 200(b), 300((:)]kN are presented in Fig. 3.
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Fig. 2. Phase trajectories of oscillation stable mode of the shell with the imperfection amplitude § =/ and
zo =[100(a), 200(5),300(c) kN
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Fig. 3. Oscillation unstable mode of the shell with the imperfection amplitude 5:[0(1),real (2),h(3)] and
zo =[100(a), 200(5),300(c) kN

As an example, the phase trajectories of oscillation unstable mode of the shell with the
imperfection amplitude S=h% and the constant component of the parametric load

zo =[100(a), 200(b),300(c) |kN are presented in Fig. 4.
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Fig. 4. Phase trajectories of oscillation unstable mode of the shell with the imperfection amplitude § =74 and
2o =[100(a), 200(5),300(c)|kKN

3. Investigation of stochastic stability of shell parametric oscillations using the generalized

Hill determinants

Using the method of generalized Hill determinants, the influence of the shape imperfections on
shell stochastic stability can be investigated in the first approximation. The system of deterministic
differential equations with respect to moment functions of the second order (4) is rewritten in the form
of a linear autonomous system

LG (SO
= GG = GOUGEDOE@D) (5)
(&) (G2 0)
where G(t) —matrix whose coefficients are 277/®; — periodic functions
0 2 0
G(t) = -y, -2¢&,0, 1. (6)
ag Tod)f aé(Zo) - 2&)1-2(20) -4,

Analysis of the shell stability is reduced to the problem of the stability of trivial solutions of system
(5). Solving an algebraic problem for eigenvalues, the characteristic indicators are determined.
In Fig. 5 we can see the dependence of Hill’s characteristic indicators on intensity of the random

load for the shell with the imperfection amplitude 5=[0(a),real(b),h(c)] when the constant
component of the parametric load z,=100kN and Ga=[wl(l);w3(2);w5(3);w7(4);w9(5)]. The

positive real parts of the characteristic indicators, which correspond to the unstable mode of
oscillations, lie in the upper half-plane. The points of intersection of the solid curve of the coordinate
axis correspond to the critical values of the stochastic component of parametric fluctuations.

The dependence of Hill’s characteristic indicators on intensity of the random load for the shell with

the imperfection amplitude & = [O(a),real (b),h(c)] when the constant component of the parametric
load z, =200kN and 6, = [, (1);®;(2);05(3); @, (4);04(5)] is presented in Fig. 6.

In Fig. 7 we can see the dependence of Hill’s characteristic indicators on intensity of the random
load for the shell with the imperfection amplitude & = [O(a),real (b),h(c)] when the constant
component of the parametric load z, =300 kN and 6, = [a)l (1); 05(2); 05 (3); 05 (4); g (5)] .

The dependence of Hill’s characteristic indicators on intensity of the stochastic load for the shell
with & =[0(1),real(2),h(3)] when 6, =, & =0,001 and the constant component of the parametric

load z, =[100, 200,300]kN we can see in Fig. 8.



28

ISSN 2410-2547
Onip matepiaiis i Teopist ciopy/Strength of Materials and Theory of Structures. 2025. Ne 114

Re

10000 -

30000 - ’

20000 - 1
I

-20000

-10000 -

200000

Re

30000

20000

10000 4

1
T

-20000

-10000 -

200000

(b)

Re

30000 -

20000 -

10000 -

-10000 -

-20000

22000

(©

Fig. 5. The dependence of Hill’s characteristic indicators on intensity of the stochastic load for the shell with
5 =[0(a),real (b),h(c)] when zy =100kN and 6, = [ (1);05(2);5(3);07(4);9(5)]
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Fig. 6. The dependence of Hill’s characteristic indicators on intensity of the stochastic load when zy =200kN

for the shell with & =[0(a),real(b),h(c)] and 8, =[w((1);w3(2);w5(3); @7 (4);09(5)]
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Fig. 7. The dependence of Hill’s characteristic indicators on intensity of the stochastic load for the shell with
5 =[0(a),real (b),h(c)] when zy =300kN and 8, =[w|(1);w3(2); w5(3);w7(4);09(5)]
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Fig. 8. The dependence of Hill’s characteristic indicators on intensity of the stochastic load for the shell with
5 =[0Q1),real(2),h(3)] when 6, =w, and z,=[100(a), 200(b),300(c)]kN
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In Tab. 1 the dependence of critical values of the stochastic component intensity of parametric load

on the frequency of the hidden stochastic load periodicity for shell models without and with
imperfections were showed.

