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The paper considers the bending of a three-layer plate with a rigid filler, which is on an elastic
basis. Hypotheses of a broken line are accepted for the description of kinematics of deformation.
The contour of the plate has a rigid diaphragm, which prevents the relative displacement of the
layers. Analytical and numerical calculations of the three-layer plate using finite element method
(FEM) were performed. As a result of the calculation, the dependences of the deflection on the
stiffness coefficient of the elastic basis were determined. Recommendations on the choice of
stiffness factor are given.
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structures.

Introduction. Composite materials (CM) with pre-predicted properties are
actively used for the manufacture of structural elements along with traditional
(isotropic) materials in recent years. This kind of materials meet the extreme
operating conditions of the products best of other. Widespread use of CM in
the creation of modern technology requires consideration of new factors, such
as the nonlinear nature of their deformation, anisotropy of rigidity and
strength; the possibility of their fracture along the layers interface provide the
load-bearing capacity of the structure; the possibility of the presence of various
defects. It is requires comprehensive analytical and numerical studies aimed at
elucidating the nature of the manifestation of the physical picture of the
processes occurring, both in structural elements and in the material, with
possible operating loads [1, 2] to solve such problems. Structures in the form
of three-layer plates and plates on an elastic basis are widely used in industrial,
civil and transport structures, as well as in other fields of technology. In
transport structures, the calculation scheme in the form of a plate on an elastic
basis is used to calculate pavement, slabs used to strengthen the slopes of
embankments, cones and the calculation of the bridge deck [3, 4]. In industrial
and civil structures, such a calculation scheme is used to calculate slab
foundations, retaining walls, etc.
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Recently, the requirements for the level of strength of pavement to pass
heavy vehicles have increased significantly, as well as the requirements for
their equality to create conditions for the realization of dynamic opportunities
for traffic [5-7]. In our climate, longer service life can have tough road wear.
They are usually used in the most difficult operating conditions — on roads
with high traffic, on city highways, on approaches to large cities, quarry roads,
airfields, etc. [4, 5]. Despite the fact that currently the cost of structures of
rigid pavement is 10-20% higher than asphalt pavements, this ratio is not
stable and will change due to the price of oil products and transport services
[3-5]. The paper considers the problem of modeling the behavior of hard road
blankets taking into account the real operating conditions based on the Winkler
model [8, 9]. Such structures are subjected to intense static loads during
operation.

Basic relations and method of calculation. Consider an elastic three-layer
plate with a rigid filler, which is on an elastic basis. To describe the kinematics
of the package, the hypotheses of the broken line are accepted: in the bearing
layers Kirchhoff's hypotheses are valid, in the incompressible thickness of the
filler the normal remains straight, does not change its length, but returns to some
additional angle with coordinate axes quantities v, (x,y), y,(x,») [9,10]. We

consider deformations to be small. External distributed surface loads act on the
plate g¢(x,y) , p,(x,y), p,(x,y) and base reaction (Fig. 1).
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Fig. 1. Calculation scheme of a three-layer plate on an elastic basis

Base reaction ¢, corresponds to Winkler's model [8, 9]:
q, = —kw, ey
where k — base stiffness coefficient, w — deflection of the plate; a minus sign

indicates that the reaction is directed in the direction opposite to the deflection.
The coordinate system x, y, z connects with the median plane of the filler.

Through w(x,y), u,(x,y), u,(x,y) marked deflection and axial longitudinal

movements (displacements) of the middle surface of the aggregate. The
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contour of the plate has a rigid diaphragm, which prevents the relative
displacement of the layers. Denote by #, the thickness of the 4-th layer, with

hy=2c (k=1,2,3).
Using the introduced geometric hypotheses, the longitudinal displacements
in the layers u® can be expressed through the required five functions

Uy Uy Yoy Yoo W

ul =u +ey, —zw, , u(])=u yrey, —zw,, (c<z<c+h),
uf{3):ux+zwx—zw,x, uf):u +zy, —zw,, (—c<£z<0), (2)
u,(f):ux—cwx—zw,x, u;)=u —cy, —zw,, (-c—h <z<-c),

where z — the distance from the considered fiber to the middle plane of the
aggregate, u +cy — the value of displacement of the outer carrier layer due to
the deformation of the aggregate, for the second carrier layer, this
displacement will be appropriate (u—cy).

