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The paper uses hyperbolic models for the analysis of heat and moisture exchange in inhomogeneous porous materials in 
which short heat pulses propagate. The heat transfer in sharply inhomogeneous media at room temperature is not described by 
Fourier and Cattaneo laws, but is modeled by Guyer-Krumhansl-type equations. The O.V. Lykov system of equations of 
interrelated heat and mass transfer taking into account the finiteness of heat and mass (moisture) transfer rates is solved using a 
one-dimensional formulation. However, the heat propagation velocity is of the order of the sound speed, so due to the short 
relaxation time, the solutions of the hyperbolic equation of thermal conductivity largely coincide with the solutions of the 
classical parabolic equation, although there are some significant differences. They depend on processes occurring on the surface 
(in thin layers) of porous bodies. The moisture diffusion rate in capillary-porous materials is approximately 106…107 and more 
times lower than the heat propagation rate, so, accordingly, the relaxation time of diffusion processes is much longer and should 
be considered in mass transfer equations. Exact analytical solutions of the one-dimensional Guyer-Krumhansl equation are 
obtained using the operator method. This equation is also used to study heat pulses of different shapes in the medium with 
respect to phonon/ballistic methods of heat transfer. The obtained results are used to model the heat and moisture propagation in 
thin films of capillary-porous bodies with account taken of molecular effects in systems of reduced dimension. The very short 
heat pulses propagation simulating isolated heat waves is modeled with reference to Knudsen number, as well as the solutions 
for the periodic initial function. The exact solutions of the above problems in the model of thin films of capillary-porous bodies 
are obtained. 

Keywords: Guyer-Krumhansl equation, heat and mass transfer, thin films, capillary-porous bodies, inhomogenuity, 
Knudsen number, hyperbolic equation of heat and moisture transfer. 

 
1. Introduction 
The development of computer methods together with the computer technology’s advance made in 

recent decades has substantially simplified the solution of many mathematical problems. Computer 
methods are widely used to analyze mathematical models of physical processes. However, it is often 
necessary to obtain and study analytical solutions for a deep understanding of physical phenomena and 
their proper explanation. All the tools of mathematical physics are used for this purpose. One of the most 
commonly used laws of physics in everyday life is the Fourier law of thermal conductivity relating 
temperature changes to the heat flow using a linear dependence [1]. This model well describes the 
phenomenon of thermal conductivity in homogeneous solid undeformed bodies under normal conditions. 
However, Fourier's law does not apply to all materials (especially at low temperatures < 15K) and, as 
noted by L. Onsager in [2], it can be considered only as an "approximate description of thermal 
conductivity which neglects the time required to accelerate the heat flow", because it supposes an 
instantaneous heat flow increase simultaneously at all points. The most significant physical phenomenon 
that goes beyond Fourier's law is the so-called second sound [3], first discovered during experimental 
studies of crystals in which heat pulses propagate [4-7]. To describe this phenomenon, a phonon 
mechanism of thermal conductivity and corresponding Cattaneo equation are proposed [8]: 
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2 2( )t t TT D T     , where TD – thermal conductivity of the material,  – relaxation time, T – 

temperature, 2  – Laplace operator, t – time. According to this theory, temperature fluctuations 
propagate as attenuated waves in a medium with the velocity /T TD  . The Cattaneo model supposes 
a finite rate of heat flow increase that follows a change in temperature at the boundary of the area. This 
delay is characterized by time after the appearance of the temperature gradient, which in its turn reflects 
the properties of the medium and describes the temporal relation between the beginning of the 
temperature change and the reaction of the heat flow to this change. The time required to begin the heat 
transfer is associated with phonon interactions that transfer heat and are a measure of the medium’s 
thermal inertia. However, the Cattaneo model has contradictions of both physical and mathematical 
nature [9-13]. In addition, the Cattaneo equation, although qualitatively describing the second sound, 
gave incorrect values for the velocity of heat wave propagation /TD  , which differ from the 
experimental data on the propagation of heat pulses in extremely pure nonmetallic Bi and NaF crystals at 
low temperatures. 

Therefore, the modeling of heat transfer processes with finite velocity in materials requires further 
comprehensive research and improvement. 

2. Literature review and problem statement 
The most common Guyer-Krumhansl model [14] replaced the Cattaneo model and came down to 

the corresponding one-dimensional thermal conductivity equation in the one-dimensional case [15]: 

   

 

2 3 2
2

2 2 2, , ,
t
, , , .

F x t F x tt t x x
const

   

   

                    
 

                               (1) 

The linear component 0k  means the presence of sources in the equation (1) and the model 
proposed by Guyer and Krumhansl assumes that 0k . The Guyer-Krumhansl model complements 
the Fourier heat diffusion and heat wave propagation with another heat transfer component acting on 
scales L, which are of the same order as the average free path length of phonons l [16, 17]. Indeed, the 
theories of Fourier [1] and Casimir [18] are insufficient to describe the heat transfer which depends not 
only on the collisions between phonons, but also on the interaction of phonons at the boundary of the 
medium. These so-called ballistic conditions (when the free path length of phonons is of the same 
order with the size of the whole system) are actually observed in structures of small dimension, i.e. in 
ultrathin films or fibers of capillary-porous bodies. Studies of ballistic thermal conductivity have 
recently been a central preoccupation of scientists and have conducted mainly using numerical 
methods [19-26]. Understanding whether heat transfer is determined by ballistic conditions in each 
case is important from a practical standpoint, because ballistic phonon heat transfer requires an 
assessment of conditions at the boundary of the medium and depends on them, not only on the 
properties of the medium itself [17, 25, 27]. 

