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In order to research the stress-strain state (SSS) of multilayer thick plates on a rigid foundation,
an investigation has been carried out on the use of constructed refined models of unflexural SSS.
The double-thickness plate bilaterally symmetrically loaded about its mid-surface is considered.
The plate is formed by symmetric supplementing it with regard to the contact surface and the
foundation. Calculations confirm the efficiency and accuracy of such an approach, which allows
finding solutions that are close to three-dimensional ones.
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Introduction. The evaluation of strength and deformation likelihood of
various kinds of homogeneous and inhomogeneous composite coatings,
especially the multilayered ones, is ultimately based on assessing their stress-
strain state as of the plates contacting the foundation. This also applies when
calculating the multilayered road clothes on a quite rigid bridge, tunnel, and
other parts of transport constructions, multilayer coatings of flat construction
elements or parts, functional coatings of working surfaces of various equipment,
in particular, enamel coatings of the shell of the chemical apparatus, etc. Thus,
correctly determining the SSS of the multilayer plate on rigid foundations under
the force of the fixed transverse loading is an urgent problem.

Combining materials with isotropic and transformation-isotropic physical
characteristics in a multilayer package allows creating multifunctional
structures. The SSS of such structures, given their structural inhomogeneity
and relatively low transverse stiffness of the individual layers, is mostly
applied under the influence of the deformation of the transverse shear and
compression. Therefore, the problem of refined modeling of the SSS plates,
that takes into account these types of deformations, is urgent. Requirements for
the accuracy of approximate modeling depend on the purpose of the structure
and many other factors. It is also necessary to assess the accuracy of the SSS
obtained according to the refined model. It should be noted that the application
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of classical plate theory or refined transverse shear models leads to a trivial-
zero solution for the SSS of transversely loaded plates on rigid foundation.

There are refined SSS models [1, 2], that take into account transverse shear
and transverse compression, oriented mainly when describing the flexural SSS,
whereas in the plates on a rigid basis it is more common to consider the
unflexural component of the SSS. As a result, it is necessary to develop a
refined model that would accurately describe the unflexural component of the
SSS plate on a rigid foundation.

This research [3] suggests hypotheses and a special model of unflexural
deformation of a homogeneous and layered plate, which in combination with
the flexural deformation model gives results that are close to the exact three-
dimensional solution. The models [4, 5] consider structural-continuous models
of the SSS of transversely loaded plates, in which the idea of iterative
modeling [3] is applied to plates on a rigid foundation.

The purpose of this work is to assess the accuracy and feasibility of the
approaches [3-5] to the modeling of SSS plates on a rigid foundation,
depending on the physical and geometric characteristics of the plates.

Materials and methods of research. The deformation of a rectangular
multilayer plate, which rests on a rigid foundation in the linearly elastic
statement is considered.

Layers of plate are isotropic and transversely isotropic of arbitrary but
constant thickness. Instead of the actual design of the multilayer plate
(Fig. 1(a)), it is suggested to consider the design diagram of the plate, which is
formed by supplementing it with a symmetric one about the contact surface of
the foundation. In this case, the plate will be bilaterally symmetrically loaded
against the middle surface of the plate, and the thickness of the plate will
double H =2b, (Fig. 1(b)).The contact of the plate with the foundation

corresponding to the conditions of sliding without friction (Fig. 1(b)). The
rigid contact of the plate with the foundation is modelled by introducing an
additional absolutely rigid thin interlayer of thickness 4, (Fig. 1(c)).
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Fig. 1. Options of optimizing the design scheme of the plate:
(a) — multilayer plate on a rigid foundation; (b) — symmetrical plate with sliding contact with the
foundation; (¢) — symmetrical plate with absolutely rigid contact with the foundation
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Conditions of rigid contact without slipping are fulfilled between layers of a
plate, however, when introducing thin layers of small relative rigidity, it is
possible without any modifications of the statement of a problem to consider
other conditions of interlayer contact.

The approach offered allows optimizing the refined model of the SSS plate
considered in [4], which consisted of two qualitatively different types of SSS
the flexural and unflexural ones. The flexural component of the SSS
disappears because the SSS in a symmetrical structure of the plate under
bilateral symmetrical loading is completely defined by the unflexural SSS. As
a result, the number of unknown functions and thus, the order of differentiation
of the resolving system of equations in the problem is significantly reduced.

