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The successful application of ITU to the analysis of structures is largely due to the efficiency of the use of modern
software packages, in connection with which the role of program systems that implement the solution process increases.
The correct organization of the computing complex, the choice of optimal algorithms for solving systems of linear and
nonlinear equations largely determine the possibilities of the method in terms of the structural complexity of the objects
under consideration, the accuracy of the results obtained, and the complexity of setting nonlinear problems. Therefore,
there is an increased interest in the development of fairly universal computing complexes based on ITU. One of the
effective software complexes is the "Strength" system, designed to conduct comprehensive research in the field of
mechanics of a deformable solid, the basic principles of construction of which are used in this work in the
implementation of a semi-analytical version of the finite element method (FEM).

In this work, solutions of a significant number of control problems of deformation of massive and thin-walled
prismatic bodies under different boundary conditions and loads are obtained. In the process of solving new problems,
the estimation of the convergence of results was carried out on the basis of a sequential increase in finite elements and
contained terms of decomposition, an increase in the accuracy of systems of linear and nonlinear equations, and the
accuracy of satisfaction with natural boundary conditions was checked. The developed effective method for solving
new complex problems of deformation of prismatic bodies is implemented in the form of complex programs and can be
used in design and construction practice in construction, mechanical engineering and other fields of technology.

Keywords: finite element method (FEM), semi-analytical finite element method (SAFEM), stress-strain state, elastic
deformation, bending of hinged square plate, cylindrical panel, elastic equilibrium of prismatic beam, thick square plate
clamped along the contour.

Entry. A wide range of building structures or machine-building equipment consists of
elements that are prismatic bodies of complex shape. Modern methods that are focused on the
calculation of a wide class of structures consisting of massive and thin-walled elements [3, 7,
14] should, along with high accuracy of the description of the stress-strain state of objects of
complex shape and structure, provide a high rate of convergence to an exact solution with
minimal numerical Cost. In this work, solutions of a significant number of .control problems of
deformation of massive and thin-walled prismatic bodies under different boundary conditions
and loads.

Bending a hinged square plate. We consider the elastic equilibrium of a thin square plate
with a side under the action of a load normal to its plane, the intensity of which is described by
the formula:

q=q sinﬁsini, (1)
a a

where ¢, - is the value of the load in the center of the plate. Coordinate axis Z " and Z% are
directed along the sides of the square. The plate is hinged on all side.
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The solution of this problem, obtained in the work [9], is taken as a reference. Calculations
performed according to the developed method have shown that the finite elemental approach
provides a good convergence of the
solution to the exact one. Similarly,
when approximating a plate with a 2x5
FE grid, the values of the maximum
deflection in the center of the plate
obtained by the exact and approximate
methods differ by less than 1%.

Cylindrical panel loaded with its own
weight. One of the most common
examples for estimating the convergence
of numerical methods for calculating thin-
walled objects is the problem of elastic R
equilibrium of a non-flat rectangular 72
cylindrical panel, hinged on two curved 0 -
sides and free on the other two, loaded
with its own weight (Fig. 1) [6]. Fig. 1. Design diagram of a cylindrical panel
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Fig. 2 shows the graphs of the error change in determining the deflection of the center of the

panel calculated in relation to the reference solution [9], in of the dependence on the order of
the matrix of the system of allowed equations.
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Fig. 2. Graphs of changes in the error in determining the deflection of the center of the panel
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The solutions are obtained on the basis of various variants of shell finite elements, FEM
when discretized along the one that forms and directs the SAFEM. Their analysis demonstrates
the high efficiency of the FEM in the calculation of thin-walled objects.

As can be seen from the figure, the traditional [5] and semi-analytical versions of the FEM,
based on the relations of the moment scheme, have approximately the same rate of convergence
in this problem. So over the entire range, the change in the number of unknowns is the
difference The results obtained by different variants of the FEM are less than 1%, however, the
width of the matrix of the system of allowed equations of the SAFEM is much smaller.