At the same time, it was shown that the Guyer-Krumhansl equation also describes the thermal 
conductivity in macroscopic three-dimensional objects with significant internal inhomogeneity [28, 
29]. Other studies [30-35] confirmed that the heat transfer in substantially inhomogeneous media at 
room temperature is not described by Fourier and Cattaneo laws, but rather modeled by Guyer-
Krumhansl-type equations [19, 21, 28] despite the absence of actual ballistic conditions Ll  . Similar 
results were obtained during studies of short heat pulses’ propagation [36] at normal temperature in 
porous/capillary-porous materials. These results were considered afterward in a more general context 
in [37]. Thus, obtaining solutions and studying the Guyer-Krumhansl equation are an urgent task with 
many practical applications. 

Using the methods of thermodynamics of irreversible processes authors [38, 39] created a theory of 
interrelated heat and mass transfer during phase transformations. The obtained system of differential 
equations in the one-dimensional case (taking into account the finiteness of heat propagation rates and 
mass transfer) is as follows: 



ISSN 2410-2547  
Опір матеріалів і теорія споруд/Strength of Materials and Theory of Structures. 2024. № 113 

 

 

229 

   

2

02
0

2

2

,

,

pt

pm m m

T T T uQt x c x tt
u u u Ta at x x x xt

  

 

                   

                

                                         (2) 

where T – temperature, u  – moisture content, pmpt   ,  – temperature and mass (moisture) transfer 

relaxation time respectively, t – time,  –  heat-conductivity coefficient, 0 – dry body density, c  – 
specific heat capacity,   ac 0  – temperature conductivity coefficient,   – phase transition 
criterion which characterizes the ratio of changes in moisture content due to the evaporation and total 
change in moisture content, Q  – evaporation heat. It is assumed in this study that ma  – moisture 
diffusivity,   – thermal-gradient coefficient, as well as a  – temperature conductivity coefficient does 
not depend on the spatial coordinate x . 

In addition, the situation when 0  further is being considered. As a result, the system of 
equations (2) takes a simplified form: 

2 2

2 2

2 2 2

2 2 2

,

.

pt

pm m m

T T Tat t x
u u u Ta at t x x



 

      

           

                                                (3) 

It is pointed out that the last term in the right part of the second equation of system (3) describes the 
thermal diffusion of moisture process. The system of equations (3), as well as (2), plays an important 
role in the study of the drying process of wet materials. 

For example, use of the O.V. Lykov’s system of equations (2) or (3) allows to solve the two-
dimensional problem of non-isothermal moisture transfer in the wood material together with the 
equation of moisture elasticity. As a result, the subsurface stresses during drying and limit strength 
values under the assumption of orthotropic structure of wood material are determined. Studies showed 
that the effect of thermal conductivity negatively affected the duration of the wood drying process. 

Another example is the modeling of non-stationary interrelated processes of heat and moisture 
transfer in plant materials under combined power supply in parallel to a constant and impulse ultra-
high frequency (UHF) exposure (as well as when irradiated with electromagnetic waves of the 
millimeter range with a carrier frequency f = 50…60 GHz). It is shown that the creation of pulse and 
pulse-step UHF/EHF (extremely high frequency range corresponding to mm range of electromagnetic 
waves) modes allows to reduce the temperature effect on the processed material. Kinetic dependences 
with respect to the finite rate of moisture transfer are established. 

The relaxation time of thermal stress during the heat propagation in metals is ~ 10-9 s. The heat 
distribution rate is of the same order as the sound velocity. 

Due to the short relaxation time, the solution of the hyperbolic equation of thermal conductivity 
almost coincides with the solution of the classical parabolic equation (but it is not true for short and 
ultrashort thermal pulses). The moisture diffusion rate in capillary-porous materials is approximately 
106…107 and more times lower, accordingly, the relaxation time of diffusion processes is much longer, 
so it should be taken into account in the equations of mass transfer [38-42]. The relaxation time of the 
mass is related to the moisture conductivity coefficient by the ratio 2

mmpm a   , where m – mass 
propagation velocity. 

3. The aim and objectives of the study 
The objective of this paper is to establish hyperbolic models for the analysis of heat and moisture 

exchange in inhomogeneous porous materials during the propagation of short heat pulses. 
To achieve this aim, it is necessary to solve the following tasks: 
 to solve the O.V. Lykov`s system of equations of interrelated heat and mass transfer taking into 

account the finiteness of heat and mass (moisture) transfer rates; 
 to obtain analytical solutions of the one-dimensional Guyer-Krumhansl equation; 
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 to model the heat and moisture propagation in thin films of capillary-porous bodies with 
account taken of molecular effects in systems of reduced dimension. 

4. Investigation of the solutions to a system of differential equations describing an 
interconnected heat and mass transfer processes in capillary-porous materials 

Methods of mathematical physics together with the operator approach to the solution of differential 
equations [43-45] and Laplace transforms allow to obtain an accurate analytical description of the 
system’s thermal behavior taking into account similar effects at different values of its parameters [46-
48]. For this purpose, the equation (1) should be written as shown below: 

   
2 3 2

2 2 2, , ,b TF x t k k F x ttt t x x
                        

                                   (4) 

where   Tk  ,  , 21  – Fourier-type thermal conductivity, and bk  – thermal 
conductivity of ballistic type. If compared (4) to the first equation of system (3), then:  

   , , ,   ,   ,   0,   0.pt T bF x t T x t k a k                                            (5) 
Therefore, the natural generalization of the first equation of system (3) is the following (taking into 

account ballistic effects): 
2 2 3

2 2 2 ,pt b
T T a k Tt t x t x

                 
                                       (6) 

where 0  means that heat sources are available in the system (3). 
It should first be focused on the exact solutions of equation (6). 