In a continuous model [5], the components of the vector of normal ugk ) and

tangential ufk) displacements to the coordinate surface (see Fig. 1) are
represented by the sums of the products of hypothetically given
(6) of the transverse coordinate z and the

specifiedpower functions 1//("), v

required functions y,, B, and v; ofthe coordinate surface x,0x,:
k k _1
ug)zwgté(z)yt+y/333(z)p t=1,2; i=12;

) =y~ @r v @y @B r=14 ()
where two functions y, model the influence of transverse compression, and
eight functions f;. shows the influence of transverse shear in the fourth
approximation for each variable x;; p is the function of the given transverse

load. Hereinafter, the dlfferentlatlon with respect to x, is designated

bysubscripts after the comma, as well as the summation with respect to
repeating subscriptsis also performed.

Model (1) is convenient in those problems where the load function has no
breaks of the first and second kind and thus does not contradict the principle of
continuity of displacements and the principle of differentiation of functions. In
analytical calculation methods, model (1) is very effective [5]. However, it
must be replaced for problems where the load function p(x;) has breaks in (1)
by an unknown compression function. Thus, the model is also implemented in
the form of:

) =y 1=1,3;

) = v~y @1yl (2B 6
The sought-for function y;(x;) is smooth and meets the conditions of
continuity as well as functions v, , 7;, 72, B, -
The functions y{F, w{* modeling the distribution of displacement at
coordinate z have the form [5]:

(k) _ (8) f(s) (k) (s) -1 2 -1 4-
‘//3r3—J.0"3§33FYdZ’ ‘/’333—_[“3333‘12’ t=1,2; r=14;
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w},’”:—jﬁ alh f0dz ; v/“‘)—j ySdzy s=Lk; 1=13.  (3)

In expressions (3), the functions F,(k)(z) and fiﬁk)(z) approximate the
distribution the stresses of transverse compression o33 and shear oy,
respectively, along the plate height. They have the following form[5]:

P =0 -0l " =" A(”dz/ j " AP ;

uu uu

(k) _[* k k (5) £(s)
fi2(0)+1) _J_ Az(zfz) 0 z(ffz).“s ()dZ ()J 1(15) 0 15:13]15 dZ

EO = [0 O+ 1z k,p=1,_n;s=1,k;

k k k k z . .
®( )= (p( ) + é/Oz(l)(p( ¥ ’ §D3(1 )(Z) = J.—b Al(lfl)gp(()S)dZ , W= L 3 )

o @)=], AR o= [, aher? 4)
where /" (b,) is the Value of the functionat z=5, ; Aaﬁy(; and a,g,5 are the
coefficients of Hooke’s law o, = A4,ps5€,s and e, =d,p,50,5; for

transverse isotropy and symmetry layers, @5“:@5"’, l(rk) = fz(f) and

501(1) = /;02(;() =0.

Using the Lagrange variational principle and the method described in [3, 5],
for model (2) we come to the system of differential equations in generalized
forces

Ny, =0 (Su;); MEL-NFT=0 (87,5 i,j=1,2;1=1,3;

M[]r _ []r Mglzrl _ [2r 0 (5[3”) 4 (5)

1i,i

and boundary conditions at the plate and face x,, =0 and x,, =a,,
vy, - W) 5 =05 (M, + B BT ) 5, o,

mm, m mj, j

*

im_Nim

* . 1 * Irl*
() M BF) 8, =05 (M M) et - M1 5, = 0. (6)

Here, the assigned forces operating at the end faces of the plate are designated
by the asterisk.
In equations (5) and (6), the following generalized forces are assumed:

3 i k k), ) - (k) (k)
Ny, MY, M| } o), o vy oy

ij°
; 3 50, 0 ), (k)
o, NP 003 Wy 3, O3W3 533

The resolving system of equations in displacement functions is derived from
system (5) by substituting expressions of forces (7), with the use of kinematic
hypotheses (2), Cauchy relations, and Hooke's law, and can be presents as

L)+ L5 (B +L5)(r) =05 c=1,7, (8)

dz . (7
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where L(a‘r) are differential operators described in [5].

