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Computer simulation and FEM analysis of the stress-strain state of thin plates and thin-walled
cylindrical shells, weakened by a circular hole in the presence of an annular inclusion of a
functionally graded material (FGM) surrounding it, have been carried out. The influence of the
dimensions of the FGM-inclusion and the law of change of its elastic modulus on the
concentration of the parameters of the stress-strain state of plates and shells in the vicinity of the
hole is studied. The distribution of stress and strain intensities in the zones of local stress
concentration is obtained. It has been established that when using a radially inhomogeneous FGM-
inclusion with certain mechanical properties, it is possible to reduce the stress concentration factor
by more than 35%. The law of change in the modulus of elasticity of the FGM-inclusion and the
width of the inclusion have a significant effect not only on the concentration of the parameters of
the stress-strain state of the plate and shell, but also on the nature of the stress distribution over
their surfaces. The results of a series of large-scale computational experiments show that the use of
an FGM annular inclusion makes it possible to reduce the intensity of both stresses and
deformations around the hole.
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Introduction. Plates and cylindrical shells with holes are widely used in
various branches of technology, in particular, rocket and space, oil and gas,
energy, construction, etc. The advantage of these elements of thin-walled
structures lies in their significant strength and relatively low weight. The
presence of holes in plates and shells leads to a sharp increase in local stresses,
which in turn affect the strength and reliability of the structure as a whole [1-4].
That is why the search for ways to reduce the stress concentration in thin-walled
structures is an urgent problem in the mechanics of a deformable solid body.

Many scientific papers have been devoted to the study of the stress-strain state
(SSS) of thin-walled structures with holes. Fundamental in this direction are the
works of famous domestic scientists G.N. Savin, A.N. Guz and others [5, 6].

The presence of reinforcing elements or inclusions with certain mechanical
properties helps to reduce the stress concentration around the holes [7-13].

The use of functionally graded materials (FGM) also makes it possible to
influence the stress-strain state of thin-walled structures in order to reduce the
stress concentration factor (SCF). The research uses both analytical and
© Hart E.L., Terokhin B.I.
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numerical methods. Thus, mixed axisymmetric problems for functionally
graded media were considered in [14] and their analytical solutions were
obtained. In [15], using an analytical method, the stress distribution in a FGM
plate with a circular hole was studied; in [16], the stress concentration in multi-
wedge systems with functionally graded wedges was estimated. In [17], using
the finite element method (FEM), using various isoparametric finite elements,
the SCF was determined in the vicinity of a circular cut in an inhomogeneous
plate under the action of a uniaxial tensile load; in [18], the SCF was
determined near a circular cut in an FGM plate under the action of a biaxial
tension and shift.

Taking into account the inhomogeneity of the FGM significantly increases
the complexity of the mathematical model of the problem and obtaining its
solution. Analytical methods for solving problems of deformation of FGM
structures can be used only in some individual cases, therefore, when studying
SSS structures with various inhomogeneities (holes, inclusions, etc.), it is more
expedient to use numerical methods of mechanics, in particular, FEM, which,
unlike analytical ones, is quite universal and effective for solving a wide class
of problems [19].

In this work, as a continuation of [9, 10], computer simulation of the SSS of
elastic thin plates and thin-walled cylindrical shells with a circular hole in the
presence of an annular FGM inclusion around it is carried out. The FEM
analysis of the influence of the dimensions of the FGM inclusion and the law
of change of its elastic modulus on the SSS parameters of the plates and shells
in the zone of their local concentration was carried out.

1. Problem statement. The SSS of thin elastic homogeneous isotropic
plates and cylindrical shells with a centrally located circular hole and an
annular radially inhomogeneous FGM inclusion is considered. Plate
dimensions is axb, thickness is /4, hole radius is R, inclusion radius is
R (Fig. 1 (a)); the length of the shells is L, diameter is d , thickness, radius of
the hole and the radially inhomogeneous inclusion are the same as those of the
plate (Fig. 1 (b)). The inclusion has a thickness % (located in the plane of the
plate/shell), and rigid adhesion conditions are set on its boundary with the
matrix. The value of the inclusion radius R, varies. A uniform uniaxial tensile
load p = const acts on the side faces of the plates and the ends of the shells,
which does not lead to the appearance of plastic deformations.

