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The influence of functional heterogeneity of the material on mechanical oscillations of
piezoelements atnon-stationary electrical loads is investigated. Within the assumption of the
corresponding to body physicalproperties functional distribution of material characteristics by
thickness of piezoelectric element, a unifiedsystem of solving equations was obtained to describe
the thickness fluctuations of piezoelectric plates,thick-walled cylinders and balls. For controllingof
accuracy, the calculation is performed with explicit andimplicit difference scheme. It was
established that influence of functional heterogeneity within one material is reduced to decrease of
wave propagation velocity and the amplitude of oscillations up to 2-3%. We do a conclusion that
heterogeneity effect on the oscillations of the piezoelementis low, so the material characteristics
can be averaged by thickness.

Key words: piezoceramics, electroelasticity, functional-gradient material, non-stationary
oscillations.

Introduction. At the moment, the calculation of the dynamic behavior
ofpiezoelectric bodies faces the problem of matching theoretical results with
practicalones. During the operation of piezoelement, possible deviations of the
characteristicsof the operating mode from the predicted ones can be up to 20%
[12]. Such deviationsare possible as a result of differences in the actual material
characteristics from thosedeclared by the manufacturer, non-homogeneity of the
material, inconsistency of theoperating conditions with the predicted ones (the
influence of the environment is not taken into account, the fastening and loading
conditions are not correctly implemented or programmed, the influence of the
body and protective shells is nottaken into account) etc.

Currently, the oscillations of piezoelectric bodies in linear assumption are
widelypresented in the literature. In particular, modern methods and
approaches tocalculating of dynamic behavior of electroelastic bodies,
interaction with acoustic and thermal fields, working standards for determining
material characteristics are given in [6]. The main types, geometry, operating
modes and features of operation of the most common piezoelements are
described in [1].

During calculations there are usually accepted determined experimentally
averaged values of material characteristics. At the same time, at analyzing the
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manufacturing and polarization process of piezoelectric bodies [1], in
particular thick-walled ones, the heterogeneity of material characteristics by
thickness is obvious.

In the latest publications it is noted about the wide possibilities and prospects
of practical application of constructive elements, in particular sensors, actuators,
energy harvesters,made of so-called functional-gradient piezoceramics [2]. Such
elements, thanks to the composition of piezoactive and piezopassive materials,
allow to strengthen the advantages of piezoceramic elements. This is due to the
increasing interest and relevance of dynamic behavior theoretical studies of
functional-gradient piezoelectrics under various variants of their layout and
electro-mechanical load. In [10], the latest technology for the manufacturing of a
functional gradient piezoelectric film based on a polymer and barium titanate is
described. In [2, 7, 9]the separating variables method is used for free vibrations
and active control of rectangular plates [7, 9] and for the functional-gradient
piezoceramics pherical rotating shell [2]. In [3], a cantilever nanobeam made of
flexoelectric material is considered. The gradient dependence is given in the
form of an exponent. There is also introduced the flexoelectriccoefficient

which allows to take into account large deflections. In [5] there is investigated a
rectangular three-layer plate with outer piezoelectric layers and an inner passive
functional-gradient layer.

This work presents a solution of the problem of the effect of material
functional heterogeneity on non-stationary thickness fluctuations of thick-
walled piezoelectric elements. At this it is considered that the specified
heterogeneity corresponds to the geometric features and the procedure of
manufacturing the bodies considered in the work. The problem is solved using
the universal approach for studying the vibrations of flat layers, cylinders and
spheres,proposed in publications [4, 8]. The calculationsare carried out using
explicit and implicit difference schemesfor controlling of the results accuracy.

Formulation of the problem. Thickness fluctuations of flat bodies (N=0),
cylinders (N=1), and balls (N=2) are described by the equation of motion [4, 8]:

0o, N o%u
L+ (0, -0p)= = 1
or , ( r 6) P atz ( )
and Maxwell's quasi-static equation for electrical variables
D
Dy Np o, 2)
or r
where r is thickness coordinate.
Material relations with thickness polarization
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Further in the work, we will assume that all material characteristics are
known functions of the thickness coordinate
£ =cf (r), ex =ex(r), & =g 7). (@)
We introduce dimensionless in such a way that the original equations do not
change their form:

— — _ _ O, _ & — D
r:L’tzL’uzl’g*z *’ggzﬂ _33’Dr:—rs S
h th h €00 h COO \’C00833
_ C'f — (%
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where/ is a layer thickness, ¢, =/ CL ) Cop = Ch + €3 / &3, . In the future, we
00

omit the dimensionless sign (macro) and only dimensionless variables are used.
We substitute (3) into (1), (2) taking into account the functional dependence
of material constants from the coordinate »
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where a=c;; —(N -1)(¢;; —¢53)/2 . The dash denotes the functionderivative

along the thickness coordinate.
Equations (5)(6) are supplemented with mechanical boundary conditions

u(Ry,1)=0,0,.(R,t)= R(7) ™
and electrical boundary conditions
@(RO) =0 s @(Rl) = V(t) s (8)

where 7 =R, is a coordinate of bottom surface of a layer 7, =R, is a

coordinate of top surface. Relations (7) (9) model the rigid fixation of the
lower boundary surface of the piezoelement and zero electric potentialonit.
We write down the initial conditions as follows

du
ultzo =U,(r), — =W, (r) . ©
dt =0

Solution method. The problem is solved using the finite difference method.
To implement the method, we introduce a division by spatial coordinate
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=Ry +(-DA, A= (i=1,.m+1). (10)
m

We write equation (5), (6) in differential form at the internal points of
division (10) (i = 2,...,m ):

Pu (e 1 C33 a3 ¢ c3—a ¢
— = 22— | G+ N== | | NN B N2B _— 038y
paﬁ [AZ IA 33 7. i+1 " ;/‘,2 }",2 Az i

1 1

ez 1, N e 1 ' €3 &3
+| == —— 3 +—c¢ U_ |+ —=+—\e3 +N e
[AZ 2A( 33 ”i 33}} i1 (Az oAl p ?it1
€3 e 1 ' €3 &
220+ 2Z——| ey +N 1
AZ ng [AZ 2A[ 33 ’; JJ@I—]
Al & Al &
[533 +5[£33 + N%j}%’ﬂ — 28330, +[533 _3{533 + N%JJ@FI =
A + e; e
=| ey +2| ey + NELZB |y | A2 NELe NNV =-1D2L | = 2¢y, |y, +
2 T Ti T
A +
+(e33 ——[€é3 +NMBMH.
2 7

It is necessary to exclude contour values of displacements from this system
using one-sided difference expressions of the second order of accuracy:

dul 3w, —Au +up,  du| 3+ A, —
dr 2A " dr, 2A
We also write conditions (7), (8) in difference form and find the values of
unknown quantities at contour points
ul = 0 N
c33 (Ro) (4w, + 1y, 1) +€33(R) 3Pt =40 +0-1) —24R
3Ryc33(Ry) +2ANci3(Ry) ’
®=0, ¢, =V(). (11
After simple mathematical operations, a system of equations can be
obtained and written in matrix form as follows

2
a—;‘:Au+B(p,
ot

1

u

i+2

i

u

m+1 = 1%

M¢ =Cu, (12)
where u, @ are the vectors of displacements and electrical potential in the
internal points i = 2,...,m of partitioning (10).

Integration by time. Explicit numerical scheme. We will look for the

solution of the problem at times ¢* with a timestep A,. From the initial
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conditions (9) we obtain a discretized distribution of displacements at zero
(t° =0 ) and first points of time (t1 =A,):
ui =Ug(n)s  up =AW ()+Up (1) -
The distribution of the electrical potential at ¢ = ¢! is determined from the
second equation of the system (12):
(|)1 =M"'Cu'.
At the following points of time (tk =kA,, k=2,3,...) the displacement at

the internal points is found through displacement and electrical potential at
previous moments of time:

A2
u = ouf —uf 4 2L (AuF + Beh),
p
D(pk+l — Cuk+l . (13)

For convergence of the implicit scheme, it is necessary fortimestep be much
smaller than a step in spatial coordinate. Therefore, we accept A, =0,1A,..
Implicit scheme. We use one-parameter Newmark scheme with parameter
E(0,5<¢E<1)
g _ U 1=E g _u —db 1 1
W =y, U = ———— i
A, S STAL STA 4
Equations (12) are written as
2,D . ukH _(Auk+1 +B(pk+1)= é0 ot +p1—§ Gk 4 2,D . ut,
5 At é Al‘ é 5 Al‘
Mu“*!' —Def*! = 0. (14)

We introduce a vector y=(u, @) and, taking into account (14), form a

system of algebraic equations like Cy=F. For calculations start we need
displacements, speed, potential and acceleration at zero point of time:
ul =Uy(n), ) =W,(), " =M"'Cu’, w’ =(Au’ +Bo’)/p -

The implicit scheme is absolutely stable, allowing us to take step by time
and by the spatial coordinate of the same order.