Numerical results and their analysis. In order to substantiate the scope of
usage of the models offered, depending on the plate size, the following is the
problem of plane deformation of the homogeneous isotropic plate (v =0,3 ) on
a rigid foundation under the influence of a sinusoidal load p= p,sinrx/q,).
The plate was calculated using four variants of the proposed models, which are
marked (Table 1 and Fig. 2, 3), respectively, M;(1,1) is an optimized model
with a given load function (1) which contained one unknown function of
transverse compression C;, and one transverse shift function §,; M;(2,2) —
model (1) with C,,S,; M,(2,2) — the optimized model (2) with no apparent
function of load C,,S,. M3(3,3) is a general model [4] for the scheme on
(Fig. 1(a)) with C; and S;.

Table 1
Calculation of plane deformation of an isotropic plate on a rigid foundation
T | M3 | v | Me2 | M2
a, =2h
-10u3 (A,%) 8,35 | 8,66(3,66) | 8,74(4,58) | 8,59 (2,86) | 8,34(0,1)

-1007} (A,%) 572 | 7,05(23,2) | 6,75(17,4) | 6,65(16,3) | 6,20(8,3)
1005, (A.%) | 472 | 632(33,9) | 5.02(625) | 5.85(24,0) | 4.86(2,9)
-10u] (A,%) 3,40 | 3,39(0,19) | 3,34(1,7) | 3,42(0,6) | 3,43(0,7)
a;=3h
-10uf (A, %) 8,90 | 9,15(2,76) | 9,13(2,58) | 9,06(1,73) | 8,90 (0)
1007, (A, %) 3,13 | 3,70(18,1) | 3,65(16,7) | 3,68(17.5) | 3,37(7.8)
-1005, (A,%) | 3,94 | 458(163) | 4,10(3,95) | 4,58(16,1) | 4,01(1.,8)

10uf (M%) | 479 | 484(10) | 482(07) | 483(09) | 480(0,2)
a; =5h

-10u (A,%) 9,07 | 9,13(0,7) 9,14(0,8) | 9,07 (0)

-100] (A,%) 125 | 1,49(19) 1,48(18) | 1,34(7.4)

21005, (M%) | 3,37 | 3.64(7.9) 3,63(3,8) | 3,40(1,0)

-1 ()u]# (A,%) 7,03 7,07 (0,5) 7,08 (0,6) 7,04 (0,1)

Table 1 offers the values of maximum relative displacements

# _ . max : : # _ _max
u, =uy  E/pyh, and maximum relative stresses o =0, /p,. The

brackets show the errors in comparison with three-dimensional solutions (7 )
for the problem of flat deformation and for a square plate, which are here and
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hereafter obtained by the method [6]. The distribution of errors is also shown

in the graphs (Fig. 2).

Ay A%
¥ 25t M(G33
N MLl
4 T 20 o
o = A N w
3t 151 M1(2,2) MI l,l
21 10 M,(2,2)
——— ___
T M2 = i
0 s n — —.a’/h O . —— ;a"/h
2 3 4 5 2 3 4 5
(@ (b)
Fig. 2. Distribution of relative errors in a homogeneous isotropic plate:
(a) normal deflections uf ; (b) maximum stresses 0'1#1
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Fig. 3. Distribution of relative errors in a homogeneous transversely isotropic plate:

(a), (c) for normal deflections uf

; (b), (d) for maximum stresses 0'1#1
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As can be seen from the results of the calculation for the isotropic plate
(Table 1, Fig. 2), the errors in the calculations decrease along with the
decreasing relative thickness. It should be noted that for the optimized plate
scheme, the plate thickness in the calculation scheme is doubled. For
maximum stresses, the convergence of the models is slightly worse than for
displacements (Fig. 2). The best results for an isotropic plate were obtained
according to the optimized model (2) with an unknown load function M,(2,2)
which allows calculating very thick plates which are almost arrays.

To substantiate the scope of the proposed models, depending on the
physical parameters, the influence of the ratios of the elastic characteristics of
the plate on the accuracy of the models is investigated (Fig. 3).

Solutions for a square plate with Navier boundary conditions under the
action of a sinusoidal load at slip without friction contact of plate with a rigid
foundation were analyzed (Fig.3, Table2). Plate material transversely
isotropic with v=0,3; v"=0,1; vV E=v'/E'; a=3h (a=15H). Modules
of elasticity and shear in the isotropy plane are £, G, and in the perpendicular
direction— E',G"'.

