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In this work, the oscillations of the cantilever unimorph energy harvester under harmonic loads
are investigated. Unimorf console consisting of a brass base and a rectangular piezoelectric
element with electroded flat surfaces without and with tip mass is considered.

There is derived the characteristic equation for beam bending oscillations, wave numbers,
circular frequencies and natural frequencies are determined. Eigenforms of oscillations are
constructed, the dependence of natural frequencies from body size and tip mass is analyzed.

Forced oscillations of the energy harvesters with tip mass at the end at oscillations of the base
are studied. The voltage generated on the piezo element plates is determined taking into account
the electrical resistance. Due to the voltage and resistance of the conduct line the power of the
energy harvester is determined.

Keywords: cantilever energy harvester, passive layer, piezoceramic overlay, characteristic
equation, amplitude function, forced oscillations, energy generation, energy harvesting, harvester
power.

Introduction. Harvesting of mechanical oscillations energy and its
conversion into electrical for the purpose of accumulation for further use
(energy harvesting) has already occupied an important place both in
mechanical engineering (damping of oscillations with conversion of excess
energy into electricity), and in construction and environment as autonomous
systems for monitoring and state controlling of the object [2].

Piezo-based devices are one of the most common types of energy harvesters
[9]. Under harmonic oscillations, piezoelectric elements produce alternating
electric current, showing the greatest efficiency at resonant frequencies.
Piezoceramic elements working on bending give a much higher yield of the
potential difference compared to the axial load, because in this case we have
much greater displacement. One of the most common are cantilever unimorph
or bimorph energy converters, consisting of a passive layer and one or two thin
symmetrically placed piezoceramic plates [10]. Tip mass at the end is often
used to adjust the operating frequency of the element with external one. One of
the applications of cantilever piezoelectric elements is the conversion of
unnecessary or undesirable oscillations of the structure into electrical energy
and its subsequent use for autonomous operation of the monitoring device or
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accumulation in accumulators or batteries [6]. The operation of the element at
resonant frequencies is the most effective, so an important characteristic of the
piezoelectric element is the width of the range of operating (natural)
frequencies [11].

There are commercially available cantilever bimorphs with the following
dimensions: thickness 0.3 - 0.35 mm, length 4 - 100 mm, width 1.6 - 22 mm.
Electrodes made of silver (6-10 pum thick) or nickel (1-3 pm thick) are applied
to the piezoceramic plate. After applying the electrodes, the piezoelectric
element is polarized in a strong constant electric field [10]. The main rod can
be made of bronze, brass, stainless steel, nickel foil, graphite, composites, etc.
For products with high sensitivity, a piezoelectric element is also used as the
main rod. The passive layer increases the mechanical strength, but reduces the
amount of displacement. The use of a stainless steel base provides 25% greater
strength of the element and is used in cases with high blocking force, such as
implanted pacemakers. Epoxy or acrylate glue is used for gluing layers, which
provides a strong connection. The thickness of the adhesive layer is 10-15 pm.

An unimorph or bimorph operating in generator mode is often used as a
flexible sensor [8]. The generator-type sensor does not require an external
power supply to operate. It is designed to convert dynamic deformations into
electrical signals with further processing and recording by various de-vices,
including energy collection. Unimorph can be used as a stand-alone converter
of mechanical energy into electric current, and be a part of a more complex
device. It can be connected to the control and management system in two main
ways: by the voltage registration circuit or by the charge registration circuit.

This work is devoted to the study of oscillations of cantilever energy
harvester at monoharmonic loads. Earlier in [5] the resonant oscillations of
piezoceramic cylinders with energy dissipation were studied. Multilayer
piezoceramic elements are considered in [7]. Fundamental theory of vibrations
is described in [4]. The most up-to-date overview of piezoelectric energy
harvesting is found in [9]. Works describing the use of cantilever energy
harvesters in bridge structures [1], in pavements [12], in sound energy
harvesting [3] should be noted.

Formulation of the problem. For collaboration work of element with the
structure, the natural frequencies of the element must be coordinated with the
operating frequency of the structure. This is done by varying the mass and its
position at the end of the rod. For the most efficient operation of the converter,
a piezoelectric material with a high coefficient of electromechanical
conversion is used. The console consists of a metal rod (steel or brass) of
rectangular cross-section with relatively low rigidity in the direction of
oscillation (fig. 1).