5. Exact solutions of Guyer-Krumhansl-type equation 
It should be noted that the equation (6) is a particular case of a more general equation of the 

following type: 
2

2 ( ) ( , ) ( ) ( , )x F x t D x F x ttt
        

 ,                                           (7) 

where ( )D x


 – differential operator affecting the x coordinate. 
A partial solution of equation (7) is obtained after applying Laplace transforms, provided that the 

integral coincides: 
2

2

0

( , ) exp ( ) exp exp ( ) exp 4 ( ) ( ),2 4 16
dt t tF x t C x x D x f x     

                            
             (8) 

where ( ,0) ( )F x f x  – initial condition, and C  – a constant determined from another initial or 
boundary condition. 

In particular for the operator    2 2( ) x xD x         


, a partial solution of the telegraph 

equation (TE) is obtained: 

   

 

2 2

2 2, , ,
t

                                 , , ,

F x t F x tt x
k const

  

 

                 
 

                                         (9) 

or: 

   
2 2

2 2
1 , , ,

t

1                        ,    ,   .

pT pT pT

pT pT pT

T x t T x tt x


  

    

                  

   

                               (10) 

The equation of (9) or (10) type is also called a hyperbolic equation of thermal conductivity with an 
absolute term. The solution (8) of equation (9) or (10) attenuating on a semi-infinite interval of time at 
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( ,0) ( ),   ( , ) 0F x f x F x    (as a reminder ( , ) ( , )F x t T x t ) is one of the branches of the general 
solution: 

  2 2
1 2( , ) exp ( ) exp 4 ( ) ( ) exp 4 ( ) ,2 2 2

t t tF x t C x D x C x D x                      
 

              (11) 

where 2( ) xD x    


 and 1,2 ( )C x  are determined by boundary conditions. 
Bounded solution of equation (1) or (4) or (6) at t  with the initial condition ( ,0) ( )F x f x  

can be obtained by the method of operators using the technique developed in [41, 42,49]. It can be 
written as shown below: 

   

  

2
2 2 2

0 0

2 2

exp ( 2)
( , ) exp 4 exp( ) ( ) ,4 16

exp 4 2 2 ,   1.2 x

t t d tF x t Sf x d

tS a i i

        

      

               
 

          

 



               (12) 

Thermal conductivity operator S


: 

 2exp xS t  


                                                             (13) 

gives a solution of the Fourier thermal conductivity equation: 
2( , ) ( , ),t xF x t F x t                                                          (14) 

using the Gauss transforms of initial condition    xf,xF 0  [40, 43, 49]: 

       
2

1, exp .42
x

F x t Sf x f dtt


  





      
  




                                  (15) 

Thus, for the initial distribution 2( ) exp( )f x x  : 

   2 2 2 21exp( ) exp exp( ) exp (1 4 )
1 4xS x t x x t

t
 


         




                         (16) 

and for Dirac σ-function: 

   2 21( ) exp exp 4
2xS x t x t

t
  

 
     


.                                       (17) 

For the equation of thermal conductivity in the form (10) while neglecting the finiteness of heat 
propagation (its propagation velocity): 

 2
2,   ( ) exp ma f x K x q      ,                                               (18) 

where ( )f x  – distribution of specific heat flow in the direction OX-axis, W/m2; K – coefficient of heat 
flow concentration of the source, 1/m2; mq2  – the highest heat flow in the center of the hot spot, W/m2. 
For this case: 

 
2

2
1, exp 1 41 4m

K xT x t q K ta K t 
          

.                                    (19) 

If a heat source enters into the material (e.g. plate) q J of heat every second, then it can be written 
as shown below: 

2 2( ) ( ) 2
2 2

0 0 2
K x K x m

m m
qq q e dx q e dx
K

 
          ,                               (20) 

where   2

0

( ) 2 exp( )
z

z z dz    – probability integral. 

For Dirac σ-function: 

     
2

2 1exp exp 42x
xS x t x tt

   
        


.                                        (21) 
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In the context of thermal conductivity, the initial condition ( ,0) ( )F x x simulates the propagation of 
an instantaneous laser pulse in a material. This experimental technique is well-established for determining 
the thermal conductivity of the substance [43, 50] and allows to make "sensitive" measurements, that is 
why obtaining accurate solutions if ( ,0) ( )F x x has a significant practical value. 

Exact bounded by t solution of Guyer-Krumhansl-type equation (1), (4) or (6) ( / 0 ) with 
the initial condition ( ) ( )f x x  is written as follows: 

 
     

2
2

2
2 2

3( ) ( )
2 0

expexp 42, exp 4 ,16
8

f x x

xt dt a ibd tF x t
a ib

       

 




 
                

      (22) 

where 

     
2

2 1exp exp 42x
xS x t x tt

   
        


.                                    (23) 

It can be written for equation (6) in a similar way: 
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where 

pT
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pTpTpT
b kb~   ,kakta~
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2  .                       (25) 

If the function of the initial condition can be approximated by the polynomial   
n

nxxf , the 

solution will be as follows: 

 2
2 2 2
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exp( )2( , ) exp ( 4 ) exp( ) , 2 ,4 16n

n

nf x x
n

t t d tF x t H x a i d
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where  y,xHn  – Hermite polynomials of two variables [44 - 46]: 
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                                          (27) 

where  2/n  – means the quotient of 2/n . 
Non-periodic solutions of equation (10) with 0 can be further found using the paper’s approach 

[47], i.e.: 

        t,xT
t

t,xT
t

t,xT
x

a

pTpT 













1
2

2

2

2
.                                 (28) 

The equation (28) is given as follows: 

        t,xT
ta

t,xT
tC

t,xT
x











 11

2

2

2
1

2

2
,                                   (29) 

where pTaC 2
1 , 1C  – propagation velocity of thermal excitation (pulse) in the medium. 