Elastic equilibrium of a prismatic bar. The possibility of applying the developed
numerical analysis apparatus to the calculation of massive spatial structures is investigated on
the example of a prismatic beam with
a square prismatic (fig. 3). Cross-
section - b, the length of the beam -

a=2b. On the wupper plane

(Z" =b) the object is loaded with a
vertical uniformly distributed load of
unit  intensity. The kinematic
boundary conditions are assumed to
be the absence of vertical

displacements in the plane 73 =0

and 2% =a.

The solution of a similar problem
is obtained in [6] on the basis of the
generalized method of finite integral
transformations. Table 1 shows the
values of vertical displacements at
Fig. 3. Design diagram of a prismatic bar different points of the section

Z¥ =a/2, obtained on the basis of

SAFEM and using the approach [6]. At all points of the section under consideration, the
discrepancy in the results is about 1%.

'

a' _rra _
U=V =0 3)
33 33 _
6(23':0) - 6(23'211) - 0
Table 1
7 72 SAFEM [6] %
0,5b 0,5b 3,41 3,45 1,16
b 0,5b 3,93 3,96 0,76
0,5b b 3,67 3,71 1,08
b b 4,20 4,24 0,94

Fig. 4 shows the nature of the change in vertical displacement along the face z" =b,

7% =b . The solid line shows the reference results, the circles show the displacement values
calculated by the SAFEM. A good alignment of solutions obtained by different methods is
evident.

A thick square slab is clamped along the contour. Approximation by means of functional
series requires a justification of the possibility of satisfying different types of kinematic
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boundary conditions. For this purpose, the elastic deformation of a thick square slab under the

action of a vertical uniformly distributed load applied to the upper plane (Z =n ) fig. 5.
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Fig. 4. Graphs of changes in vertical displacement along the face of the beam
i'(zy:a) =0,
S R
Uz’(zz':a) =0,
V=) =0

The thickness of the slab
h=0,02m, the length of the

side 2a=>5h, the intensity
of the external load
g =E/50, where E - is the
modulus of elasticity of the
material, the Poisson's ratio
v=0,25. The plate is
clamped on all four sides.
Due to the symmetry of the
object, only the fourth part is
considered, the design model
of which is shown in fig. 5.

A comparison of the results obtained on the basis of SAFEM and decomposition by
orthogonal functions in all three directions is given in Table 2 and 3.

Fig. 5. Design diagram of a thick square slab clamped along the contour

Table 2
, M
1 4
4 1 81 375 1029
4,804 5410 5512
0 5414 > d d
11.27% -0,07% +1,81%
W2 5.729 5,121 5,591 5710
-10,63% 2,42% -0,35%
4,952 5,623 5,770
h 5,723
-13,50% -1,75% +0,82%
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Table 3
’ 1Al M
1 —3'3
4 o 81 375 1029
0 385 3,501 3,767 3,810
-8,49% -1,51% -0,39%
. 4150 3,750 4,070 4,130
-9,63% -1,92% -0,48%

Table 2 shows the convergence of dimensionless displacements v; =u;E/qa depending on

the visas of the total number of unknowns M, received by HMCE in the center of the plate
(upper, middle and lower surfaces), as well as their errors relative to the solutions given in the
paper [1].

Conclusion. The obtained data indicate a high rate of convergence of the developed
approach in the analysis of structures with arbitrary kinematic boundary conditions.
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Maxcum 'k F0.B., Anopiescvruii B.I1., Mapmuniok 1.1O., Maxkcum ok O.B.
PO3PAXYHOK KOHCTPYKIIN 3 JOBUIbHUMU KIHEMATUYHUMU TPAHUYHUMHU YMOBAMUA
HAINMIBAHAJIITUYHUM METOJOM CKIHYEHUX EJIEMEHTIB