Piezoelectric rectangular thickness-polarized element is attached as pad to
the part of the beam that undergoes maximum deformation. At the end, an
additional mass is attached in the form of a steel cylinder, which reduces the
operating frequency of the element.
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Fig. 1. Cantilever piezoelectric harvester

The calculation is performed in several stages: determination of natural
frequencies for different design options; analysis of oscillation forms to
determine operating frequencies; studying of harmonic oscillations of the
console at operating frequencies; determination of the potential difference
generated at the electrodes of the piezoelectric element; determining the power
of the energy harvester.

Natural oscillations of the cantilever beam. We consider the transverse
oscillations of the rod, which stiffness in vertical direction is much lower than in
horizontal. This allows to most effectively use the influence of gravity and cause
significant deflections in the rod. The section width is several times less than the
length to provide torsional rigidity, so as torsional modes are undesirable.

a) Cantilever beam loaded with its own weight. Given: length /, density
p, Young's modulus E, cross-sectional area 4, moment of inertia /. Differential
equation of transverse oscillations of the rod

ydtw  d*w
7 > =0, (1)
dx dt

EI . .
where a” = e We use the procedure of separating variables
p

w(x,t) = X (x)-T(¢). 2)
Substitute (2) into (1) and obtain two differential equations with
corresponding solutions:

v ®’ 4
X =a—2X=k X, 3)
X =G sinkx+ C, coskx + Cysh kx + Cych kx, 4)
T"+0*T =0, T = Asinot + Bcos ot , &)

where o is the natural circular frequency of the body oscillations, & is the wave
number. The coefficients in (4) and (5) are determined from the boundary and
initial conditions.
For clamping in x = 0 we have BC
X(0)=0, X'(0)=¢(0)=0. (6)
At the free end
M()=X"()=0,0()=X"(1)=0. (7



340 ISSN2410-2547
Omip matepianiB i Teopis cropyx/Strength of Materials and Theory of Structures. 2022. Ne 108

General solution

X = C (sinoc— sh oo - SKAESAKL 0o ch o)) 8)
coskl+chkl
Characteristic equation can be got as determinant of algebraic system (6), (7):
1+cosrchr=0. 9)
Roots ; of equation (9) [4] (k> 2 ) don’t depend from beam size:
1 ={1,8751; 4,6941; Zk_ln...}. (10)

Wave numbers can be got ask; =7 //, natural circular frequencies are

o, =k a. Corresponding oscillation frequencies f; = ;)—l The amplitude
T

function X; (8) is constructed for each k; . The general solution of equation (1)

has the form

w(x,1) =D X;(x)(4; sinw;t + B, cos 7). (11)
i=1
b) The natural oscillations of the mass at the end of a cantilever rod. If
the ratio of the mass of the beam to the attached mass is small, the mass of the
beam can be neglected. The oscillations of the mass at the end of the cantilever
rod are described by a differential equation

d*w

m
dr?

= —kw. (12)

3EI .
Here k = 1—3 is the stiffness factor. Natural frequency

21\ mi?
¢) Natural oscillations of the cantilever beam with mass at the end,
taking into account the mass of the beam. The deflection for all values of x,
except the points of application of the load, satisfies equation (3) with the
solution in the form (4) [4]. At attaching the mass at the end of the beam we
have a boundary condition

d*w d*w
O)=EI"—=m
dx’ dr?
or
3
X +ﬂ(o2X=0
dx> EI
or
3
TX __ap’X at x=1. (14)

dx’
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2 2
Here azi; B? == 20 Apl
pAl a’ EI

We supplement (6), (7) with condition (14), write the determinant and
obtain the characteristic equation (r =kl) :

1+cosrchr— ar(sinrch r—shrcosr) =0. (15)

Roots of equation (15) at a =0,14:

r,=1{1,67; 4,33; 7,38; 10,46; 13,56; 16,67; 19,78; 22,91...}.