In numerical calculations, several types of model materials for inclusions
from FGM were selected, which have radial arbitrary elastic properties
(according to linear and nonlinear laws of change in the modulus of elasticity),
with the same Poisson's ratio v,= 0.25 and variable modulus of

elasticity E, () (i = 1,8):
,5(ﬂ)

E(r)=05E,2—e N7Ry, Ez(r)=0.5E0(1+I’;_I;);
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where E, = 100 GPa is the modulus of elasticity of the plate/shell, 0 </ <1

is the normalized parametric distance in the radial direction from the edge of

the hole (point 4, Fig. 1) along the width of the inclusion AB =h,,, = R, — R :
[=(r=R)/(R -R), 2

r is the distance from the center of the hole to an arbitrary point of inclusion,

R and R, are the radii of the hole and the inclusion, respectively, and

E,(2 ), le[izl +hy; 1],

h~i:hl»/hmc (i=1,_3) is the dimensionless width of each of the three

3
characteristic zones of the FGM inclusion #;,, =Y & (Fig. 2 (d)).

i=1

b @

p=const
@E—Lb 3
e -

h J
J\LJ\L L s
(@) (b)
Fig. 1. Geometry and loading scheme of the plate (a) and shell (b)
with radially inhomogeneous inclusion

The form of dependences for model materials (1) with E;(r) (i=1, 4) is
similar to [15]. Dependences (1) with E;(r) (i = 1,_3) correspond to "soft", and
with E;(r) (i =R) more "hard" than the main material of the plate/shell,

inclusion.
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On Fig. 2 shows the corresponding graphical representations of the laws of
change in the elastic modulus of the FGM-inclusion for "soft" (Fig. 2 (a)) and
"hard" (Fig.2 (b) — Fig.2(d)) inclusions. Lines 1 — 8 correspond to
dependencies (1) for E;(r) (i=1,8). Here and below in the figures, the
abscissa shows the normalized parametric distance (2), 0 </ <1 in the radial
direction from the edge of the hole along the width of the inclusion.
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Fig. 2. The laws of change in the modulus of elasticity of FGM-inclusions:
“soft” (a), “hard” (b)—(d)

Further, when this does not cause confusion, each of the eight variants of

FGM inclusions (1) with a variable modulus of elasticity E;(r) (i = 1,_8) will

be denoted by the corresponding index according to Fig. 2.

For definiteness, it was assumed that the plate is square, and the length of
the shells L is equal to the side of the plate.

On Fig. 2 (d) we have a graphical representation of three characteristic
zones of the law of change in the modulus of elasticity of the FGM-inclusion

(1) from E;(r) (i=8): 1) a zone of growth in width ﬁl ; 2) a zone of constant
(fixed) value width h~2 ; 3) a zone of decrease in the modulus of elasticity with

a width of ;.

2. Mathematical Model of the Problem. In the variational formulation, the
original problem for a cylindrical shell leads to the minimization of the
functional of the total potential energy of the deformation of the system [1]:

ey B (o) (av, w) o, (o (a_v KJ v,
E A(l v, )[( ) (6y+RJ v (axj o k)2
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where u(x,y), v(x,y), w(x,y) are the projections of the displacement vector

on the axes Ox, Oy and Oz, respectively; 4 is shell thickness; R is the
radius of the shell; E (x,y), v,60° are modulus of elasticity and Poisson's
ratio of the shell €, (matrix) (s=1) material and inclusion
(s=2,n+1, n is the number of inclusions); Q:U:;]QS is domain of
definition of variables x and y; y is the boundary of the region Q along
which the external intensity load P(x,y)=(p,(x,)), py(x, ¥), p.(x, y))Tis
applied. In the case of a uniaxial tensile load p, (x,y)=p,(x,»)=0,
Py (x,y)=p=const.

In the case of a plate, we arrive at the problem of minimizing the functional
of the total potential strain energy of a system of this type [20]:

_n+1 l Es(x’y)h 6_14 2 & : a_u @
F_SZ_‘{{2§£ (l—vsz) [(6)6) +(6yj +2vs(8xj oy i

2
+ﬂ(5_u+@J ]dxdy —J(Px”+pyv) ddy.

