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The paper addresses issues of nonlinear analysis of load-bearing structural members. It is proposed to use the work done by
external forces as a measure for determining the ultimate load. An incremental procedure is analyzed, through which the
equilibrium state curve is constructed and this work is calculated. The paper highlights the issue of numerical instability in the
computational process as it approaches the failure load. As a way to address this problem, it is suggested to consider a state of
the structure as ultimate when it significantly loses its ability to resist the increasing load. The algorithm for searching for
dangerous load combinations relies on a plausible hypothesis that the energy-based composition of load combinations leading
the system to its ultimate state, due to the global nature of energy assessments, will be the same as in the case of linear analysis.
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Introduction

In order to achieve a more realistic description of the behavior (response) of structures under
applied loads, computer simulation, including nonlinear finite element analysis, is increasingly being
used in practice. Notably, among the new sections introduced in the second generation of Eurocodes,
particularly in EN 1990 [1] and the draft prEN 1992 [2], there are new requirements related to the
nonlinear finite element analysis of structures and structural systems.

The requirements related to nonlinear analysis of structures have been included in the design codes
due to growing interest in this issue, driven by the transition to new design methods, as well as by new
opportunities arising from advancements in computer technology and software of various levels, which
enable such design [3-5]. As a rule, nonlinear analysis is based on an incremental procedure, i.e.
simulation of the loading process.

As pointed out by G. Papazafeiropoulos et al. [6], traditional methods based on forces and
displacements focus on extreme values, while the loading history is usually not taken into account, as it
plays no role for elastic (conservative) systems. For physically nonlinear elastic-plastic systems, on the
other hand, accounting for the loading history is important, and it is quite natural that relevant studies
have emerged.

First of all, the behavior of structures under seismic loads began to be analyzed assuming the
possibility of local damage and energy dissipation in plastic zones. Unlike forces or displacements, the
values of which fluctuate during cyclic loading, energy dissipation continuously accumulates as the
material yields. Thus, the analysis of energy changes in the system is a more suitable parameter for
seismic design, and one of the first examples of the direct application of the energy-based approach to
the analysis of structural behavior was the problem of earthquake resistance.

In 1956, G.W. Housner [6] was the first to propose comparing the energy input into a structure with
the energy required for its failure. Since then, the energy-based approach to seismic resistance
evaluation has significantly advanced [8-10], and found its place in practical design. Additionally, an
energy-based method for assessing the degree of damage has also been developed [11, 12].

The damage index has found a certain application in studies of structural robustness [14-17], where
critical damages of the structure, including collapse states, are considered. In this work, such states (or
those close to them) are analyzed to establish the actual safety margins of structures operating beyond
their elastic limits.

© Perelmuter A.V., Perelmuter M. A.
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Ultimate load

The use of nonlinear analysis of system behavior highlights a number of inconsistencies with
conventional methods, including those established in standards, regarding the application of the limit
state design (the partial safety factor method [1]). The rules for checking strength and stability provided
in the current standards are based on a two-step procedure where internal forces obtained from linear
elastic analysis are used to verify individual critical sections with the help of nonlinear resistance models.

The limit state design method itself, based on the use of safety factors, is to some extent tied to the
assumption of linearity of the design mathematical model. Its linearity, for example, allows the system
to be analyzed under the characteristic load, and the transition from the characteristic value of the
system's response (forces, displacements, etc.) to the design value is implemented by multiplying by
the safety factor for load.

In nonlinear finite element analysis, the load is represented as a vector of nodal forces f. The
resistance of the structure is typically assessed through an incremental procedure, where the
corresponding load is increased from its initial value to the design level by raising the load intensity pof
to the design value p,f, where p is the load intensity parameter. To determine the safety margin, the
incremental process should continue until the ultimate limit state of the structure is reached at py;,f,
and, hence, the safety factor is determined k=py;,/p,. Such an analysis is inherently a global assessment,
where all structural elements of the system and their sections interact with each other.

There is no separation here between the stage of determining internal forces from design loads and
the stage of section analysis. When such analysis is performed incrementally with monotonically
increasing load intensity, the structure and all its design sections undergo various stress states, and
their behavior is governed by the specified material stress-strain diagram. In this process, the resistance
of all sections is evaluated, and if some sections reach their ultimate limit due to material yielding,
their internal forces no longer increase. The structure's resistance to the increasing load is then ensured
by other elements of the system that have not yet reached their load-bearing capacity limits. The entire
process stops when the structure turns into a mechanism (i.e., when the system reaches its ultimate
load-bearing capacity).