VYenimne 3actocyBanHs MCE 110 po3paxyHKy KOHCTPYKLiH B 3HauHii Mipi OOyMOBJIEHO e(pEKTUBHICTIO
BUKOPHCTaHHs Cy4aCHMX MPOTPAMHHX KOMIUICKCIB, B 3B’S3Ky 3 UMM IMiJABHIILYETHCS POJIb CHCTEM MHpOrpaM, IO
peanizyioTh mpouec po3B’si3aHHsA. [IpaBumibHa opraizauis 0OO0YMCIIIOBAJBHOIO KOMIUICKCY, BHOIp ONTHMAJIBHUX
ITOPUTMIB PO3B’A3aHHA CHCTEM JIHIMHMX 1 HENIHIMHMX PIBHSAHb B 3HA4HIN Mipi BU3HAYarOTh MOXIIMBOCTI METOLY
LIOJI0 CTPYKTYPHOI CKJIQJHOCTI PO3IIISHYTUX 00’ €KTIB, TOYHOCTI OACP)KYBAaHUX PE3yJIbTATIB 1 CKJIAJHOCTI MOCTAHOBKU
HeNiHiIiHMX 3a1a4. ToMy crocTepiraeThes MiBUILEHUH IHTEPEC 10 PO3POOKH JOCUTH YHIBEPCATBHUX 00U CIIFOBAIBHUX
koMIuiekciB Ha ocHOBI MCE. OHuM 3 eeKTUBHHUX NMPOrpaMHUX KOMIUIEKCIB € cucteMa «MilHICTbY», MPU3HAYEHa JUIs
MIPOBE/ICHHS BCEOIYHMX MOCIIPKEHb B 00JACTI MEXaHIKM TBEPAOro Tija, o Ae(GopMyeTbcs, OCHOBHI NPUHLMIH
1o0y/10BU sIKOT BUKOPUCTAaHI B laHii poOOTi npu peasnizauii HaniBaHaniTnuHoro Bapianty MCE.

B naniii pobGori oTpumaHi pO3B’SI3KM 3HAYHOI KIJIBKOCTI KOHTPOJIBHMX 3ajlau Je(opMyBaHHS MAacCHBHHUX 1
TOHKOCTIHHUX TPU3MAaTHYHUX TUI HPH PI3HUX TPAHUYHMX YMOBAX 1 HaBaHTa)XCHHSX. Y MPOLECI pO3B’SI3aHHS HOBHX
3a7a4 OlLliHKa 30DKHOCTI pe3yJbTaTiB NMPOBOAMIIACS HA OCHOBI IMOCITIZOBHOrO 30UIbIICHHS CKIHYEHHUX EJICMEHTIB i
YTPUMYBAaHUX YJICHIB PO3KJIAJAHHA, IIJIBHMINEHHA TOYHOCTI CHCTEM JIIHIMHUX 1 HENiHIHHMX pIBHAHb, a TAaKOX
NepeBipsIacs TOUHICTb 3a/I0BOJIEHHS NMPUPOJHUM I'PaHUYHUM yMoBaM. Po3pobiieHa eeKTUBHA METOMKA PO3B’A3aHHSA
HOBUX CKJIQJHUX 3aBJaHb 1ehOpPMYBaHHS NPU3MATHYHUX TUI pealli3oBaHa y BUIVIAII KOMIUICKCHHX IPOrpaM i MOXxe
OyTH BHKOpHCTaHa B INPOEKTHO-KOHCTPYKTHMBHOI HpPakTULi B OyAiBHUITBI, MalIMHOOYIyBaHHI Ta IHIIMX raiy3sx
TEXHIKH.