2 oy Ox "
The stated variational problems are solved using the FEM using
isoparametric triangular six-node

Lagrangian finite elements of the second
degree, while the unknown displacement
functions inside each finite element are
approximated by a quadratic polynomial.
In the areas of stress concentration, an
adaptive mesh was used (Fig. 3) with a
refinement factor equal to 10. The

A
APAVAN
A\
VIS
¥

B

Y X
% %

W,

]
N
i
1&
N
F

/)
SRR
0

i

u‘a‘

sy
>V
£
L
ng

/)
4
\/

B

tﬁ'@
Y
AN

7

A

convergence of the FEM in the case of SEINS
using flat finite elements for thin-walled é%i%%?ﬁ&
shells is ensured here by mesh refinement. I 4&;‘{%‘(“

: : B Ay, A
The use of a finer grid leads to an increase &
in the accuracy of approximation of the Fig. 3. Fragment of adaptive finite
shell surface by the geometry of the element mesh

inscribed polyhedron.



68 ISSN2410-2547
Omip matepianiB i Teopis cropyx/Strength of Materials and Theory of Structures. 2023. Ne 110

3. Analysis of numerical results. Computational experiments were carried
out on a PC with an Intel Core 17-10700F processor, a clock frequency of 2.9-
4.8 GHz, 32 GB RAM, x64 system capacity. The average number of finite
elements in the calculation of plates is 2126, the number of nodes is 4408;
when calculating shells 6372 and 13002, respectively.

Numerical results were obtained for: 1) square plates with the following

geometric parameters: 4 =0.005m, a=b=02m, R=a/20; 2) cylindrical

shells with parameters: L=d =a, h=0.005m, R=d/10. Tensile load in
both cases p =10MPa.

The radius R, of the annular radially inhomogeneous FGM-inclusion

around the hole was varied with a step of R, while the width of the FGM-

inclusion was £, = R, 2R, ...,9R .

3.1. Plates with radially inhomogeneous inclusions. As a result of the
computational experiments, using the FEM, the distribution of stress and strain
intensities in the plate was obtained, and the SCF was calculated for uniaxial
tension of the plate with "soft" and "hard" FGM-inclusions with the inclusion
width R and 2R. The results for “soft” inclusions (Fig. 2 (a)) are shown in
Table 1, for "hard" inclusions (Fig. 2 (b), Fig. 2 (c)) are given in Table 2. In
Fig. 4 illustrates the nature of the distribution of relative stresses c,/p in the
plate along the width of the inclusion in section AB at k. =2R for “soft”

radially inhomogeneous inclusions (1) from E;(r) (i =l,_3) (Fig. 4 (a)) and

“hard” from E,(r) (i =4, 7) (Fig. 4 (b), Fig. 4 (¢)).
As can be seen from Fig. 4 (c), in the case of an FGM inclusion (1)
from E;(r) (i =7), the maximum stresses in the vicinity of the hole and the

relative stresses o,/p in the section AB in the interval /[0.7, 1] along the

width of the inclusion turn out to be smaller than in the plate without
inclusions.

For the purpose of comparative analysis, a calculation was made for a
homogeneous plate with a circular hole without inclusion. Received
SCF=3.05; the maximum value of the strain intensity in this case is

€M =2.13x107*, which is in good agreement with the results of [5].
The patterns of distribution of stress and strain intensities in a plate with an
FGM-inclusion (1) with the law of change in the elastic modulus E;(r) (i =7)

are shown in Fig. 5.

Therefore, the use of FGM inclusions around the hole leads to a smooth
distribution of stresses in the matrix without jump-like perturbations, in
contrast to a homogeneous inclusion. The width of FGM inclusions affects the
nature of the stress distribution: the larger the width of the inclusion, the
smoother the redistribution of stresses in the matrix.
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Fig. 4. Distribution of relative stresses 6,/p in the plate along the width of the inclusion
in the section AB at /,,=2R for "soft" (a) and “hard” (b), (c) FGM-inclusions

The best option among those considered (Fig. 2 (a) — Fig. 2 (c)) turned out
to be the case of FGM-inclusion 7, in which the elastic modulus increases
radially from the edge of the hole to its middle in the direction of the
periphery, and then decreases (Fig.2 (c)). In this case, not only does the
strength of the plate as a whole increase, but it is also possible to reduce the
concentration of stresses and strains around the hole by ~7% and ~9%,
respectively. This confirms the expediency of using FGM-inclusions of this
type and opens up prospects for further searches for their optimal parameters.
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Fig. 5. SSS components of a plate with FGM-inclusion 7 at /;,.=R:
stress intensity (a), stress intensity in the vicinity of the hole (b), strain intensity (c)

It can be seen from Table 1 that in the case of a radially inhomogeneous
inclusion of width 2R from an FGM type with E;(r) (i =1,3) maximum
deformations and the SCF in a plate with a hole is less than in the presence of a
"soft" homogeneous inclusion: for FGM-inclusion 2, the difference in
maximum deformations is ~1.6 times, for FGM-inclusions 1 is by ~2.5 times;
the decrease in SCF is 7% in both cases. Consequently, when using "soft"
inclusions, the SCF decreases.