Table 1
Critical values of the stochastic component intensity of parametric load, kN
Shell The frequency of the hidden stochastic load periodicity
zo, kN

model 0 0, = o 0, = o, 0, = o 0, =w, 0, = w,
100 354,181 391,157 542,064 735,221 975,145
6=0 200 198,003 225,567 308,029 554,854 596,342
300 5,906 11,888 11,906 296,996 285,723
100 354,452 354,375 571,678 716,457 634,165
o = real 200 197,940 225,043 318,735 578,084 698,105
300 5,905 11,887 11,891 297,005 307,953
100 308,272 342,446 403,078 512,391 934,967
S=h 200 189,913 207,021 254,993 525,885 682,130
300 5,963 5,905 11,867 180,606 265,239

Conclusion. Decrease of the critical value of the stochastic component intensity of the parametric

load was observed with an increase in the constant component. Influence the modelled imperfections
on the critical values of the stochastic load intensity was bigger than influence real ones.
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Jlyk anuenxo O.0., I'epawenko O.B., Kocmina O.B., [laniti O.M.
BIUIAB HEJOCKOHAJIOCTEN ®OPMH HA CTOXACTHYHY CTIUKICTh MAPAMETPUYHHUX KOJIUBAHb
MPYKHOI OBOJIOHKH