Non-periodic ("integral" according to Fourier method) solutions of the equation (29) can be found. 
It is necessary to enter the characteristic relaxation time of thermal field char : 

wave number k~ : 
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  1

1
1 2 ,chark iC

                                                               (31) 

where   –characteristic circular frequency of the short heat pulse. Along with the solution (31) and 
the solution represented as path integrals, the equation (29) also describes non-sinusoidal thermal fields 
in the time-space. 

Using normalized variables: 

  11
0 1,   ,   char charT T f t x C           ,                                        (32) 

the equation (29) can be rewritten in dimensionless form: 

 








 fff 22

2

2

2
,                                                           (33) 

Exact analytical solutions of the dimensionless telegraph equation (33) for describing variable non-
periodic thermal fields are presented as follows [47, 48]: 

q~
q~

q~ faf   ,                                                                (34) 

 1 1
1 2 ,2

q
q q q qf  


      


                                                      (35) 

   2 2 2exp ,   
q

q qI      
           .                                        (36) 

q~I  is modified Bessel function in the equation (36); the index q~  is determined by the boundary 
conditions on the surface of the deformed material 0 . 

The characteristic properties of integral functions (34) describing thermal fields in deformed media 
are confined largely to the following:  

1)   00 


q~   ,,q~ 
 ;                                                                                                            (37) 

2) using the known asymptotics of functions: 

       
 

 
 1

0

exp 1 (1 2)
(1 2)2 2

n

q q nu
n

u Г q n
I u I u

Г q nu


 






   
   

  




,                                    (38) 

where Г is gamma function, law of decrease of the thermal field q~f  (35) can be found in any section at 
  : 

  31
2 2qf

 






  .                                                      (39) 

Values of function  q~f  (35), which characterizes the law of decrease of the thermal field in any 

section of the material / body during its processing by short wave pulses     are given in Table 1. 

Table 1 

Dependence qf   on       

  
qf     

qf     
qf   

0,1 200 1 0,2 50 1,6·10-6 
0,2 25 10 2·10-4 100 2,0·10-7 
0,3 7,4 20 2,5·10-4 - - 
0,5 1,6 30 7,4·10-6 - - 
0,8 0,4 40 3,1·10-6 - - 
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6. Analysis of solutions of Guyer-Krumhansl equation for the plate with the finite thickness 
( )δ . Using the Fourier method 

The solution of equation (4) at 0  after simple transformations takes the following form: 
2 2 3

2 2 2
1 b

pT pT pT

ka T TTtt x t x  
                           

,                                     (40) 

as the known method of variables dividing (Fourier method) is used. 
The required solution (40) is presented in the following form: 

     xXtTt,xT  ,                                                             (41) 

and as object for which the temperature field  t,xT  is found the plate of finite thickness   is chosen 
(fig. 1). 

Boundary conditions however are as follows: 
2 2 3

2 2 2
1 b

pT pT pT

ka T TTtt x t x  
                           

,                                  (42) 

 0 1 ,T Tt      at 0;x   0 2 ,T Tt     at x ;                              (43) 

and the following is chosen for initial conditions of the 
problem: 

00 TT t 


, 0x ; TT t 
0 , x , 00

TT
t

 


,   

0x , TT
t

 
0

, x .                 (44) 

The following notations are used in relations (43): 
0  – thermal conductivity of the material (at 0T ), 

21, – heat-exchange/heat-removal coefficients of 

surfaces 0x  and x , respectively. In relations (43) 

0T , T , 0T , T  – constants (a point above the function means the time differentiation t ). 
Functions X(x) in (41) are found using the following relations: 

     1 2sin cosn n n n nX x C x C x       ,  1 2,n nC C const ,                         (45) 
and eigenvalues n  are found using transcendental equation: 

   
2 2

1 2 0

1 2 0

/ctg
/

n
n

n

    
   

  
 

, ...,,n 321 .                                         (46) 

For function  tT~ : 

          1 2sin cosn ny t y t
n n n n nT t A e t A e t             ,                            (47) 

where nn A,A 21  – constants, and n  and n  are found using the following relations: 

2

1 22
2 2

1 1 ,    1,2,3,...;2

1 1 ,    0,    1,2,3,.... 4

b
n n

pT pT

b
n n n n

pT pT pT

k n

ka n

  

   

               
                        

              (48) 

The general solution (40) can be presented as follows: 

                 1 2
1 1

, sin sin sin cosn nt t
n n n n n n n

n n
T x t T t X x S e t x S e t x  

 
   

 
                   

 
Fig. 1. The plate  

for which the temperature field is determined 
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           3 4cos sin cos cos ,n nt t
n n n n n nS e t x S e t x                                    (49) 

and constants nnnn S,S,S,S 4321 are found using initial conditions (43) and orthogonality of functions 

    sin ,cosn nx x    realized on the interval 0,x    . 
7. Harmonic solutions of telegraph equation 
Considering the evolution of the harmonic function  exp i n x  , 2 1i    in the equation (10) at 
0 . This result is of interest for any function which can be expanded in a Fourier series. The 

operator  2exp xt    action examined in [40-42], the exponential differential operator   exp D x