Fig. 2 shows the dependence of the g
roots of equation (15) from the \
coefficient a. At a=0 (m=0) (15) is
reduced to (9). With increasing a, the 6
values of the roots change little and at

o=5we have A

r, ={0,8807; 3,9512; 7,0833}. A larger —rl

mass ratio is physically improbable. ) ---12
2. Forced oscillations of the —

converter during oscillations of the

base. Consider the oscillations of the 00 5 d

base with amplitude 4 and frequency w.
The general solution of the problem is Fig. 2. Roots of equation (15) from the
w(x,t) = X (x)cos ot , where coefficient
X(x)=C,sinkx +C, coskx+ Cysh kx+Cych kx .
For function X we have boundary conditions:
X(0)=4, X'(0)=0; X"(1)=0; X"+ap>X =0. (16)
The coefficients C;in general solution are got from (16) and are equal to:
C, = A/ 2[ ch K[ ch klsinkl +2akich kil coskl + sh kl coskl]/
/(1+cos kich kI — o, kI(sin kich ki — sh kI cos kl));
=—C](sinkl+shkl)+Achkl; C=—C3 Cy = A—C, . (17
coskl +ch ki

3. Characteristics of the unimorph. We consider a two-layer cantilever
beam of length /, consisting of a metal layer with a Young's modulus E,,

G,

density p; and cross section b, x4 and a piezoceramic layer with a Young's
modulus E,, density p, and cross section b, xh,. We will average the

material characteristics:
B E A +E,4, o= P4 +py4, .
4+ A4, A+ 4,
EyAizo1 + Ey Ayzg .

EA +E)A4,

(18)

The coordinate of the neutral layer is z,. =
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. EA A" v Exdy A
Reduced areas 4, = —=1 b =" 4, =22 p =2
I E I
. bh e bl . b7
Moments of inertia 7, b] i L =2, =2_h2’ L, =2_h2’
12 12 7 12 12
I =1 4z A+ 1) + 2504y, 1 =1, +1,,) (19)

Equations (18), (19) are a set of characteristics required for the application
of the above formulas.

4. Determination of electromotive force and power of a harvester.
Electrical boundary conditions are applied to the electrodes located on the
upper and lower surfaces of the piezoceramic element. For thin plates, we
believe [5] that the electric potential inside the body varies linearly:

g --%__Yro (20)
dz h
Here V(¢)is the required electromotive force of the transducer (potential

difference at the electrodes). We can use the hypothesis of flat sections and
assume that the deformations in the cross-sectional plane are small. Linear
2

deformation in the direction of the axis of the rod is €, =—

Ox
*w Vv *w Vv
., =—Cz—5—€e3—; D, =—eyz —€33—. 21
x nEo oA y NE 2O y @1
Total charge on the lower electrode
d Vib
JD dA=—e3b)Z 0 —— lid £33 —=. (22)
dx x=I h2
Generated current can be written through Ohm’s law
14
I=00=—. 23
0=> (23)

We substitute (22) into (23) and find the generated potential difference:
e3lh2 ZmaxX'(l)

y = 3172 Tmax® /o 24
gyl +hy /(b RO) 4)
Unimorph power as an electric current generator
2
P=1V=— 25
7 (25)
For an AC electrical circuit the time average output power
27:/m 2
1 Vi vV
=—\V(®)I(t)dt =— VIsin?(of)dt =—VI | sin®(t)dt= —=—.
j (O1(0) j (on)dt = j f(dr==

Now we can calculate stresses and electrical mductlon by (21), using second
derivative from w:
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2
% = X" = k*(~C; sinkx — Cy cos kx + Cysh kv + Cych k).
x
5. Analysis of the results. A brass cantilever rod with a Young's modulus
E =95GPa and density p:8730kg/ m® is considered. The piezoceramic
plate is made of PZTS5A piezoceramics, for
p=7800kg/m*, e;=-52, g5, =663 ¢, .

All analytical formulas were duplicated using finite-difference
approximations of the second order of accuracy. The deviation between the
results was 1% at n =200 breakpoints along the length of the rod.

Figure 3 shows the dependence of the resonant frequencies of the rod with a
cross section of the brass base 10xImm and the piezoelectric element
10 x 0,3 mm with attached mass m = 6,2¢g, which corresponds to the mass of
the steel cylinder in size10 x 10 mm , from the length of the rod. We see that
the first resonance is in the range from 2,5kHz at L=4mm to 57 Hz at

L =60 mm . With increasing length coefficient a varies from 13,9 to 0,88. At

which E =52GPa,

L<15mm the second and third resonances lie in the ultrasonic range.