Table 1
Stress concentration factor and corresponding deformations in a plate
with "soft" FGM-inclusion at /;,, = 2R

The task SCF | 81,% | e™x10* | &, %

Inclusion from a homogeneous
material, £;,. =0.5E

225 | -26.4 3.14 +47.4

FGM-inclusion 1 2.05 | -33.1 2.54 +19.3
FGM-inclusion 2 2.03 | -33.7 2.75 +29.1
FGM-inclusion 3 2.11 | -30.9 2.92 +37.1

Here, 8, and 3, are the deviation of the SCF and the maximum value of the

strain intensity & from the corresponding value for a plate with a circular
hole without an inclusion [5].

The use of "hard" inclusions increases the strength of the structure as a
whole. In the case of FGM-inclusions (1) with E;(r) (i = R), there is some
increase in the SCF in the vicinity of the hole, but in the case of FGM-
inclusions with E;(r) (i=7), both stresses and strains around the hole
decrease compared to a plate without inclusions (Table 2).

The results of studies carried out in [9] for the problem with an FGM-
inclusion (1) from E,(r) (i =8) (Fig. 2 (d)) indicate that the width %, of the
central zone of an FGM-inclusion of this type has the greatest influence on the
SCF value. It has been established that the smaller the size of the first zone
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(/) of the FGM-inclusion, the smaller the SCF value. To identify the rational
parameters of the first zone of the FGM-inclusion 8 (Fig. 2 (d)), we will carry
out calculations with varying values 4 and %, with a constant width of the
third zone #; (Table 3).
Table 2
Stress concentration factor and corresponding deformations in a plate
with "hard" FGM-inclusion at #;,. = 2R

The task SCF | 8,,% | e x10* | 82, %
Inclusion from a homogeneous

material, E,,, =1.5E, 3.51 15.1 1.63 -23.5
FGM-inclusion 4 3.90 27.9 1.89 -11.3
FGM-inclusion 5 3.79 24.3 1.77 -16.9
FGM-inclusion 6 3.62 18.7 1.68 -21.1
FGM-inclusion 7 2.84 -6.9 1.93 94

Table 3
Variants of FGM-inclusions depending on the width of the zones #;
(7, =3R, 4R)

Width of FGM-inclusion zones / Inclusion type h hy h
FGM-inclusions 1.1 R R R
FGM-inclusions 1.2 0.75R | 1.25R | R
FGM-inclusions 1.3 05R | 1.5R | R
FGM-inclusions 1.4 0.25R | 1.75R | R
FGM-inclusions 1.5 R 2R R
FGM-inclusions 1.6 0.75R | 2.25R | R
FGM-inclusions 1.7 0.5R | 25R | R
FGM-inclusions 1.8 0.25R | 2.75R | R

Here, FGM-inclusions 1.1-1.4 are 3R wide, and FGM-inclusions 1.5-1.8 are
4R wide.

The results of the computational experiments performed using the FEM for
plates with FGM-inclusions (1) from E;(r) (i =8) (Fig. 2 (d)) of different
widths are summarized in Table 4.

Table 4 shows that for inclusions with a width of 3R and 4R, the smallest
SCF was obtained in the cases of FGM-inclusion 1.3 and FGM-inclusion 1.7,
respectively, when /; =0.5R. If we compare the cases of FGM-inclusions

when # =0.5R and A =R, the SCF values differ by ~1%. Therefore, for

convenience, we will continue to perform calculations when # = R.
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Table 4
Stress concentration factor and corresponding deformations
in a plate with FGM-inclusion
The task SCF | 8.,% |e™x10%| &.,%
FGM-inclusions 1.1 2.39 -21.6 1.60 -24.9
FGM-inclusions 1.2 2.36 -22.6 1.57 -26.3
FGM-inclusions 1.3 2.35 -23.0 1.53 -28.2
FGM-inclusions 1.4 2.55 -16.4 1.48 -30.5
FGM-inclusions 1.5 2.23 -26.9 1.50 -29.6
FGM-inclusions 1.6 2.21 -27.5 1.47 -31.0
FGM-inclusions 1.7 2.20 -27.9 1.43 -32.9
FGM-inclusions 1.8 2.41 -21.0 1.39 -34.7