 

does not add the new harmonics to the existing ones at 0t . There are the following initial 
conditions: 

   
0

0

,
, ,   .inx inx

t
t

T x t
T x t Ge Bet




                                       (50) 

In a similar way to (41), the following solution of the telegraph equation is obtained using (10) at 
0 : 

      1 2, ~exp

2
2

1 1, exp exp ,2 2

1 4 ,

T x t inx pT pT

pTpT

t tT x t B inx V B inx V

aV n

 



                                 


        

      (51) 

where the coefficients 21 B,B  are expressed in terms of initial conditions at 0t : 

1 2 1 2
1 1;    2
pT pT

B B G B V B V B 
   

              
,                      (52) 

Therefore: 

.
V

VGB
B   ,

V

VGB
B pTpT

2

12

2

12

21





























                      (53) 

8. Harmonic solutions of interrelated heat and mass exchange equations in thin capillary-
porous films 

The O.V. Lykov system of equations describes the processes of heat and mass exchange in thin 
capillary-porous films. In this respect, the finiteness of the of heat propagation velocity and the 
ballistic effects of thermal conductivity are taken into account in the equation for  t,xT . In view of 
the above, this system of equations has the following form: 
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                                         (54) 

The solution of the first equation of system (54) is found under the following periodic harmonic 
conditions: 

    2
0

0

,
, ,   ,    1.inx inx

t
t

T x t
T x t Ge Be it




                                     (55) 
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  2 2
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1 1 4 .
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b
pT pT pT
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 (56) 

The solution (56) completely defines the dependence  t,xT  under the conditions (55). In this 
respect, the constants 21 C,C  are found using the following relations: 
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The solution of the second equation of system (54) is given as follows: 
     , , ,on partu x t u x t u x t  ,                                                     (58) 

the boundary conditions for  t,xu  however have the following form: 
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For   t,xuon , the following relations can be written as follows: 
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The constants 1C  and 2C  can be found in the boundary conditions (59) using the following 
formulae: 
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                                 (61) 

the solution  ,partu x t  can be found in the following form: 

  2 2
1 2

1 1 1 1, exp exp .2 2part b b
pT pT pT pT

t tu x t A inx n k U A inx n k U   
                                    

   (62) 

The constants 1A  and 2A  are found using the following relations: 
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 (64) 

9. Discussion of the results of hyperbolic models establishing for the analysis of heat and 
moisture exchange in inhomogeneous porous materials 

Using the method of operators, integral transformations, extended forms of orthogonal 
polynomials, special functions and methods of non-Fourier analysis, exact analytical solutions for 
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thermal conductivity equation in Guyer-Krumhansl model are established, as well as for hyperbolic 
equation of thermal conductivity. The propagation of heat pulses of different shapes simulating real 
experimental conditions (such as isolated heat wave, laser pulse, space-periodic heating) is investigated 
on the basis of obtained exact solutions. The solutions are studied for a wide range of conditions, 
including ballistic conditions together with the phonon heat transfer mechanism and heat diffusion. 
The validity of the obtained analytical solutions is checked by direct substitution into the equation. 

If the term corresponding to the Fourier diffusion prevails in the equation, then the solution is expected 
to attenuate rapidly; however the phonon way of heat transfer is suppressed. Conditions at the boundary of 
the medium corresponding to the ballistic method of heat transfer also do not play a role in this case, and the 
linear component makes a small contribution. It should be noted that even when the contributions of all 
components of heat transfer (phonon, diffusion, ballistic) are of the same order of magnitude, the minimum 
of solution can be achieved within the area of interaction of the material and the thermal field. 

10. Conclusions 
1. The Guyer-Krumhansl-type equation proves that the maximum principle may not be applied for it 

(the maximum value of the thermal field amplitude in the material is reached either at the initial moment 
0t , or at one of the material’s boundaries), e.g. under strong ballistic conditions. The effective thermal 

conductivity in the Guyer-Krumhansl-type equation significantly depends on the shape of the initial 
pulse. Short point pulses propagate much faster than smooth heat waves. This fact is very important for 
experimental measurements of thermal conductivity where sensitive experiments with thermal pulses are 
well-established practice. The sources of the latter are usually pulse lasers. It is shown that the shape of 
the initial pulse is of paramount importance for determining the presence of a ballistic type of heat 
transfer in each case. This fact should be taken into account during experimental measurements. 

2. When modeling the processes of heat propagation and heat and mass transfer in thin films, the 
impact of the Knudsen number nK , which is often used in the analysis of flow dynamics, was 
revealed. In this case, the Knudsen number characterizes the conditions for ballistic heat transfer. Thus, 
if 1nK  the contribution of all heat transfer mechanisms in the Guyer-Krumhansl equation is 
approximately the same, and if 10,Kn   the thermal conductivity a and ballistic component kb are two 

orders of magnitude smaller than Cattaneo 22 tTpT   and Fourier tT   terms. The propagation 
of a heat wave in a thin film is weakly dependent on the Knudsen number. If the initial point pulse 
(such as Dirac δ-function) interacts with a thin film of material then the solution significantly depends 
on the Knudsen number. If Kn =1 the value of the pulse is one order of magnitude greater than if Kn  = 
0.1 at the same spatio-temporal point. Moreover, the corresponding relaxation time of this solution at 

10,Kn  exceeds the relaxation time by 2 orders of magnitude if 1nK : 100110  nn K,K  . Thus, 
the propagation of the instantaneous point pulse significantly depends on the Knudsen number. This is 
confirmed by studies of the propagation of the periodic function’s harmonics    xniexpxf   in 
thin films having heat and mass transfer processes inside. The high value of the Knudsen number 
improves the thermal conductivity, especially for higher harmonics. 