Increasing the length leads to decreasing in the resonant frequency along the
curve close to the quadratic hyperbola, what corresponds to the physical laws.

f, kHz f, kHz
10 T v -
\ \ ~
\ i ! =< N e A R
\ \
8 \\ ‘\' 4
Y b —fi
\ & -——12
6 \ % 3 - 3
\ %
\ S
- \\ \,\_‘- 5
2 i e = 1
0 "
001 002 003 004 005 Lm 00

5 10 m§g

Fig. 4. Natural frequencies of a rod of constant
lengthfrom the tip mass

Fig. 3. Natural frequencies of the rod with the
attached mass from the length

Figure 4 illustrates the dependence of the resonant frequencies of the rod
with a cross section 10 x Imm of the brass base and the piezoelectric element
with section 10x0,3mm and length L=40mm from the value of the
attached mass. In this case coefficient a varies from 0 to 2,66. The first
resonance varies from 307 Hz at m=0 to 89 Hz at m =12 g . The second and
third resonances lie in the sound range. Therefore, the presence of the attached

mass can reduce the first resonant frequency on 70%, the second and third on
30%.
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Let us analyze the forms of oscillations for the above-described element
when the base oscillates with an amplitude 4 = 1 mm. Graphs of amplitude
functions are shown in Fig. 5. Relevant natural frequencies

f; ={153; 1812; 5724; 11860; 20227} Hz .

The number of extremum points corresponds to the mode of oscillations +
1. Frequencies after the third are ultrasonic. Considering that the oscillations of
building structures and mechanisms are mostly low-frequency, we conclude
that harvesting of energy from the construction is possible only on the first
resonance.

o
2 T T T T T

modal S e R ~ ]
- - --moda2 . - P \,
-—---modad i e oy
) ——moda5 1 I 1 | | 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 X,m

Fig. 5. Forms of oscillations for the first five modes

| | | — Smax, 109 Pa

1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 fHz

Fig. 6. Deflection, potential difference, power and maximum stress in the element
depending on the perturbation frequency

Let us analyze the forced oscillations of the described above element at
electrical resistance R =1Ohm. Fig. 6 shows the deflection curves of the rod
end, corresponding generated potential difference on electrodes and the power
of the element. At f =0 the deflections are equal to 1 mm, which corresponds

to the perturbation of the base. From 0 to 300 Hz we have an increase in
displacement with changing of vibrations phase, which corresponds to the first
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resonance. From 500 to 1500 Hz displacement are near 0,15 mm. Maximum
stresses in a piezoelement occur on the bottom fibers near fixed end.

Let's analyze the dependence of the generated voltage and power of the
element from the electrical resistance R, which varies from 0 to 10 Ohms at
f =160 Hz (Fig. 7). It is almost linear, what allows us to say that at higher

resistance we get higher generated voltage and power of the element. But at
the same time losses increase in a circle, and a considerable part of energy
turns to thermal. Therefore, the optimal parameters for the electrical circuit
require special research.

R —— '|| —w(L), 0.0Im |
---P,0.1W i == NN
] o 5t = P.0.1W
0.15 i |-S, 0.001MPa
0.1
0.05}
() L== e | :
0 5 R, Ohm 140 150 160 170 £, Hz
Fig. 7. Generated potential difference and Fig. 8. Deflection, potential difference, power
power depending from external resistance and stress near the first resonance

We can analyze real electromechanical state of the element at electrical
resistance R =50 Ohms near the first resonance with Fig. 8. To get real

parameters of harvester on resonance frequency we take into account
dissipation of energy in the body through losses tangents. Consider all material
characteristic complex with small imaginary part: ¢; =c; (1+c"i) and so on,

where we for example will take ¢” =tano =1%=0.01. In nonrezonance
range the potential difference and deflections are not zero, but the power is

small. At f=115Hz we have P=0,5mW and o,, =22MPa, and they

increase near the resonance.