Numerical results. We consider the piezoceramic flat layer, thick-walled
cylinder and ball of piezoceramic PZT-4, the averaged material characteristics
values of which are given in [8]. It is assumed that there is no mechanical load
(B =0), and to the conductive coatings of the piezoelements a stepped single
electric signal (¥ (¢)= H (¢+),H(¢) is the Heaviside function is applied. The
geometry of piezoelements was determined by dimensionless parameters
Ry=land R =2(h=R —-R,=1).
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When modeling the functional heterogeneity of material characteristics (4),
it was assumed that their distribution by thickness occurs according to a
parabolic law with a multiplier

f(r)=ar® +br+c, (15)
relative to the table value.
The coefficients a,b and c of the law (15) were determined on the basis of
the assumption that the average value of the function (4) is equal to one

R

L[ r(rdr=1 (16)

Rl _RO Ry
on the middle surface of the layer the material characteristics are smaller by a
parameter y relative to the average value

Ry+R

f(%jﬂ—y, (17
and on the outer surfaces, they are inversely proportional to the area of electric
rods:

N N
R f(R) =Ry f(Ry)s
what corresponds to the

technological features of the S T
piezoceramic manufacturing 1.8F .
e N=2

and polarization process. 1.6k \/\
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thickness ~ distribution laws 1.0 S e——pme ™
(15) .fOI‘ flat ( N=0 ), 0.8} NZO/‘ 1 % S vew e
cylindrical (N=1) and sl s ]
spherical (N =2) bodies at 04 . | . | T~
y =10% are shown in Fig. 1. R, 12 1.4 1.6 1.8 P

) Fig.2(a) ~ presents the Fig. 1. Normalized distribution of material
displacement curves of the characteristicsby thickness at y=10%

moving surface of the flat
layer (N =0), got from the system of equations (13) or (14) at different values
of parameter y (17). Dashed-dashed lines in this figure represent

displacements at 20%, obtained by explicit (13) and implicit (14) methods. In
the implicit scheme the parameter & was assumed equal to 0.6. From the

comparison of these lines, it follows that the difference between them does not
exceed 1%. From the analysis of fig. 2(a), it can be seen that at the initial stage
of oscillations, the effect of heterogeneity is not very noticeable, and with
increasing time and at larger y there is a slight change in the amplitude of
oscillations and a decrease in the speed of wave propagation (for 20%, this
difference is approximately 2%).
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Fig. 2. Moving the external surface of the piezoelement:
(a) - flat layer, (b) — cylinder, (c) - ball

Fig. 2(b) illustrates the displacement of the moving surface of a hollow
cylinder (N =1) with different parameters of the parabolic distribution (15)
for all material characteristics. The parabolic distribution considered in this
paper leads to a decrease in the speed of propagation and a slight increase in
the amplitude of oscillations with an increase in the parameter y . It should be
noted that a cylinder with a rather large curvature is considered here, since for
cylinders with a smaller curvature (R;/R,<2) the influence of the
inhomogeneity of the material characteristics along the thickness becomes less
noticeable.

Similar results and conclusions were obtained for the spherical layer
(Fig. 2(c)). However, in this case, the increase in the amplitude of oscillations
reaches 3% at y =20% .

It can be noted that with the considered version of the electromechanical
load, oscillations occur in the compressed zone without entering the

undeformed state (u(h,¢) <0).



366 ISSN2410-2547
Omip matepianiB i Teopis copya/Strength of Materials and Theory of Structures. 2022. Ne 109

An additional numerical analysis was also conducted to assess the influence
of the law of the distribution of material characteristics by thickness f(7)on
the dynamic behavior of piezoelements. It was found that, under the condition
of equality (16), this law has little effect on the graphs of the function u(4,t) .

However, due to the reduction of the scope of this work, these numerical
results are not presented here.

Conclusions. The analysis of the numerical results shows that the
heterogeneity of the material characteristics distribution by thickness can be
neglectedrelative to their average values, since the deviation between the
obtained results lies within acceptable limits for engineering calculations.
Also, an important result is the confirmation of the assumption that for curved
bodies such as hollow cylinders and spheres, the material characteristics can be
considered constant in thickness, regardless of the curvature of the body.

The proposed technique can be applied forsimulating of vibrations of different
geometries bodies with significantly heterogeneous functional material or
combined from several materials with a gradient transition between them.
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I'pucop ’esa JI.O., Anueecvkuii 1.B.
BILJIUB ® YHKIIOHAJIBHOI HEOJHOPIJTHOCTI MATEPIAJTY HA
HECTAIIIOHAPHI KOJIMUBAHHS II’€30KEPAMIYHUX TILJI

JlocnimkyeTbest BIUIMB QYHKI[IOHAIBHOI HEOMXHOPIZHOCTI MaTepialy Ha MEXaHIYHi KOJIMBAHHS
I’€30€JIEMCHTA TNIPH HECTALIOHAPHHUX CJEKTPHYHUX 30ypeHHsAX. B Mexax mnpumyuieHHs Hpo
(yHKIIOHAIBHUH PO3MOIII MaTepiaJIbHUX XapaKTEPUCTHK I10 TOBLIMHI I1’€30€JeMEHTa OTPHMAHO
yHipiKOBaHy  CHUCTEMy PpO3B’SI3yIOUMX  pIBHSHb JUISL  ONWCY  TOBIMMHHHX  KOJIMBAaHb
I’€30€JICKTPUYHNX IUIACTHH, LIUHHAPIB 1 Kyab. I KOHTPONIO TOYHOCTI PO3PaxyHOK
IPOBOAUTHCA 3a JOIIOMOI'O0 IBHO Ta HEIBHO pi3Hl/ll.leBOT CXEMH.