Table 2

Comparison of maximum deflections; and maximum stresses o/,

in a square plate with a three-dimensionalsolution

Bl=0; Bl=1; B1=2;B2=0 B1=0; B2=2
Model B2=0 52=0
¥ # # : '
u? 0'{#1 u? o7 U3 O11 us O11

M;(1,1) | 0,906 | 0,629 | 6,406 | 2,245 | 3597 | 8,40 [ 0933 | 0,390
(A, %) [ (695) | (27.2) | 3,12) | (6,5 | (15) | (224) | (2,73) | (90)

Mi(2,2) | 0,883 | 0,631 | 6,327 | 2,190 | 31,43 | 6,898 | 0,922 | 0,289
(A %) | 42) | 27,5 | (1,85) | (3.9) | (074) | (0,52) | (1.57) | (41.2)
M,(2,2) | 0,847 | 0,540 | 6,279 | 2,183 | 30,40 | 7,069 | 0,907 | 0,270
(A, %) | 0,08) | 9.1) | (1,08) | 3,55 | 2.5 | (3,00 | (0.07) | (32
M;(3,3) | 0,877 | 0,635 | 6,320 | 2,189 | 31,37 | 6,885 | 0,920 | 0,274
(A %) | 3.5 | 28.4) | (1,74) | 3.89) | (0.54) | (034) | (1,3) (34)

T 0,848 | 0,495 | 6,212 | 2,108 | 31,98 6,862 0,908 0,205

Table 2 introduces the denomination Ig(E£/E')= Bl1, 1g(G/G')= B2 and in
the transverse-isotropy the relation is true: v''/E=v'/E' with v"=0,1. Are
accepted v=0,3; v'=0,3 for B1=0;and v =0,3; v'=0,01 for Bl=1; and
v=03;v'=0,001 for B1=2.
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Approximate solutions were compared with three-dimensional solutions (7).
It is shown that in especially thick square plates, for example with a/H =1,25
(see Fig. 2), when G /G’ increases, the number of transverse shear functions
must also increase: with G/G’ <100 two shear functions S,; =2 are required
in each of the orthogonal directions x;; and if 100<G/G'<500 -
S,;=3+4. Asratio E/E' increases, the number of functions of transverse
compression must also grow C,: if E/E’'<10 using one function C, =1 is
enough, and if 10< E/E'<1000 two functions of compression are required.
C, =2. The plate with the ratio a/H =15 requires the same number of

unknown functions, whereas the plate with the ratio a/H =2,5 it is possible
to reduce the number of unknown functions. Note that the errors of stresses
o,, are greater than for displacements u, (see Fig. 3).

The results obtained by the M, model are more accurate than by the M; and
M; models, at with the same number of unknown functions in the models.

Conclusions. As can be seen above from the results of the test problems
calculations, the constructed mathematical model allows us to obtain results
that are qualitatively and quantitatively close to three-dimensional solutions.
The model can be used to calculate the SSS of significantly thick plates
(a/H=1,5), with a wide range of changes to the parameters of the relative

transtropy in the layer (1< E/E'<500, 1<G/G'<500) and significant

differences in the stiffness of the individual layers (E®) / E®*D =10% +10°).

It should be noted that the results of calculations with the usage of an
optimized approach to the formation of the design scheme of the plate that
employs the models of the unflexural SSS (M), M>) and the general model M3
describing both flexural and unflexural SSS in a given plate are quite close.
However, the optimized approach with models M;, M, allows to obtain reliable
results with fewer required functions and with less general order of the
differentiation of the calculated system of equations.
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I'ypmosuii O.I., Tunyyk C.O., Yepun JI.C.
YTOYHEHI MOJIEJII B 3AJJIAYAX JE®OPMYBAHHSI BATATOLIAPOBUX IIJIUT
HA "KOPCTKII OCHOBI