If the behavior of structures under load is illustrated by an equilibrium curve (Fig. 1), that relates

‘rp the load intensity paramete.:r P to the
displacement A, then the limit state is
P , characterized by the value g=dp/dA=0.

______ ! In this state, the system experiences
infinitely large displacements with any
infinitesimally small increase in load,
meaning it behaves like a mechanism.

It should be noted that it is often
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Fig. 1 which is exactly what characterizes the

transformation of the structure into a

mechanism. The practical solution to this problem is to consider the structure to have reached its limit

state when it loses a significant part of its initial ability to resist increasing loads. In fact, this approach

is almost always used in experimental studies of structural behavior, where the experiment is stopped
when, for example, a rapid increase in deflections begins.

This concept was proposed in [18] and is based on the characteristic of the system's behavior,
determined by the rate of change of the system's response to external action. It is proposed to use the
decrease in the slope of the equilibrium state curve as a measure

a = arctg(dp/d\), (1
which characterizes the ability to resist increasing loads (system's resistance) and can indicate the
approach of the structure to a state of complete failure, occurring at zero resistance.

\ Kus




58 ISSN 2410-2547
Onip matepiaiis i Teopist ciopy/Strength of Materials and Theory of Structures. 2024. Ne 113

The limit resistance value
oy, =Pa, )
is determined by the reduction factor B, the value of which should apparently be standardized. The
results of control calculations show that the load value at which resistance decreases by two orders of
magnitude compared to the initial value (B~0,01) can be used as a criterion. This approach provides a
reasonable margin compared to the failure load.

It should be noted that when a nonlinear analysis approaches the failure state of the system, it is
almost always accompanied by significant displacements. If the limit resistance of the structure py;,,
determined using formula (2), is achieved at sufficiently large displacements, there is a need to adjust
the value of pj,.

Note that a system is considered resistant if, under any deformation, the change in potential energy
is positive (the energy increases, which means that work is required to deform the system, and
therefore, the system resists deformation) [19].

If the so-called characteristic displacement, which is energetically related to the load [19], is used
as the abscissa axis A of the equilibrium state curve, then the area under this curve indicates the work
of external forces. The value of this work

Mg
U= j p-di 3)
0
is an energy characteristic of the ultimate load-bearing capacity of the system. When the finite element
method is used and nonlinear analysis is performed using the incremental method

K K n
U=YU=> >N, Az, )
s=1

s=1 i=l

Here s is the step number, Af,; is the fraction of the load at node i introduced into the calculation

at step s, Az is the increment of the nodal displacement calculated at step s. The values of U

(s=1,2,...,K) are determined by SCAD during the implementation of the incremental procedure.

Design Load Combinations

The transition to global reliability analysis presents a very important and relatively underexplored
problem. The issue is that the absence of the superposition principle in nonlinear analysis makes it
impossible to use the approach [20], based on finding the most unfavorable combination of results
from analyses of individual load cases. This necessitates performing nonlinear analysis to assess the
effect of some postulated load combinations. The selection of such combinations creates a very
difficult problem, for which a theoretical solution has not yet been found.

In practice, the selection of a design load combination (one or several competing combinations)
relies on engineering intuition, especially in the case of a more or less familiar set of loads acting on a
well-studied type of structure. Below is a proposed method for solving this problem, which has the
advantage of being sufficiently general.

It is evident that, in the case of nonlinear (global) analysis, the selection of a design load
combination should be based not on a local criterion but on a global one, which determines the set of
loads and actions creating the design combination. A general indicator like deformation energy could
be used as such a criterion, since it is clear that, for the system to reach its ultimate state, the external
load must perform some work. The combination where the work of external forces is maximal and the
system reaches its ultimate bearing capacity sooner can be decisive here.

To develop an algorithm for finding a dangerous load combination, we will use a plausible
hypothesis that the energy-based composition of the load combination leading the system to its
ultimate state will be similar to that in linear analysis, due to the global nature of energy evaluations.
This hypothesis is supported by the fact that the relationship between load intensity and the level of
accumulated deformation energy is monotonically increasing [25], similarly to a linear analysis.