BuxoHaHo MaTeMaTH4YHE MOJEIIOBAHHS CTOXACTUUHMX MAapaMETPUUHHX KOJHMBAHb MNPY)KHOI LHIIHAPUYHOI OOOTOHKH
pe3epByapy 3 peajbHUMHU i 3MOJEIbOBAHHUMH HEIOCKOHANOCTAMH (hOpMHU IpH il BHIAIKOBOTO OChOBOIO HABAHTAXKEHHS.
CKiHYEHHOEJIEMEHTHI MOJIelli HeJOCKOHaNI0i 000J0HKH cdopmoBani y nporpamHomy kommiekci NASTRAN. 3acrocoBano
(dyHKIiOHANPHUN TiAXix 10 (GOpPMyBaHHS PEIyKOBAHOI MOJENI MapaMETPUYHUX KOJIMBAHb OOOJIOHKM Y BHIVIII CHCTEMH
nudepeHuiabHuX PIBHSAHB Hepiioro MapkiBCbKOro HaOJIMKEHHS — BIZHOCHO MOMEHTHHMX (yHKUiH Jpyroro mopsaky 3
ypaxyBaHHAM KOHKPETHHX 3HA4eHb CTAINX CKJQJOBHX [apaMETPUYHOr0 HaBaHTakeHHA. CTOXaCTHUHA CKJIaJ0Ba
apaMeTPUYHOr0 HABaHTAXKEHHs 3a/laHa y BUIVIAAI AeNbTa-KOPEIbOBAHOTO BHIAJKOBOTO HAaBaHTAXKEHHA. UgeHaMM MaTpHI
JKOPCTKOCTI PEyKOBaHOI MaTeMaTHYHOI MOJIEII € KBAJpaTH YacTOT BJIACHUX KOJIMBaHb JIOCKOHAJIOI OOOJIOHKH, IO OTPHUMAaHi
meronoM Jlannoma. YieHn penykoBaHOi MaTpHIi I'€OMETPUYHOI KOPCTKOCTI 000JOHKM 0e3 i 3 HEeZOCKOHANOCTAMU (HopMH
OTPUMAHO 3a JJONOMOIOI0 JIBOETAITHOTO po3paxyHKy. Ha mepriomy erami po3B’si3aHa HenliHilHA 3agaya CTaTUKU Bix Ail cranol
CKJIaJI0BOT MapaMEeTPUYHOro HaBaHTakeHHs MmeronoM HeloTona-Padcona. Ha npyromy erami BUKOHaHO MOJQJbHUK aHawi3
MeToj10M JlaHIoIa 3 ypaxyBaHHSIM MONEPEJHBO HANPYKEHOr0 CTaHy 00OJNOHKH. JIOCIiPKeHO BIUIMB CTOXaCTUYHOI CKJIaJOBOI
MapaMeTPUYHOr0 HABAHTaKEHHS Ha JMHAMIYHY IIOBEJiHKY OOOJOHKM 3a Jonomorow merony Pynre-Kyrtu uerBeproro
nopsaky. OTpuMaHo peanizanii Biiryky Ta ¢pa3oBi TpaekTOpii 0O0JIOHKH 3 pealbHUMH 1 MOJICIbOBAHUMHU HEAOCKOHAJIOCTAMU Ha
3aJIaHiil 4acTOTI CXOBAHOI MEPiOMYHOCTI CTOXaCTUYHOIO HaBaHTAXXCHHS, Koe]illieHTi 3aTyXaHH4 1 mapaMeTpi kopensuii. Pexum
apaMeTPUYHHUX KOJIMBaHb OOOJIOHKH BBAXKABCS CTIHKUM, KOJM aMIUIITyJa IapaMeTPHYHUX KOJMBAaHb 3 YaCOM 3MEHIIYBajach,
HecTIHKuM — 30inblryBanack. JlociizkeHa CTOXacTMYHA CTIHKICTh MapaMETPUYHMX KOJIMBaHb HEJOCKOHAJIOI OOOJOHKM 3a
JIONIOMOTOI0 y3arajbHEHUX BU3HAYHMKIB Xiuta. 3ajiauya CTOXaCTUYHOI CTIKOCTI 3BOAMIACH /10 BU3HAUYEHHS XapaKTePUCTHYHUX
MOKA3HUKIB JIiHIIHOI aBTOHOMHOI cucreMu. TpHBiQIBHUI PO3B’SI30K CHUCTEMM BBaXKaBCA CTIHKMM, SKIIO Yy BCIX
XapaKTePUCTUYHUX MOKa3HMKIB JiHiCHA YacTHHa Oysna MEHIIA 3a HyJb. Y BUIAJIKY, KOJIM X04a O y OfHOro po3B’s3Ky JiicHa
YacTHHA XapaKTePUCTUYHOI O MOKa3HUKa OyJia OiIblla 3a HyJlb, TO TPUBIAJILHUN PO3B’A30K CUCTEMHU BBAXKABCS HECTIMKMUM. SIKIIO
MaKCHUMaJbHa JlifiCHa YaCTMHA XapaKTePUCTUYHUX MOKA3HUKIB JIOPIBHIOBAJA HYJIIO, TO TAKMH CTaH BiJIOBiJaB rpaHuii odaacTi
CTOXaCTHYHOI HECTIMKOCTI 000J0HKH. OIIHEHO BIUIMB PEAJbHUX 1 3MOJEIBOBAHMX HENOCKOHAIOCTEH (OpMH OOOJOHKH Ha
CTilKiCTh MapaMeTPHYHUX KOJIMBAHb IPH Pi3HUX 3HAYECHHAX CTAJIOl i CTOXaCTUYHOI CKJIaJ0BOi OCHOBOr0 HABAHTAXKEHHS.

KarouoBi cioBa: croxacTuyHa CTiliKicTh, NapaMeTpU4Hi KOJMBAHHS, METOJ CKIHYEHHHMX €JIEMEHTIB, IMIiHApPUYHA
000JIOHKa, HEJIOCKOHAIOCTI (OPMHU.