Let us find out how the SCF changes for different variants of the width of
the inclusion at fixed values %, h,and a variable value %, of the FGM-

inclusion (1) from E, () (i =8) (Fig. 2 (d)) (Table 5).

Table 5
Variants of FGM-inclusions depending on the width of the zones #;
(B, =3R, 4R,...,.9R)
Width of FGM-inclusion zones / Inclusion type h | hh | Iy
FGMe-inclusions 2.1 R R R
FGM-inclusions 2.2 R | 2R | R
FGM-inclusions 2.3 R | 3R | R
FGM-inclusions 2.4 R | 4R | R
FGM-inclusions 2.5 R | 5R| R
FGM-inclusions 2.6 R | 6R | R
FGM-inclusions 2.7 R | 7R | R

In the case of an FGM-inclusion 2.7 (/;
half the width of the plate. In this case, it was assumed that the entire plate was
made of FGM.

The results of a series of computational experiments using the FEM for
plates with FGM-inclusions (1) from E,(r) (i =8) (Fig.2(d)) of different
widths (%;,. =3R, 4R,...,9R) are summarized in Table 6.

The presence of an annular FGM-inclusion (1) with a given law of change
in the elastic modulus E,(r) (i =8) makes it possible to reduce the SCF value
in the plate by ~21%-38%, and the maximum deformations by ~25%—40%
(Table 6). Analyzing the results of calculations in the presence of FGM-
inclusions of different widths, we find that the larger the width of the

=9R), its radius R; is equal to

nc
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inclusion, the smaller the values of SCF and deformations in the plate. The
smallest SCF value among the variants under consideration was obtained in the
case of FGM-inclusion 2.6 (4 = h3 =R, h, =6R).
Table 6
Stress concentration factor and corresponding deformations
in a plate with FGM-inclusion

The task SCF | 81,% |eM™x10*| 8, %
FGM-inclusions 2.1 2.39 -21.6 1.60 -24.9
FGM-inclusions 2.2 2.23 -26.9 1.50 -29.6
FGM-inclusions 2.3 2.10 -31.1 1.41 -33.8
FGM-inclusions 2.4 1.99 -34.8 1.34 -37.1
FGM-inclusions 2.5 1.93 -36.7 1.30 -39.0
FGM-inclusions 2.6 1.90 -37.7 1.28 -39.9
FGM-inclusions 2.7 1.93 -36.7 1.30 -39.0

On Fig. 6 shows the graphs of the distribution of relative stresses o, / p in
the characteristic cross section 4C of a plate with an FGM-inclusion (1) from
E;(r) (i =8) for various options for the width 4, of the second zone of the
FGM-inclusion h, =R; 2R;...,7R (see Table 3). The abscissa shows the
normalized parametric distance 0 < /; <1 in the radial direction from the hole
edge (point A4, Fig. 1 (a)) along the plate cross section

AC=(a-2R)/2: I, = (r—R)/(%—R) , r 1is the distance from the center of

the hole to an arbitrary point of the segment AC .

As can be seen from Fig. 6, when using FGM-inclusions of different widths, a
redistribution of stresses occurs in the cross section 4AC associated with the
width %, of the central zone of the FGM-inclusion: the larger the value of 4,

the lower the stress ©, / p in the section AC ; in the transition from the second
to the third zone, for each FGM-inclusion 2.4-2.7, the stresses c, / p decrease.

Consequently, by setting a certain law of change in the elastic modulus of
the inclusion, it is possible to influence the magnitude of the SCF and, in
general, the distribution of stresses in the plate.

As an example, in Fig. 7 shows the distribution of stress intensity o; in a

plate with a circular hole and FGM-inclusion 2.6 (#; = h; = R, hy, =6R).