Conclusion. The proposed approach makes it possible to calculate
cantileverunimorphic energy harvesters, for which 4/5<0,2, b/L<0,2,
since such dimensions can be assumed to fulfill the hypothesis of flat sections,
the linearity of the potential difference in the thickness of the element and use
the long eamsbending relations. The generated voltage is proportional to the
angle of rotation of the beamend and the most remoted fiber from neutral axis.
In the denominator we have two terms, one of which is responsible for the
electrical conductivity of the element and is proportional to length, other is
inversely proportional to the resistance and frequency. At low resistance and
frequency, the second term is much larger than the first, and the voltage value
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is not high. If resistance increases, the voltage and power of the element
increase proportionally to R. At f=115Hz we have power of the energy

harvester P =0,5 mW , and in the vicinity of resonances it increases. Between

the first and second resonance the power is approximately 3,7mW. At
transition to the ultrasonic zone, the power of the energy collector increases
significantly. So cantilever harvester is resonant device and works at defined
frequensies. Detailed analysis of oscillations in the resonant mode should
include damping of oscillations in the material.
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I'pueop ‘esa J1.0., lsanenxo I1.0., Kopbaxos O.®D.
TEHEPALISI EHEPITi B KOHCOJIbHOMY 3BIPHUKY EHEPTII

36ip eHeprii MeXaHIYHUX KOJIHMBAHb Ta NIEPETBOPEHHS X B €JIEKTPUYHY CHEPriio 3a JOIIOMOI 00
HPHUCTPOIB, 10 MPAlOIOTh HAOCHOBI 1’€30edexty, HaOyB wmmpokoro mnomupenHs. Lle crano
MOXJIMBHM 3aBISKH CTBOPCHHIO II'€30CJCKTPUYHHMX MarepianiB 3 BHCOKUM Koe(ilieHTOM
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HEPETBOPEHHSI CHEPril Ta MOLIMPEHHIO MIHIATIOPHUX MPUCTPOIB, IS JKUBJICHHS SKHX HOCTATHHO
HOTY)XHOCTI B KiJIbKa MiJtiBaT.

B uiii po6oTi JOCHIKYIOTECS KOJMBAHHS CTEPIKHEBOIO KOHCOJIBHOIO YHIMOP(HOro 306ipHuKa
eHeprii HpH TapMOHIYHMX HABAHTAXKEHHSX. PO3MLIIAETbCS BOIIAPOBUI CTEPXKEHb, IO
CKJIAJAEThCS 3 JIATYHHOI OCHOBH Ta IPSMOKYTHOTO II'€30€JEKTPUYHOTO C€JIEMEHTa 3
CJIICKTPOJOBAHUMHU IJIOCKUMHU IOBEPXHAMHU 663 Macu Ta 3 NPUEIHAHOK MacCoro. TOBLL[I/IHa mapiB
3HAYHO MEHIIA 32 LIMPHHY, a IIMPHHA 3HAYHO MEHINA 32 [OBXKHHY, L0 [a€ 3MOry
BHKOPUCTOBYBATH TilOTE3Y IUIOCKHX IEPEPi3iB Ta MPHITYIIEHHs PO JiHIHHICTD PO3MOALY Pi3HHII
HOTCHIIIJIB 110 TOBIIHHI €IEMEHTY, @ TAaKO)X BHKOPUCTOBYBATH CIIBBIAHOIICHHS 3IMHY JOBIUX
CTEpIKHIB.

B po0oTi BUBOAWTBHCS XapaKTEPUCTHYHE PIBHSHHS AJS CTEPXKHS IPH 3THHI, BH3HAYAIOTHCS
XBHJIbOBI YHMCJIa, KPYrOBi YaCTOTH Ta BJACHI YaCTOTH JJIsI KOHCOJI. IIpOBOAMTHCS yCEepeaHECHHS
MaTepiaJbHUX XapaKTepUCTHUK M0 Iutomi mepepisy. Byamyrorscs BnacHi ¢opMu KONMBaHb,
HPOBOJHUTHCS AHANI3 3aISKHOCTI BIIACHUX YAaCTOT BiJ PO3MIpIB Tijla Ta HPHETHAHOI MACH.