Lukianchenko O.0., Geraschenko O.V., Kostina O.V., Paliy O.M.
INFLUENCE SHAPE IMPERFECTIONS ON STOCHASTIC STABILITY OF ELASTIC SHELL PARAMETRIC
VIBRATIONS

Mathematical modeling of stochastic parametric oscillations of an elastic cylindrical tank shell with real and modelled shape
imperfections under the action of a random axial load was performed. Finite element models of the imperfect shell were
generated in the NASTRAN software. A functional approach was applied to the formation of a reduced model of parametric
shell oscillations in the form of a system of differential equations of the first Markov approximation with respect to moment
functions of the second order, taking into account specific values of the constant components of the parametric load. The
stochastic component of the parametric load was given in the form of a delta-correlated random load. The members of the
stiffness matrix of the reduced mathematical model are the squares of the frequencies of the natural oscillations of the perfect
shell, obtained by the Lanczos method. The members of the reduced matrix of the geometric stiffness of the shell without and
with shape imperfections were obtained using a two-stage calculation. At the first stage, the nonlinear statics problem under the
action of the constant component of the parametric load was solved by the Newton-Raphson method. At the second stage, a
modal analysis was performed using the Lanczos method taking into account the pre-stressed state of the shell. The influence of
the stochastic component of the parametric load on the dynamic behavior of the shell was investigated using the fourth-order
Runge-Kutta method. Response realizations and phase trajectories of the shell with real and simulated imperfections at a given
frequency of the hidden periodicity of the stochastic load, damping coefficient, and correlation parameter were obtained. The
stochastic stability of parametric oscillations of an imperfect shell was investigated using generalized Hill determinants. The
stochastic stability problem was reduced to determining the characteristic indices of a linear autonomous system. The influence
of real and simulated imperfections of the shell shape on the stability of parametric oscillations at different values of the constant
and stochastic components of the axial load was estimated.

Keywords: stochastic stability, parametric vibrations, finite element method, cylindrical shell, shape imperfections.

VK 539.3

Jlyk’anuenxo O.0., I'epawenxo O.B., Kocmina O.B., Ianii O.M. BB HeaocKoHajocTell (GopMM Ha CTOXaCTHYHY
cTiliKicTh MapamMeTpUYHUX KOJUBAHb NPY:KHOI 06o10HKM // Omip MatepianiB i Teopis cmopyxd: Hayk.-Tex. 30ipH. — K.
KHVYBA, 2025. — Bun. 114. — C. 23-34.

Buxonano mamemamuune MOOenO8aHHA CMOXACMUYHUX NAPAMEMPUYHUX KOIUBAHL NPYIHCHOI YUNIHOPUUHOT 06ONIOHKU 3
peanvHumu i 3MOOENbOBAHUMY — HEOOCKOHANOCMAMU — Popmu  npu  Oii  6UNAOKOBO20 HABAHMAMCEHHA.  3ACMOCO8AHO
@ynKyionanbHull nioxio 0o PopmyeanHs peoyKo8aHOI CKIHYEHHOeIeMeHMHOI MOOeNi napamempuiHux KoausaHb 000JIOHKU Y
6unA0i cucmemu OugpepenyianrbHux pieHAHb neputo2o MapKiecbkoeo HAONUNMCEHHS BIOHOCHO MOMEHMHUX QYHKYIl Opy202o
nopAaoky. JlocnioxceHo 6naue HedOCKoHanocmet OpMu HA CMOXACMUYHY CMIUKICMb NapamempuiHux KOJIU6aHs 0OOIOHKU
Mmemooom Pynee-Kymmu wemeepmozo nopsaoky ma 3a y3azanbHeHux usHauHuxie Xiuna.

Tab6u. 1. In. 8. bibaiorp. 17 Ha3s.
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Lukianchenko O.O., Geraschenko O.V., Kostina O.V., Paliy O.M. Influence shape imperfections on stochastic stability of
elastic shell parametric vibrations // Strength of Materials and Theory of Structures. —2025. — Issue. 114. — P. 23-34.
Mathematical modeling of stochastic parametric vibrations of an elastic cylindrical shell with real and modelled shape
imperfections under the action of an random axial load was performed. Using the functional approach, the reduced finite
element model of shell parametric oscillations as a system of differential equations of the first Markov approximation for
second-order moment functions was formed. Influence shape imperfections on the stochastic stability of parametric oscillations
of elastic shell was investigated by the fourth-order Runge-Kutta method and generalized Hill determinants.

Tab. 1. Fig. 8. References 17 items.
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