JlocaiKyIOThCSl HEeCTAL[iOHAPHI KOJIMBAHHS IUIOCKOTO I1'€30KEpaMiuyHOro Iiapy, LHIHApa Ta
KyJ1i ITpY HapabosigHOMy PO3IIOALNI BCIX MaTepialbHUX XapaKTEPHCTHK 33 TOBLIMHOIO €JIEMEHTA.

BceranoBneHo, 1m0 (yHKI[IOHAIbHA HEOXHOPIOHICTE y MeXaxX OZHOrO Marepiany MpU3BOIUTH
10 3MIH{ LIBUAKOCTI MOLIMPEHHS XBUJII Ta 3MIHU aMILTITYJH KOJIUBaHb y Mexax 2-3%, To0To, mpu
pPO3paxyHKy IiHCHO MOXKHA YCEpEeJHIOBATH MaTepiallbHi XapaKTEpUCTHKH MO TOBIIMHI. Takok
BOXIMBUM pPE3YyJIbTATOM € MIITBEPDKCHHs NPUIYLICHHS, L0 A1 KPUBOMIHIHHUX TUT THIY
[WIIHAPY Ta Kyl MarepiajbHi XapaKTEPHUCTHKH MOXKHA BBA)KaTH CTAJUMU 32 TOBILIMHOIO
HE3aJIOKHO BiJl KPHBU3HHU Tijia.

3anpornoHoBaHa METOMKa MOXE OYTH 3aCTOCOBaHA Ul JOCIIDKCHHsI KOJMBaHb TiJI Pi3HOL
reoMeTpii 3 CyTTEBO HEOAHOPIAHMM (YHKIIOHANBHMM MaTepiajoM abo 1[0 CKOMOIHOBaHI 3
KIIBKOX MaTepiaiB 3 TpaficHTHUM EPEXOA0M MK HUMH.

KurrouoBi ciioBa: 1m’e30kepamika, €IeKTPONPYKHICTh, (YHKIIOHAIBHO-TPaJiEHTHUIT MaTepia,
HECTal[iOHAPHI KOJIMBaHHSI.

Hryhorieva L.O., Yanchevsky L.V.
INFLUENCE OF MATERIALFUNCTIONAL HETEROGENEITYON NON-STATIONAR
OSCILLATIONS OF PIEZOCERAMIC BODIES

The influence of material functional heterogeneity on mechanical oscillations of piezoelement
under non-stationary electrical loading is investigated. Within the assumption of functional
distribution of material characteristics by thickness of the piezoelectric element, which
corresponds to the physical properties of the body, a unified system of solving equations was
obtained to describe the thickness fluctuations of piezoelectric plates, cylinders, and balls. For
controllingof accuracy, the calculation is carried out using an explicit and implicit difference
scheme.

Unsteady oscillations of a flat piezoceramic layer, cylinder, and sphere are investigated with a
parabolic distribution of all material characteristics along the thickness of the element. It is
assumed that the average value of the function along the thickness is equal to the tabular value of
the material characteristic, and the value on electrodes is proportional to the area of electrodes. At
such conditions, we obtained a decrease in the speed of disturbances propagation and a slight
change in the amplitude associated with the curvature of the element. The increase in amplitude
reaches 3% for balls. It should be noted that at given load oscillations occur in the compressed
zone without entering the undeformed state. The considered cylinder and ball have a rather large
curvature, for bodies with a smaller curvature the influence of the described effect will be smaller.
The additional analysis indicates that the shape of the distribution curve under described above
conditions also has little effect on the results.

It was established that the effect of functional heterogeneity within the same material has little
effect on the oscillations of the piezoelement, that is, it is really possible to average the material
characteristics by thickness at calculating, since the deviation between the results is within
acceptable limits (up to 2.5%). Also, an important result is the confirmation of the assumption that
for curved bodies such as cylinder and sphere, the material characteristics can be considered
constant on thickness, regardless of the curvature of the body.

The proposed technique can be applied for studyingof the vibrations of different geometries
bodies with significantly heterogeneous functional material or what are combined from several
materials with a gradient transition between them.

Key words: piezoceramics, electroelasticity, functional-gradient material, non-stationary
oscillations.
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The oscillations of piezoceramic flat, cylindrical and spherical bodies are investigated taking into
account the functional heterogeneity of material.
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