3. The effective thermal conductivity determined in the context of the second law of 
thermodynamics without local maxima of solutions in the Cattaneo equation (hyperbolic equation of 
thermal conductivity) is practically constant and the effective thermal conductivity in the Guyer-
Krumhansl equation increases with the number of the spatial harmonic  inxexp~ . 

4. For the Cattaneo-type hyperbolic equation, the maximum principle is not followed. However, it 
is possible mathematically, but such heat transfer is impossible in the context of the second law of 
thermodynamics. The Guyer-Krumhansl equation realized in the model for thin films (in particular, in 
capillary-porous bodies) also violates the maximum principle. Local maxima come out from the 
addition of waves, however, they can be suppressed by an additional damping term ~ 1b pTk    in 
the equation of Guyer-Krumhansl-type at physically reasonable values of parameters. It dampens the 
Cattaneo heat waves and temperature maxima, while restoring the relevant behavior of the system 
according to the second law of thermodynamics. The effective heat transfer increases with the 
harmonic number. 

  



ISSN 2410-2547  
Опір матеріалів і теорія споруд/Strength of Materials and Theory of Structures. 2024. № 113 

 

 

238

REFERENСES 

1. Jean Baptiste Joseph Baron Fourier. Analytical Theory of Heat / Jean Baptiste Joseph Baron Fourier. – [S. l.]: Creative 
Media Partners, LLC, 2018. – P. 516.  

2. Coleman B. D. On the reciprocal relations of onsager// The Journal of Chemical Physics. – 1960. – Vol. 33, no. 1. – P. 28–
31.  

3. Second sound in solid helium/ C. C. Ackerman [et al.] // Physical Review Letters. – 1966. – Vol. 16, no. 18. – P. 789–791. 
4. Ackerman C. C., Guyer R. A. Temperature pulses in dielectric solids // Annals of Physics. – 1968. – Vol. 50, no. 1. – P. 128–

185.  
5. Smith G. D. Numerical solution of partial differential equations: Finite difference methods / G. D. Smith. – 3rd ed. – Oxford 

[Oxfordshire]: Clarendon Press, 1985. – 337 p. 
6. Ghia U., Ghia K. N., Shin C. T. High-Re solutions for incompressible flow using the Navier-Stokes equations and a 

multigrid method // Journal of Computational Physics. – 1982. – Vol. 48, no. 3. – P. 387–411.  
7. Ames W. F. Numerical methods for partial differential equations / William F. Ames. – [S. l.]: Elsevier Science & 

Technology Books, 2014. – P. 380.  
8. Some aspects of diffusion theory/ ed. by A. Pignedoli. – Berlin, Heidelberg: Springer Berlin Heidelberg, 2011.  
9. Bright T. J., Zhang Z. M. common misperceptions of the hyperbolic heat equation// Journal of Thermophysics and Heat 

Transfer. – 2009. – Vol. 23, no. 3. – P. 601–607. 
10. Thermal conductance of buckled carbon nanotubes [Electronic resource] / Fumio Nishimura [et al.] // Japanese Journal of 

Applied Physics. – 2012. – Vol. 51, no. 1R. – P. 015102.  
11. Bai C., Lavine A. S. On hyperbolic heat conduction and the second law of thermodynamics// Journal of Heat Transfer. – 

1995. – Vol. 117, no. 2. – P. 256–263.  
12. Josep M. Porr`a, Jaume Masoliver, George H. Weiss. When the telegrapher's equation furnishes a better approximation to 

the transport equation than the diffusion approximation// Physical Review E. – 1997. – Vol. 55, no. 6. – P. 7771–7774. 
13. Körner C., Bergmann H. W. The physical defects of the hyperbolic heat conduction equation// Applied Physics A: Materials 

Science & Processing. – 1998. – Vol. 67, no. 4. – P. 397–401.  
14. Guyer R. A. , Krumhansl J. A. Thermal conductivity, second sound, and phonon hydrodynamic phenomena in nonmetallic 

crystals // Physical Review. – 1966. – Vol. 148, no. 2. – P. 778–788. 
15. Guyer R. A., Krumhansl J. A. Solution of the linearized phonon Boltzmann equation // Physical Review. – 1966. – Vol. 148, 

no. 2. – P. 766–778.  
16. An extended thermodynamic model of transient heat conduction at sub-continuum scales/ G. Lebon [et al.] // Proceedings of 

the Royal Society A: Mathematical, Physical and Engineering Sciences. – 2011. – Vol. 467, no. 2135. – P. 3241–3256.  
17. Thermal conductivity spectroscopy technique to measure phonon mean free paths/ A. J. Minnich [et al.] // Physical Review 

Letters. – 2011. – Vol. 107, no. 9.  
18. Interfacial thermal resistance: Past, present, and future  / Jie Chen [et al.] // Reviews of Modern Physics. – 2022. – Vol. 94, 

no. 2.  
19. Chen G. Ballistic-diffusive heat-conduction equations // Physical Review Letters. – 2001. – Vol. 86, no. 11. – P. 2297–2300.  
20. Chen G. Non-Fourier phonon heat conduction at the microscale and nanoscale// Nature Reviews Physics. – 2021. – Vol. 3, 

no. 8. – P. 555–569.  
21. Yujie Zhang, Wenjing Ye. Modified ballistic–diffusive equations for transient non-continuum heat conduction // International 

Journal of Heat and Mass Transfer. – 2015. – Vol. 83. – P. 51–63. 
22.  Exceptional ballistic transport in epitaxial graphene nanoribbons/ Jens Baringhaus [et al.] // Nature. – 2014. – Vol. 506, no. 