AHani3 Ta ouiHKa HanpyxeHo-nepopmosanoro crany (HJIC) 6GaratomiapoBux IUIMT Ha
JKOPCTKUX OCHOBAaX IPH Aii CTAliOHAPHOTO MONEPEYHOr0 HABAHTAKEHHS € aKTyaJbHOK0 3a7ayeio,
OCKIJIBKH 10 HEl 3BOASATHCS PO3PaxXyHKH MIIHOCTI Ta 1eOpPMAaTHBHOCTI Pi3HOrO POLY OXHOPIIHUX
Ta OararomapoBux MOKpHUTTIB. Lle po3paxyHOK MOPOXKHBOTO OISrYy Ha BIJHOCHO JKOPCTKHX
MOCTOBHX KOHCTPYKLisfiX, a00 Ha HeAepOpPMIBHOMYMIACTHIAIOYOMY  IIapi, 3aXUCHHUX
6araTomapoBUX MOKPHTTIB IJIOCKMX €JIEMEHTIB KOHCTPYKIIiH 01101 )KOPCTKOCTI, HDK HOKPUTTS,
neraneil tomo. OO’enHaHHS MaTepiayiB 3 I30TPONHHMH Ta TPAHCBEPCAIbHO-I30TPOMHUMU
(i3MYHEMH ~ XapaKTepUCTHKaMH B OaraToLIapOBMH  MakeT  JO3BOJSIE  CTBOPIOBATH
GaratodynkuionansHi koHCTpykuil. HJIC Takux KOHCTPYKLiH, 3Bakaloud Ha iX CTPYKTYpHY
HEOMHOPIAHICTE Ta BIJHOCHO HH3bKY IIOMEPEYHY IKOPCTKICTH OKPEMHX ILIApiB, CYTTEBO
NOB’s3aHUH 3 BIUIMBOM Jedopmariiii mormepedHoro 3cyBy Ta jaedopmaiiil IOnepeduHoro
obTrcHeHHs. TOMy aKkTyaJbHOK € 3ajaua yrouHeHoro wmozemoBanHs HJC rumr, sika 6
BpaxoByBana Li Buau Aedopmauiil. Ipyaryrouncs Ha poskiaganni HJIC mivTd Ha 3ruHOBi Ta
0E33rMHOBI  CKJIAMOBi, IPONOHYETHCS ONTHMI3allisi PO3paxyHKOBOI cxeMH JedopMyBaHHS
HPSIMOKYTHOI 6aratomapoBoi MINTH Ha XKOPCTKiit ocHoBi. CyTh onTUMi3aLii mojsrae B po3risiai
Takol pO3paxyHKOBOI cxeMH IUIMTH, B sikii HJIC minTH HOBHICTIO ONMMCYBaBCs O JIMIIE OTHOIO
CKJIAJIOBOIO, a came Ge33ruHoBor0 ckinamoBoo HJIC. Jlis 1poro 3aMicTs peanbHOI KOHCTPYKIT
GaraTomapoBoi IUIHTH, 0 AedopMyeTbesi Oe3 BIAPHBY Bill OCHOBH, NPOMOHYETHCS PO3IIILAATH
PO3paxyHKOBY CXEMY IUIMTH, SKa YTBOPEHAa CHMETPUYHOI J0OYAOBOK BIJIHOCHO IOBEPXHi
KOHTAKTY JaHOI IJINTH 3 OCHOBOI. Y I[bOMY BHINAJKYy IUIMTa OyJe JABOCTOPOHHBO CHMETPHYHO
HAaBaHTAXXEHOK BIJIHOCHO CEPEIMHHOI MOBEPXHI IUIMTH, 8 TOBILIMHA IUIMTH 301MbLIIMTHCS BIBOE.
HJC mmt Gyme Ge33rHHOBUM, IO CYTTEBO CIPOIIYE HOro MojeroBaHHs. st 6€33rHHOBOro
HJIC mnoGymoBaHi B TNPYXHii IOCTAaHOBLi JABOBHMIpHi, BHCOKOTO CTYIEHS iTepauiiiHOro
HaOJIDKeHHs, ane TPUBHMIpPHI 3a XapakTtepoMm BigoOpaxenHs HJC wmopem nedopmyBaHHS
0araTolmapoBUX NPSIMOKYTHHX IUIMT Ha JKOPCTKIM OCHOBI 3 I30TPOIHMMH Ta TPaHCBEPCAJbHO-
I30TPONMHKUMH IIAPAMH, SIKi JOCTATHBO MOBHO BPAaxOBYIOTH Ae(opMamii MONEpedHOro 3CyBy Ta
IONEepPEYHOro 06Tl/lCHeHHﬂ IIpu MNOnepeYHOMY HaBaHTa)KeHHi IJINTH. PO3B,ﬂ3aHHﬂM TECTOBHUX
3a71a4 Je)OpMyBaHHS 130TPOIHUX Ta TPAHCBEPCAIbHO-I30TPONHKMX IUIMT HA XKOPCTKii OCHOBI 3
KOB3KHM Ta JXOPCTKMM KOHTAKTOM 3 OCHOBOIO, Ta IOPIBHSHHAM PO3B’S3KIB 3 OTPUMAaHHMH 32
BIIOMHMH METOJHKAMU TOYHHMH TPHBHUMIPHHMH PO3B’S3KaMH LMX 3a4a4, JAHO OLIHKY TOYHOCTI
3aIPOIIOHOBAHUX YTOYHEHHX Mojeieil. BCTaHOBIEHO MeXi JONMYCTHMHX [apaMeTpiB IPYKHUX
XapaKTePHCTHK TPAHCBEPCATbHO-I30TPONHUX IUTUT IS 3aCTOCYBAHHS 3a[POIIOHOBAHUX MOJEICH.