On Fig. 8 illustrates the qualitative nature of the difference in the
distribution of strain intensities in a homogeneous plate and in a plate with a
radially inhomogeneous inclusion (1) from E;(r) (i=8) along the

I‘adiuSRl =8R (h] =h3 =R, h2 =6R )



74 ISSN2410-2547
Omip matepianiB i Teopis cropyx/Strength of Materials and Theory of Structures. 2023. Ne 110

o.,lp
2.5
23 b
21 E
L9 o
17 A~
’ — N sssssssss FGM-inclusion 2.1
L5 N =====FGM-inclusion 2.2
1.3 e T T ~ + = FGM-inclusion 2.3
L1 S TN i FGM-inclusion 2.4
0.9 % g se2 "_’_"f"‘" s = = = FGM-inclusion 2.5
0.7 il i P L -\~ — —FGM:-inclusion 2.6
Bs — S~ - -FGM-inclusion 2.7
0 0.2 0.4 0.6 0.8 1

Fig. 6. Distribution of relative stresses & ) / p in a plate with an FGM-inclusion

in the cross section AC in the case 4, =R, 2R,...,7R
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Fig. 7. Stress intensity distribution in a plate with FGM-inclusion 2.6 (a),
a fragment of the distribution G; around the hole (b)
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Fig. 8. Strain intensity distribution ¢; in a homogeneous plate (a)

and in a plate with an FGM-inclusion 2.6 (b)

3.2. Cylindrical shells with radially inhomogeneous inclusions. Next, let
us consider the effect on the SCF value of the presence of FGM-inclusions
with a given law of change in the elastic modulus in the radial direction around
a circular hole in a cylindrical thin-walled shell.
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The results of calculations for a shell with FGM-inclusions (1) from
E;(r) (i =8) (Fig. 2 (d)) with varying values /4, A, and a constant width of

the third zone #; (see Table 3) are given in Table 7.

Table 7
Stress concentration factor and corresponding deformations
in a cylindrical shell with an FGM-inclusion
The task SCF | &8.,% |[&e™x10%| 82 %
FGM-inclusions 1.1 2.49 -23.9 1.66 -27.2
FGM-inclusions 1.2 2.42 -26.0 1.59 -30.3
FGM-inclusions 1.3 2.41 -26.3 1.55 -32.0
FGM-inclusions 1.4 2.50 -23.5 1.51 -33.8
FGM-inclusions 1.5 2.32 -29.1 1.55 -32.0
FGM-inclusions 1.6 2.25 -31.2 1.48 -35.1
FGM-inclusions 1.7 2.24 -31.5 1.45 -36.4
FGM-inclusions 1.8 2.30 -29.7 1.39 -39.0

Here, as in the case of plates, the smallest SCF was obtained for FGM-
inclusions of widths 3R and 4R in the case of /# =0.5R. If we compare the

cases of FGM-inclusions with # =0.5R and & =R, then the SCF values
differ by ~2%. Therefore, further we will consider the rational parameter of the
first zone iy =R .

Let us find out how the SCF changes in the shell for different values
R, (A, =3R, 4R,...,9R) (Table 5) at fixed values 4 ,h; and a variable value

mc
h, of the FGM-inclusion (1) from E;(r) (i =8) (Fig. 2 (d)). The results of a
series of computational experiments are summarized in Table 8.
Table 8
Stress concentration factor and corresponding deformations in a cylindrical
shell with an FGM-inclusion

The task SCF 81,% | & x10* | 82, %
FGM-inclusions 2.1 2.49 -23.9 1.66 -27.2
FGM-inclusions 2.2 2.32 -29.1 1.55 -32.0
FGM-inclusions 2.3 2.20 -32.7 1.46 -36.0
FGM-inclusions 2.4 2.11 -35.5 1.41 -38.2
FGM-inclusions 2.5 2.07 -36.7 1.39 -39.0
FGM-inclusions 2.6 2.06 -37.0 1.38 -39.5
FGM-inclusions 2.7 2.11 -35.5 1.41 -38.2
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Here, 8, and 3, are the deviation of the SCF and the maximum value of the

strain intensity ¢ from the corresponding value for a thin-walled

cylindrical shell with a circular hole without an inclusion [6].

From Table 8 it can be seen that the presence of a radially inhomogeneous
ring inclusion with a given law of change in the elastic modulus leads to a
decrease in the SCF value in the shell by ~24%-37%, and maximum
deformations by ~27%-39%. As in the case with plates, the FGM-inclusion
2.6 (hy=hy=R, h, =6R) turned out to be the best of the considered options
for the shell in terms of reducing the SCF.