7488. – P. 349–354.  
23. Enhanced thermoelectric performance of rough silicon nanowires / Allon I. Hochbaum [et al.] // Nature. – 2008. – Vol. 451, 

no. 7175. – P. 163–167. –  
24. Silicon nanowires as efficient thermoelectric materials / Akram I. Boukai [et al.] // Nature. – 2008. – Vol. 451, no. 7175. – 

P. 168–171. 
25. Electron-phonon coupling in the metallic elements Al, Au, Na, and Nb: A first-principles study / R. Bauer [et al.] // Physical 

Review B. – 1998. – Vol. 57, no. 18. – P. 11276–11282. 
26. Maldovan M. Transition between ballistic and diffusive heat transport regimes in silicon materials // Applied Physics 

Letters. – 2012. – Vol. 101, no. 11. – P. 113110. 
27. Cahill D. G. Thermal conductivity measurement from 30 to 750 K: the 3ω method // Review of Scientific Instruments. – 

1990. – Т. 61, № 2. – С. 802–808.  
28. Deviation from the Fourier law in room-temperature heat pulse experiments / Soma Both [et al.] // Journal of Non-

Equilibrium Thermodynamics. – 2016. – Vol. 41, no. 1. 
29. Tang D.W., Araki N. Non-fourier heat condution behavior in finite mediums under pulse surface heating // Materials Science 

and Engineering: A. – 2000. – Vol. 292, no. 2. – P. 173–178.  
30.  Funktsional�nyy analiz teploprovidnosti ta vyazkosti kvazitverdykh kapilyarno-porystykh til za zminnykh parametriv 

povitryanoho seredovyshcha pry muzeynomu zberihanni [Functional analysis of thermal conductivity and viscosity of quasi-
solid capillary-porous bodies under varying air environment conditions during museum storage] / Volodymyr Dovhaliuk [et 
al.] // Ventilation, Illumination and Heat Gas Supply. – 2020. – Vol. 34. – P. 7–15. 

31. Termodynamichnyy analiz tverdinnya pasto- y ridynopodibnykh elementiv muzeynykh eksponativ pid vplyvom 
mikroklimatychnykh umov prymishchennya [Thermodynamic analysis of hardening paste- and liquid-like elements of 
museum exhibits under the Influence of microclimatic conditions in a room] / Volodymyr Dovhaliuk [et al.] // Ventilation, 
Illumination and Heat Gas Supply. – 2020. – Vol. 34. – P. 16–28. 

32. Yurii Chovniuk, Anna Moskvitina, Mariia Shyshyna, Serhii Rybachov, Olha Mykhailyk. Optimization of heat transfer 
processes in enclosing structures of architectural monuments located outside urban agglomeration //ENGINEERING FOR 
RURAL DEVELOPMENT. – 2024. – Vol. 23. – P.615–622. 



ISSN 2410-2547  
Опір матеріалів і теорія споруд/Strength of Materials and Theory of Structures. 2024. № 113 

 

 

239 

33. Chovniuk Y., Moskvitina A., Shyshyna M., Kravchyuk V. Hysteresis curves analysis in the processes of heat and moisture 
conductivity of textiles’ nanosurfaces.//Theoretical foundations of engineering. Tasks and problems collective monograph. 
Іnternational Science Group. – Boston : Primedia eLaunch, – 2021. –  Р. 75-91. 

34. The fractal scale-invariant structure of a temporal hierarchy in the relaxation and energy dissipation processes in a visco-
elastic/capillary-porous medium/ Yuriy Chоvniuk [et al.]// Strength of Materials and Theory of Structures. – 2023. – No. 
110. – P. 277–293. 

35. Elaine P. Scott, Muluken Tilahun, Brian Vick. The question of thermal waves in heterogeneous and biological materials// 
Journal of Biomechanical Engineering. – 2009. – Vol. 131, no. 7.  

36.  Kovács R., Ván P. Generalized heat conduction in heat pulse experiments // International Journal of Heat and Mass 
Transfer. – 2015. – Vol. 83. – P. 613–620.  

37. Ván P., Fülöp T. Universality in heat conduction theory: weakly nonlocal thermodynamics // Annalen der Physik. – 2012. – 
Vol. 524, no. 8. – P. 470–478.  