Since energy is a positive quantity, all loads can be considered for the design load combination,
except for those that cannot physically occur simultaneously. However, among independent loads,
there may be pairs that counteract each other. To avoid their simultaneous action, additional
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verification is required. This verification can be based on calculating the work of one load on the
displacements caused by another load. If this work is determined to be negative, the load pair can be
classified as energetically alternative, where one load partially counteracts the other, and thus they
should not be included together in the same combination. This information is obtained from linear
analysis but is also used in nonlinear calculations.

The idea of the method is that, starting with the permanent load as a baseline, all other loads are
sequentially checked to see whether the total potential energy increases or decreases when they are
included in the design load combination.

Based on the finite element method, we will assume that the loading is characterized by a pair of
vectors f—nodal forces, z — displacements of the system nodes, and their scalar product

U=f"z, 5)
which for a linear system is the doubled value of the potential energy of the system.
If the search begins with a permanent load, which is always taken into account (or the sum of
permanent loads if there is more than one), and the corresponding potential energy is determined

U =1'z,. (6)
A candidate for inclusion in the design load combination is evaluated based on twice the value of
the potential energy of the system subjected to the sum of the loads

UU:(fl+fl.)T(zl+zl.):f1Tzl+2fszl.+fl.Tzl.. (7
The validity of this formula follows from the linearity of the problem, taking into account that

based on the Betti's theorem of reciprocal works flTZi = fiTZl . The first and last terms on the right

side of (7) are positive, and it is easy to see that the sign of the scalar product flTZ ; determines whether

the i-th load increases the energy (U,; 2U,) or decreases it (U,; <U,).

Such checks are performed for all loads, allowing the set of temporary loads to be divided into two

non-overlapping subsets [, = {il.’l,il.’z,...,il.’p} - those that increase the work of external forces and
I

decr

= {id’l,id’z,...,id’p} - those that decrease this work.

The energetically unfavorable design load combination is defined as the sum of permanent loads
and temporary loads with indices 7, or I .-

Several examples were analyzed to test the proposed method for determining the design load
combination. All of them led to load combinations that were found to be design combinations
according to the verification, in which the value of deformation energy was calculated using a
nonlinear analysis by exhaustively evaluating all possible combinations. Naturally, such confirmation
cannot be considered proof, and it is possible that in some cases the assumptions underlying the
hypothesis may not hold, but the authors were unable to find such a case.

Ilustrative example

A frame structure is considered (Fig. 2). All the bar
elements are made of I-beam 20H1. Nodal loads are
applied to the frame, grouped into four independent load
cases (Fig. 3), where the first one is permanent.

The linear analysis yielded the nodal displacements z
(mm), corresponding to the components of the load vector
f.

The doubled values of potential energy, calculated
using formula (7), turned out to be equal to
f'z,=-4,933 tm; fz,=-0,137 tm; £ 2,=6,667 tm,

indicating that the combinations of the first with the
fourth load or the first with the second and third loads Fig. 2
were design combinations.
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To verify this, a physically nonlinear analysis of the system was performed for all 15 possible load
combinations. It was assumed that the deformation theory of plasticity was used, and the material
behavior was characterized by a bilinear 6-¢ diagram with a yield strength of 240 MPa and a strain
hardening coefficient of 0.01. The results shown in Table 2 indicated that the design combination
predicted in the linear analysis, combining the first and fourth loads, was correctly identified.

Table 1
Node fi () 7 Z) Z3 Z,
2 0,00 -0,46 28,17 0,04 -34,21
3 0,00 -0,92 72,40 0,09 -95,42
4 -10,00 -1,38 98,82 0,13 -133,33
5 -10,00 -56,82 98,74 -3,00 -133,33
6 -10,00 -85,37 98,66 5,50 -133,33
7 -10,00 -56,82 98,58 11,25 -133,33
8 -10,00 -1,38 98,50 -0,13 -133,33
9 0,00 -0,92 61,77 -0,09 -95,42
10 0,00 -0,46 20,09 -0,04 -34,21
12 0,00 -1,14 72,40 -12,63 -95,48
13 0,00 -1,14 61,77 14,31 -95,48
Table 2
Combination Loads Work of external forces
1 1 102,432
2 2 8,006
3 0,697
4 4 99,662
5 1 2 196,143
6 1 78,412
7 1 4 419,924
8 2 20,551
9 2 4 0,717
10 4 116,122
11 1 2 192,943
12 1 2 4 94,352
13 1 4 417,535
14 2 4 1,176
15 1 2 4 91,352
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Conclusion

The proposed method for evaluating the work of external forces necessary to subject a structure to
conditions near failure allows this energy measure to be used as a universal tool for analyzing the
nonlinear behavior of structures.