JlocaiKkyIoThCsl BUMYILIECHI KONMBAaHHS 30ipHMKA €Heprii 3 Macol Ha KiHII NpU 3aJaHuX
KOJIMBaHHAX 0a3u. DOpMyeThCs PIBHSHHS HPY)XHOI JIHII KOHCOJI, BU3HAYAIOTHCS MaKCHMalbHi
IPOTHHH Ta KyTH NOBOPOTY. BU3Ha4yaeThCs 3reHepoBaHa Ha OOKIagKax I’ €30eeMEeHTa Halpyra 3
BpaxyBaHHsIM OIOPY 30BHILIHBOrO Koma. Yepe3 Hampyry Ta omip HpOBigHOI JIiHII 3HAXOOUTHCS
HOTY)XHICT 30ipHHKa eHeprii. ByqyloThCsl KpHBI 3aJI€)KHOCTI HANIPYTH Ta MOTY)KHOCTI Bil 4aCTOTH
HAaBaHTAXXEHHS Ta 30BHIMIHBOrO ONMOPY. BCTaHOBICHO, 110 Hampyra i IOTYXHICTh €JIEMEHTa
3MIHIOIOTBCS IPOIOPLIHHO 10 R. MakcuMaibHa MOTYXKHICTh 30ipHHKA eHeprii BUHHKAE B OKOJI
PE30HAHCIB, @ 70 HEPLIOro PEe30HAHCY HMOTY)XHICTh NPAKTHYHO HY/Ib0BA. MiXK HepLUM i ApyruM
PE30HAHCOM MOTYXHICTh CKiafgae npubiamszHo 1,5 mW. Ilpu nepexoai B yiabTPa3ByKOBY 30HY
HOTY)XHICTh 30ipHHMKa eHeprii 3Ha4HO 3pocTae. AHaNI3 pOOOTH HEPETBOPIOBaYa Ha PE3OHAHCHUX
YacTOTaxX BUMArae BpaxyBaHHs AeMII(pyBaHHS KOJIMBAaHb B MaTepiai.

Karo4oBi cjioBa: KOHCOJIbHUI 30ipHUK €Heprii, MacHMBHHUI Iuap, I’€30KepaMiuHa HakIajKa,
BUMYILCHI KOJMBAaHHs, I'eHepallist eHeprii, 30ip eHeprii, pi3HMII HOTCHLialiB Ha OOKIAIKAX,
HOTY)XHICTBb 30ipHHKa eHepril.

Grigoryeva L.O., Ivanenko O.P., Korbakov O.F.
GENERATION OF ENERGY IN CONSOLE PIEZOELECTRIC ENERGY HARVESTERS

Energy harvesting of mechanical vibrations and their conversion into electrical energy using
piezoelectric devices has become widespread. This has been made possible by the creation of high-
energy piezoelectric materials and the proliferation of miniature devices with a few milliwatts of
power.

In this work, the oscillations of the rod cantilever bimorph energy harvester under harmonic
loads are investigated. A two-layer rod consisting of a brass base and a rectangular piezoelectric
element with electroded flat surfaces without and with tip mass is considered. The thickness of the
layers is much less than the width and the width is much less than the length, which allows us to
use the hypothesis of flat sections and assumptions of the potential difference linearity by
thickness of the element, as well as beams bending relations.

There is derived the characteristic equation for beam bending oscillations, the wave numbers,
circular frequencies and natural frequencies are determined. There is carried out The averaging of
material characteristics over the cross-sectional area. Eigenforms of oscillations are constructed,
the dependence of natural frequencies from body size and tip mass is analyzed.

The next step is to study the forced oscillations of the energy harvesters with tip mass at the
end at given oscillations of the base. The equation of the elastic line of the console is formed, the
maximum deflections and angles of rotation are determined. The voltage generated on the piezo
element plates is determined taking into account the electrical resistance. Due to the voltage and
resistance of the conduct line the power of the energy harvester is determined. Curves of voltage
and power dependence from load frequency and external resistance are constructed. It is
established that the voltage and power of the element change in proportion to R. The maximum
power of the energy collector occurs in the vicinity of resonances, and before the first resonance
the power is almost zero. Between the first and second resonance, the power is approximately 1,5
mW. During the transition to the ultrasonic zone, the power of the energy collector increases
significantly. Analysis of the harvester operation at resonant frequencies requires consideration of
the damping of oscillations in the material.

Keywords: cantilever energy harvester, passive layer, piezoceramic overlay, characteristic
equation, amplitude function, forced oscillations, energy generation, energy harvesting, potential
difference on the plates, power of the energy collector.
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The oscillations of cantilever piezoceramic energy collectors are investigated. Their operating
frequencies, generated voltage and power are determined.
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