As can be seen from Fig. 9, the distribution of relative stresses o, / p over

the surface of the shell (in section 4C ) for FGM-inclusions of different
widths is similar to the case for plates. The normalized parametric distance
0</, <1 from the edge of the hole (point 4, Fig. 1 (b)) along the arc

AC = (nd —4R)/4 is plotted along the abscissa.

i C
24 Ik I 4
==K =
- B
1.8 L

--------- FGM-inclusion 2.1
————— FGM-inclusion 2.2
FGM-inclusion 2.3
FGM-inclusion 2.4

0.9 : ==~ — —FGM-inclusion 2.5
0.6 ! s b FGM-inclusion 2.6
0 01 02 03 04 05 06 07 08 09 1 — - ~FGM-inclusion2.7

Fig. 9. Distribution of relative stresses Gy/p in a shell with an FGM-inclusion

in the cross section AC in the case h, = R, 2R,...,7R

On Fig. 10 and Fig. 11 illustrates a qualitative picture of the distribution of
stress o; and strain &; intensities in a cylindrical shell with a circular hole and
an annular FGM-inclusion 2.6 (i =3 = R, h, = 6R), respectively.

Conclusions. Based on a series of large-scale computational experiments
using the FEM, modeling and analysis of the influence of a radially
inhomogeneous ring inclusion on the stress concentration around a circular
hole in thin plates and cylindrical shells is carried out. The results of computer
simulation and numerical study of the influence of the geometric
characteristics of the FGM-inclusion and the law of change of its elastic
modulus in the radial direction on the concentration of SSS parameters around
the hole of the plate-shell structural elements showed that in the presence of
FGM-inclusions with certain mechanical properties and geometric
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characteristics, it is possible to reduce the SCF and the corresponding strain
intensity in the vicinity of the hole by more than 35%.

o, (MPa)
2045
1852
16.58
14.65

12.72
10.79
8.86
6.93
5.00
3.07
1.14

(@) (b)
Fig. 10. Stress intensity distribution in the shell with FGM-inclusion 2.6 (a),
distribution fragment o, around the hole (b)

(@) (b)
Fig. 11. Strain intensity distribution ¢; in a homogeneous shell (a)
and in the shell with FGM-inclusion 2.6 (b)

Therefore, the use of annular reinforcements of circular holes in the form of
FGM inclusions in plates and cylindrical shells with holes is appropriate. It
allows one to influence not only the nature of the distribution, but also the
magnitude of stress and strain intensities in the zones of local concentration of
SSS parameters.

It is promising to search for rational parameters of FGM-inclusions, to find
their types and configurations from the point of view of the influence on the
decrease in the concentration of SSS parameters of plates and shells with
different holes.
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I'apm E.JI., Tepvoxin B.1.
KOMIPIOTEPHE MOJIEJIIOBAHHSI HATIPY)KEHO-IE®OPMOBAHOI'O CTAHY
TOHKHUX IIJIACTUH TA IUJITHAPUYHUX OBOJIOHOK 3 KPYT'OBUM OTBOPOM,
MIAKPIINVIEHUM BKJIFOYEHHSIM 13 ®YHKIHIOHAJIBHO-TPAJIEHTHOI'O
MATEPIAJTY