The paper suggests a possible approach to solving the fundamentally important problem of
unfavorable loading of a nonlinear deformable system. Using the energy measure of the ultimate load
and the hypothesis of the similarity of unfavorable load combinations in linear and nonlinear analyses
makes it possible to solve the problem of finding such a combination.

The mentioned hypothesis is empirical and has been confirmed by many individual tests, but the
pressing issue is the theoretical search for the conditions under which it is valid.
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Cmamms nadiviwna 23.09.2024

Ilepenvmymep A.B,. [Tlepenvmymep M.A.
EHEPTETHYHA OIIIHKA TPAHUYHOTI'O CTAHY ®I3UYHO HEJTHIMHOI KOHCTPYKIIT

CrarTs NpUCBAYEHA MUTAHHAM HENiHIHHOro aHaizy poOdoTH Hecydux OyaiBeNbHUX KOHCTPYKLill. BkasyeTbcs Ha Oro oCHOBHY
BIJIMIHHICTB Biji TPaJMIIHHOrO MiAXOMy, WO Nepeadadae JIBOETANHY MPOLEAYPY, B AKii CTATUUHMI Ta JUHAMIYHUEA PO3pPaxyHOK
BIZIOKpEMJICHUH BiJl JIOKAJIbHOT MEPEBIPKM HAAIHHOCTI pO3paxyHKOBUX IEpepi3iB, TOMI K Y HETiHIHHOMY aHai31 BAKOPHCTOBY€ETHCS
OJTHOCTAIIHUI aHaJIi3 Ta ry100abHa OLiHKA MOBEAIHKY KOHCTPYKIIIT 32 0ZIHOYAaCHOT epeBipKHU MpaLe31aTHOCTI BCIX mepepisiB.
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Sk Mipy, Ha miacTaBi sIKOT peasi3yeTbCsi MOLIYK I'PAHUYHOTO HABAHTAXKCHHS, IPONOHYEThCS BHKOPHUCTOBYBATH POOOTY
30BHIIIHIX CHJI, 110 BUTPAYa€eThCsl. AHAJI3Y€eThCS KPOKOBA MPOLIEAYPA, 3 JOIIOMOIOI0 K0T Oy yeThCsl KpUBa CTaHIB PIBHOBArk Taka
pobora obumcioeThcs. Bkazyerbcs Ha mpoOieMy 4MCENbHOI HECTIHKOCTI OOYMCIIIOBAJIBHOIO IPOLECY INMpPU HAOIMWKEHHI 10
PYHHIBHOrO HaBaHTaXeHHs. SIK criocid BUpilIEHHS 1i€l MpobsIeMH 3aIPONOHOBAHO BBAXXATH TPAHMYHMM TAKUH CTaH KOHCTPYKLIi,
KOJIM BOHA 3HAYHOIO MIPOIO BTPAaYa€ 3aTHICTh YUHUTH OIip 3pOCTAHHIO HABAHTa)KEHHs (BTpaTa BiAMIpHOCTI).

IIporoHyeTbCst ACAKHi NPUIHAOM MOIIYKY PO3PAXYHKOBUX MOEJHAHD HE3AICKHUX HaBaHTaXKEHb, 3aCHOBAHMH HA BUKOPHCTAHHI
EHEPreTUYHOro IiJIX0/y, HEePEeBaroi sKOro € JO0CTaTHs CHiUIBHICTh. BKasyerbes, 110 y pasi HemiHifiHOro (ri100abHOro) aHamisy
BHOIp pO3paxyHKOBOI KOMOiHallii HaBaHTQKEHb Ma€ IPYHTYBATHCS HE HA JIOKAIBHOMY, aje y IJI00aJIbHOMY KpHTEpil, 3 SIKOro
BU3HAYAETHCS CKJIAJL HABAHTAXKEHb 1 BIUIMBIB, CTBOPIOIOTH PO3PaXyHKOBY KoMOiHauito. Sk Takuil KpuTepiii 3ampornoHOBaHO
BUKOPUCTOBYBAaTH €Heprito jaedopMmyBaHHsS. B ocHOBI amroputrmy moumyky HeOesneyHoi KOMOiHAIii HaBaHTaXEHb
BHUKOPHCTOBYETHCS IIJIKOM IPaBJONOAIOHA TiroTe3a, 3a SIKOI SHEpreTMyHo OOYMOBJICHMH CKiaJ KOMOiHAllil HABAHTAXEHb, 110
MPU3BOJIUTH 10 TPAaHUYHOIO CTaHy, B CHIIy IJIOOAJIBHOrO XapakTepy €HEepreTMYHHX OLIHOK Oyae TakuM, SK 1 y pasi JiHiHHOro
aHaiizy. Takuii anropuT™ 103BOJISE BUPIIIUTH 3aBJaHHS, HE 3BEPTAIOUHUCH 10 epedopy BCIX MOXKIMBUX KOMOIHALIH HABAHTA)KEHb.