KurouoBi cioBa: meron ckinuenux enementiB (MCE), HaniBananitnunuii Meron ckindenux enementisB (HMCE),
Hanpy>KeHo-1e(pOPMOBaHUH CTaH, NpPYXHE JAehOpPMyBaHHsS, BUTMH INAPHIPHO 3aKpilieHol KBaJpaTHOI IJIACTHHH,
LMTHAPHYHA TTaHENb, IPYKHA PIBHOBAra MpU3MaTHYHOrO Opyca, 3aTHCHEHA [0 KOHTYPY TOBCTa KBaJipaTHa ILIUTA.
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The successful application of FEM to the analysis of structures is largely due to the efficiency of the use of modern
software packages, in connection with which the role of program systems that implement the solution process increases.
The correct organization of the computing complex, the choice of optimal algorithms for solving systems of linear and
nonlinear equations largely determine the possibilities of the method in terms of the structural complexity of the objects
under consideration, the accuracy of the results obtained, and the complexity of setting nonlinear problems. Therefore,
there is an increased interest in the development of fairly universal computing complexes based on FEM. One of the
effective software complexes is the "Strength" system, designed to conduct comprehensive research in the field of
mechanics of a deformable solid, the basic principles of construction of which are used in this work in the
implementation of a semi-analytical version of the FEM.

In this work, solutions of a significant number of control problems of deformation of massive and thin-walled
prismatic bodies under different boundary conditions and loads are obtained. In the process of solving new problems,
the estimation of the convergence of results was carried out on the basis of a sequential increase in finite elements and
contained terms of decomposition, an increase in the accuracy of systems of linear and nonlinear equations, and the
accuracy of satisfaction with natural boundary conditions was checked. The developed effective method for solving
new complex problems of deformation of prismatic bodies is implemented in the form of complex programs and can be
used in design and construction practice in construction, mechanical engineering and other fields of technology.
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Maxcum 'k FO.B., Anopiescokuii B.I1., Mapmuniok 1.1O., Makcum ok O.B. Po3paxyHOK KOHCTPYKIUiii 3 10BIIbHUMHI
KiHEMATUYHMMH FPAHNYHUMH YMOBAMHU HANIBAHATITHYHUM METO/I0M CKiHYEeHMX ejieMeHTIB // Omip mMaTepianiB i
Teopis cnopy: Hayk.-tex. 30ipH. — Kuis: KHYBA, 2023. — Bun. 111. — C. 140-146.

B Oaniii pobomi ompumani po3g’azKu 3HAUHOI KINLKOCMI KOHMPOJbHUX 3A0a4 OeQOpMYSaHHs MACUSHUX |
MOHKOCMINHUX NPUSMAMUYHUX ML NPU DISHUX 2PAHUYHUX YMOGAX | HAGAHMAdICEHHAX. Y npoyeci po36 ’a3anHsA HOGUX
3a0ay oyinka 30idcHOCMI pe3ynbmamie npoeooUNAcs HA OCHOBI NOCNIO06HO20 30iNbUIEHHA CKIHNYEHHUX eleMeHmig i
VMPUMYBAHUX YNeHI8 PO3KIAOAHHSA, RIOBUWJeHHS MOYHOCMI cucmem JIHIUHUX | HeNiHiiHUX DIGHAHb, A MAKONC
nepegipanacs mMouHicmb 3A0060NEHHA NPUPOOHUM 2PAHUYHUM ymoseam. Po3pobnena egexmuena memoouxa
PO36’A3aNHA HOBUX CKIAOHUX 3A60aHb O0eOPMYSAHHA NPUSMAMUYHUX MIL Deani3o8ana y 6unsioi KOMNIEKCHUX
npozpam i modice Oymu GUKOPUCMANA 6 NPOEKMHO-KOHCIMPYKMUGHOT npakmuyi 6 6y0ieHuymesi, MauuHoo6yoyeanti ma
THUWIUX 2ATY35X MEeXHIKU.

Tabu. 3. In. 5. bibaiorp. 16 Ha3B.
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In this work, solutions of a significant number of control problems of deformation of massive and thin-walled prismatic
bodies under different boundary conditions and loads are obtained. In the process of solving new problems, the
estimation of the convergence of results was carried out on the basis of a sequential increase in finite elements and
contained terms of decomposition, an increase in the accuracy of systems of linear and nonlinear equations, and the
accuracy of satisfaction with natural boundary conditions was checked. The developed effective method for solving new
complex problems of deformation of prismatic bodies is implemented in the form of complex programs and can be used
in design and construction practice in construction, mechanical engineering and other fields of technology.
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