3ailiCHEHO KOMIT'IOTEpHE MOJICIIIOBAHHS Ta CKIHYCHHOGIEMEHTHHH aHali3 HampyKeHO-
11e)OpMOBAHOI0 CTaHY TOHKHX IJIACTHH 1 TOHKOCTIHHHUX LMJIIHAPUYHUX O0OJOHOK, MOCIa0ICHUX
KPYrOBUM OTBOPOM 32 HAasBHOCTI OTOYYIOYOr0 Oro KiJbLEBOro BKIIOYEHHS i3 (yHKIiOHANBHO-
rpazgieatHoro Mmarepiany (®I'M). [Jocmimkeno BB po3MipiB PI'M-BKIIIOYEHHsS Ta 3aKOHY
3MIHEHHsI Oro MOJYJISl MPY)KHOCTI HAa KOHIICHTPALK0 MapaMeTpiB HAIPYKEHO-Ie(POpMOBAHOIO
CTaHy IUIACTHH 1 0OOJOHOK B OKOJi O0TBOpPY. OTpUMAHO PO3MOIT IHTEHCHBHOCTEIl HANpyXKeHb i
nedopmariiii B 30HaX JIOKaJIbHOI KOHLEHTPALl HANpyXeHb. BcTaHOBIICHO, 110 32 BUKOPUCTaHHS
pamianbHO HeoaHopinHOro MI'M-BKIIIOYEHHS 3 TMEBHUMH MEXaHIYHUMH BJIACTHBOCTSAMH MOYKHA
3MEHIUUTH KOe(ilieHT KOHIEHTpaLii HampyXeHb OUIbIl HDK Ha 35%. 3aKoH 3MIHEHHS MOIYJ
npyxHocTi ®I'M-BKIIIOYCHHS Ta IIMPUHA BKIIOYEHHS CYTTEBO BIUIMBAIOTH HE TUIBKU HA BEIMYHHY
KOHIICHTpAL[il MapaMeTpiB HaNpyKeHO-Ae(HOPMOBAHOr0 CTaHy IIACTHHH Ta OOOJIOHKH, a W Ha
XapakTep PpO3MOAiNYy HAampyXeHb IO 1X [OBEpXHsAM. Pe3yiabrard mpoBereHoi — cepil
IIMPOKOMACINTAOHUX  OOYHMCIIIOBAJbHUX  CKCIEPUMEHTIB IOKa3yloTh, 1[I0 BHKOPHCTAHHS
KinbleBoro BkmoueHHs i3 ®I'M pmae 3Mory 3HH3MTH IHTEHCHBHOCTI SIK HAIpyXeHb, TaK 1
nedopmaliiii HaBKOJIO OTBOPY.

Keywords: mnpyxHa macTHHA, TOHKOCTIHHA LWIIHAPHYHA OOOJOHKA, KPYrOBHH OTBIp,
KiJIbIICBE BKJIOYCHHS, (DYHKIIOHAIBHO-TPAIIEHTHHI MaTepiall, HanpyX)XeHo-IeGopMOBaHUi CTaH,
KoeiIlieHT KOHLIEHTpaLil HAaNPY)XeHb, CKIHUCHHOEIEMEHTHHUIT aHaIi3.

YK 539.3

Tapm EJL, Tepvoxin b.I. KoMm’1oTepHe MO/JeJIOBAHHSI HANPYKeHO-1e(OPMOBAHOTO CTaHY
TOHKHX IUIACTHH Ta NWIHIAPUYHUX OOOJOHOK 3 KPYroBHM OTBOPOM, HiAKpinJeHHM
BKJIIOYEHHSM i3 PyHKUiOHAILHO-TpagieHTHOr0 MaTepiany // Omip MaTtepiaiiB i Teopist ClIOpy.:
Hayk.-Tex. 30ipH. — K.: KHYBA, 2023. — Bumn. 110. — C. 63-80. — Anrin.

I3 3acmocysannam memooy CKIiHYEHHUX eNeMeHmi6é NpoedeHo KOMN lomepHe MOOen08aAHH s
6NIUGY MEXAHIYHUX [ 2eOMempuyHux napamempié NIOKPINIIOGANbHUX eNleMeHmie y 6ueasioi
KibYeBUX 8KIIOUEHb 13 (DYHKYIOHANbHO-2PAOIEHMHO20 MAMePIany HA KOHYEHMPAayilo HANpyiceHsb y
MOHKUX NAACIMUHAX | YUTLTHOPUYHUX 0OONIOHKAX i3 KDY20BUM OMEOPOM.

Tab6u. 8. L. 11. Bi6miorp. 20 Ha3s.

UDC 539.3

Hart E.L., Terokhin B.I. Computer simulation of the stress-strain state of thin plates and
cylindrical shells with a circular hole reinforced by an inclusion from functionally graded
material // Strength of Materials and Theory of Structures: Scientific-and-technical collected
articles. — Kyiv: KNUBA, 2023. — Issue 110. — P. 63-80. — Engl.

On the basis of the finite element method, computer simulation of the influence of mechanical and
geometric parameters of reinforcing elements in the form of ring inclusions from a functionally
graded material on the stress concentration in thin plates and cylindrical shells with a round hole
was carried out.

Tabl. 8. Fig. 11. Ref. 20.
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