KaroudoBi cioBa: HenmiHifiHMI aHani3, TrpaHWYHE HABAHTAXKEHHS, NPOCKTHA KOMOIHALIS HAaBaHTaXEHb, EHEPris
nedopmyBaHHs.

Perelmuter A.V., Perelmuter M.A.
ENERGY-BASED ASSESSMENT OF THE ULTIMATE LIMIT STATE OF A PHYSICALLY NONLINEAR
STRUCTURE

The paper addresses issues of nonlinear analysis of load-bearing structural members. It highlights the main distinction from the
traditional approach, which involves a two-step procedure where static and dynamic analyses are separated from the local reliability
check of design sections. In contrast, the nonlinear analysis employs a single-step analysis and a global assessment of the structural
behavior while simultaneously checking the performance of all sections.

It is proposed to use the work done by external forces as a measure for determining the ultimate load. An incremental procedure
is analyzed, through which the equilibrium state curve is constructed and this work is calculated. The paper highlights the issue of
numerical instability in the computational process as it approaches the failure load. As a way to address this problem, it is suggested
to consider a state of the structure as ultimate when it significantly loses its ability to resist the increasing load (loss of resistance).

The paper proposes a method for finding design combinations of independent load cases, based on the energy approach, which
offers sufficient applicability. It is noted that in the case of nonlinear (global) analysis, the selection of a design load combination
should be based not on a local criterion but on a global one, which defines the composition of loads and actions constituting the
design combination. The energy of deformation is suggested as such a criterion. The algorithm for searching for dangerous load
combinations relies on a plausible hypothesis that the energy-based composition of load combinations leading the system to its
ultimate state, due to the global nature of energy assessments, will be the same as in the case of linear analysis. This algorithm
enables to solve the problem without resorting to an exhaustive evaluation of all possible load combinations.

Keywords: nonlinear analysis, ultimate load, design load combination, strain energy.
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Ilepenvmymep A.B,. Ilepenomymep M.A. EHeprerudyna oliHka rpaHUYHOro cTaHy ()i3MYHO HeiHiiiHOT KoHcTpYyKuii // Omip
Marepiaiis i Teopis criopya: Hayk.-tex. 30ipH. — K.: KHYBA, 2024. — Bum. 113. - C. 56-62. — Anru.

Cmamms npuceésiueHa NUMAHHAM HeNiHIIHO20 aHanizy pobomu Hecyyux OyoigenvHux KoOHcmpyryiu. Brkasyemocs, wo y pasi
HeNIHIliHo20 (2106a1bHO20) aHANI3Y 8UOID PO3PAXYHKOBOT KOMOIHAYII HABAHMACEHb MAE SPYHMYBAMUCS He MAK HA JNOKATbHOMY,
ane y 2n06anbHOMy Kpumepii, 3 K020 BU3HAYAEMbCS CKAAO HABAHMANCEHb | BNIUGI8, CMBOPIOIOMb PO3PAXYHKO8Y KOMOIHayio. Ak
maxuil Kpumepii 3anponoHO6aH0 GUKOPUCTNOGYEAMU eHEP2il0 0edOopMYBAHH.

Tabur. 2. In. 3. Bibmiorp. 20 Ha3B.
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Strength of Materials and Theory of Structures: Scientific-and-technical collected articles. — K.: KNUCA, 2024. — Issue 113.—P. 56-
62.

The paper addresses issues of nonlinear analysis of load-bearing structural members. It is noted that in the case of nonlinear
(global) analysis, the selection of a design load combination should be based not on a local criterion but on a global one, which
defines the composition of loads and actions constituting the design combination. The energy of deformation is suggested as such a

criterion.
Tabl. 2. Figs. 3. Refs. 20.
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