KurouoBi ciioBa: yrouHeHa Mojelnb, INIMTAa 0OaraTomiapoBa, )KOPCTKa OCHOBA, IONMEPEYHHN
3CyB, MONEPeYHe OOTHCHEHHSL.

Gurtovyi O.G., Tynchuk S.0O., Ugrin L.S.
SPECIFIED MODELS IN THE PROBLEMS OF THE DEFORMATION OF
MULTILAYER PLATES ON A RIGID FOUNDATIONS

The analysis and estimation of the stress-strain state (SSS) of multilayered plates on a rigid
foundation under the action of stationary transverse loading is an urgent task. As its includes the
calculations of strength and deformability of various homogeneous and multilayer coatings. This is
the calculation of pavement on relatively rigid bridge structures, or on a non-deformable
underlying layer, protective multilayer coatings of flat elements of structures of greater rigidity
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than roofing, parts and more. Combining materials with isotropic and transversely isotropic
physical characteristics into a multilayer package allows you to create multifunctional structures.
The SSS of such structures, due to their structural heterogeneity and relatively low transverse
stiffness of the individual layers, is significantly associated with the influence of transverse shear
deformations and transverse compression deformations. Therefore, the problem of refined
modeling of SSS plates, which would take into account these types of deformations, is urgent.
Based on the decomposition of the SSS plate into flexural and unflexuralcomponents, it is
proposed to optimize the design scheme of deformation of a rectangular multilayer plate on a rigid
foundation. The essence of optimization is to consider such a calculation scheme of the plate, in
which the SSS of the plate would be fully described by only one component, namely the unflexural
component of SSS. To do this, instead of the actual design of the multilayer plate, which is
deformed without separation from the foundation, it is proposed to consider the design scheme of
the plate, which is formed by symmetrical completion relative to the contact surface of the plate
with the foundation. In this case, the plate will be bilaterally symmetrically loaded relative to the
middle surface of the plate, and the thickness of the plate will double. SSS plate will be unflexural,
which greatly simplifies its modeling. For unflexural SSS, a two-dimensional, high-degree
iterative approximation, but three-dimensional models of deformation of multilayer rectangular
plate on a rigid foundation with isotropic and transverse-isotropic layers are constructed in an
elastic formulation.That models takes full account deformationof transverseshearand transverse
compression at transverse loading of a plate. By solving the test problems of deformation of
isotropic and transversely isotropic plates on a rigid foundation with sliding and rigid contact with
the foundation, and comparing the solutions with the exact three-dimensional solutions of these
problems obtained by known methods, the accuracy of the proposed refined models is
estimated.The limits of admissible parameters of elastic characteristics of transversely isotropic
plates for application of the offered models are established.

Keywords: refined model, multilayered plate, rigid foundation, transverse shear, transverse
compression.
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For research of stress-strain state (SSS) of multilayered thick plates on a rigid foundation are
investigated the use of constructed refined models of unflexural SSS. Calculations confirm the
efficiency and accuracy of such approach, which allows one to obtain solutions close to three-
dimensional ones.
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