38. Baehr H. D.,  Stephan К. Heat and Mass Transfer. – Berlin, Heidelberg : Springer Berlin Heidelberg, 1998.  
39. Raju K. S. N. Fluid Mechanics, Heat Transfer, and Mass Transfer. – Hoboken, NJ, USA: John Wiley & Sons, Inc., 2011.  
40. Dattoli G. Generalized polynomials, operational identities and their applications // Journal of Computational and Applied 

Mathematics. – 2000. – Vol. 118, no. 1-2. – P. 111–123.  
41. Guyer-Krumhansl–type heat conduction at room temperature [Electronic resource] / P. Ván [et al.] // EPL (Europhysics 

Letters). – 2017. – Vol. 118, no. 5. – P. 50005.  
42. Mashoof M, Refahi Sheikhani A, Saberi Naja H. Stability analysis of distributed order Hilfer-Prabhakar differential 

equations // Hacettepe Journal of Mathematics and Statistics. – 2018. – Vol. 47, no. 2. – P. 299–315. 
43. Kaminski W. Hyperbolic heat conduction equation for materials with a nonhomogeneous inner structure // Journal of Heat 

Transfer. – 1990. – Vol. 112, no. 3. – P. 555–560.  
44. Flash Method of Determining Thermal Diffusivity, Heat Capacity, and Thermal Conductivity / W. J. Parker [et al.] // 

Journal of Applied Physics. – 1961. – Vol. 32, no. 9. – P. 1679–1684.  
45. Dattoli G., Germano B., Ricci P. E. Comments on monomiality, ordinary polynomials and associated bi-orthogonal 

functions // Applied Mathematics and Computation. – 2004. – Vol. 154, no. 1. – P. 219–227.  
46. Gould H. W., Hopper A. T. Operational formulas connected with two generalizations of Hermite polynomials // Duke 

Mathematical Journal. – 1962. – Vol. 29, no. 1. – P. 51–63. 
47. Haimo D. T., Markett C. A representation theory for solutions of a higher order heat equation, II // Journal of Mathematical 

Analysis and Applications. – 1992. – Vol. 168, no. 2. – P. 289–305. 
48. Experimental Evidence of Hyperbolic Heat Conduction in Processed Meat/ K. Mitra [et al.] // Journal of Heat Transfer. – 

1995. – Vol. 117, no. 3. – P. 568–573.  
49. Herwig H., Beckert K. Fourier Versus Non-Fourier Heat Conduction in Materials With a Nonhomogeneous Inner Structure 

// Journal of Heat Transfer. – 1999. – Vol. 122, no. 2. – P. 363–365. 
50. Roetzel W., Putra N., Das S. K. Experiment and analysis for non-Fourier conduction in materials with non-homogeneous 

inner structure// International Journal of Thermal Sciences. – 2003. – Vol. 42, no. 6. – P. 541–552.  
 

Стаття надійшла 12.09.2024 
 
   

Човнюк Ю.В., Чередніченко П.П., Москвітіна А.С., Шишина М.О., Шудра Н.С., Іванов Є.О. 
ЗАСТОСУВАННЯ ГІПЕРБОЛІЧНИХ МОДЕЛЕЙ В АНАЛІЗІ ТЕПЛОВОЛОГООБМІНУ У НЕОДНОРІДНИХ 
ПОРИСТИХ МАТЕРІАЛАХ ПРИ РОЗПОВСЮДЖЕННІ КОРОТКИХ ІМПУЛЬСІВ ТЕПЛОТИ 

У роботі використані гіперболічні моделі для аналізу тепловологообміну у неоднорідних пористих матеріалах, у яких 
розповсюджуються короткі імпульси теплоти. Теплопередача у різко неоднорідних середовищах при кімнатній 
температурі не описується законами Фур’є та Каттанео, а моделюється рівняннями типу Гюера-Крумхансля. У 
одновимірній постановці розв’язана система рівнянь взаємозв’язаного тепло- та масообміну, отримана О.В. Ликовим, 
яка враховує скінченність швидкостей переносу теплоти та маси (вологи). При цьому швидкість розповсюдження 
теплоти порядку швидкості звуку, тому внаслідок малості часу релаксації розв’язки гіперболічного рівняння 
теплопровідності багато у чому співпадають з розв’язками класичного параболічного рівняння, хоча і існують певні 
суттєві відмінності. Вони залежать від процесів, що відбуваються на поверхні (у тонких прошарках) пористих тіл. 
Швидкість дифузії вологи в капілярно-пористих матеріалах приблизно у 106…107 і більше разів менша за швидкість 
розповсюдження теплоти, тому, відповідно, час релаксації дифузійних процесів значно більший і у рівняннях 
масопереносу його треба враховувати. Отримані точні аналітичні розв’язки одновимірного рівняння Гюера-Крумхансля 
за допомогою операторного методу. Вказане рівняння також використане для вивчення імпульсів теплоти різної форми 
у середовищі з урахуванням фононного/балістичного способів теплопередачі. Отримані результати застосовані для 
моделювання розповсюдження теплоти і вологи у тонких плівках капілярно-пористих тіл із урахуванням молекулярних 
ефектів у системах зниженої розмірності. Моделюється розповсюдження дуже коротких теплових імпульсів, що 
моделюють ізольовані теплові хвилі із урахуванням числа Кнудсена, а також розв’язки для періодичної початкової 
функції. Досліджені точні розв’язки вищевказаних задач у моделі тонких плівок капілярно-пористих тіл. 

Ключові слова: рівняння Гюера-Крумхансля, тепломасообмін, тонкі плівки, капілярно-пористі тіла, неоднорідність, 
число Кнудсена, гіперболічні рівняння тепло- і вологопереносу.  
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збірник – К.:КНУБА, 2024. . – Вип. 113. – С. 227-240. 
У роботі проведений аналіз тепло- та вологообміну у неоднорідних пористих матеріалах, котрі використовуються 
при будівництві споруд різноманітного призначення. 
Табл. 1. Іл. 1. Бібліогр. 50 назв. 
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The paper analyzes the hyperbolic models in the analysis of heat and moisture exchange in inhomogeneous porous materials 
used for the constructions of various purposes. 
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