The components of the strain tensor are expressed in terms of the five
required functions using the Cauchy relations [9] and expressions (2):

D _ O _
8&,3—ux,x+cwx,x—zw,”, €y =Uy,, Y, —2W,, (cSz<c+h),
3 3
sgﬁx) = Uy FZW 0y —ZWyry g( ) = yoy T2W 0, —2w,, (-c<z<0),
2 _ 2 _
€y =Uysy —CWYyoy —ZWyyys &) =Uy,, —CY,, —2W,, (—c—hy <z<-c),

1 _
€y = 5 Ussry TCY sy —ZW,, Hl, +CY , —2W, ) =

1
:E(ux,y +uy,x)+cwx,y —ZW,y ) 3)

o1 _
xy = 2 uxay _C\Vx9y _ZW9xy +uyax _C\Vy ox _ZW’yx =
1

= —(ux,y +uy,x)—cwx,y —ZWyyys

2
RO _
ey = 2( ooy FEW ey =W, UL, 2 _ZW>yx)—
1
:E(ux’y +uy,x)+zwx,y —ZW,yy s
1 2 3 1 2 3 k k
8() _8( ) =0, 8( ) —E\yx, 8(yz) —g(yz) =0, 8(yz) :E\yy, 5(yx) :giy).

The ball and deviator parts of the strain tensor in this case will be as follows
(05 =¢; —€d;5 i, j=x,,2):

1 2 m 1 2 1
B W L R O
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We introduce the internal efforts and moments of the following relations
[9, 10]:

VO =3 o, NP =Y [,

k=lp, k=lp,
0, = j oldz, 0, =[Pz, o) = Z [oaz, (5)
hs hy k=L p,
MO — ; (k) (k) _ ; (k) (k) ; (k)
e —Zj.o'xedZ’ M, —Zj.c)'yyzdz, My, :Zj.c)'xyzdz,
k=1p, k=1p, k=1p,

(k)
b

the plate; 1ntegrals are taken by the thickness of the k-th layer.
Equilibrium equations are obtained from the Lagrange variational principle:

where 0(1;), o,, O, , 0,— components of the stress tensor in the layers of

84+3W =0. (6)
Here is a variation in the work of external surface forces:
8A:II(pSux+p6uy+(q+q,)6w)dS. @)
S

Variation of internal stresses takes into account the work of the aggregate in
the tangential direction:

W = ”{[Z J. (cH5e®) +(5(k)68(k) +2(5(k)68(k))d2]+
k=1p,
+2 j (0W8e) + oh)oe®) )dz) dxdy . (8)
3
Variations of displacements in layers:

,X,Su(y])—Su +cdy, —zdw,, (c<z<c+h),

du (3)—514 +28\uy zow,, (-c<z<¢), (9)

Suil) = Ou, +cdy, — zOw,

Suff) =0u, + 20y, — z0w

X

dul® =8u, —cdy, —zow,, , du (2) =8u, —cdy, —zéw,, (-c—hy <z<-c).

X
Variations of deformations follow from relations (3) taking into account (9).
Substituting the expressions for the integrals of the thickness of the layers in

formula (8) and equating the zero coefficients with independent variations, we

obtain a system of differential equations of equilibrium of a rectangular three-
layer plate on an elastic basis in the effort:

Nxx’x +Qxy’y ==Px> Nyysy +Qxy’x:_py’ Hxx’x +ny5y _Qx =0,

Hyy’y+ny’x Q _O Mxx’xx 2ny’xy+Myy9yy:_(q+qr)' (10)

To connect the stresses and strains in the layers we use the relation of
Hooke's law in the deviator-spherical form:

S0 =260, o =3KeW k=123 i, j=x,y,z, (1]
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where G,, K, — shear and bulk deformation modules, Sl»(jk), o® — deviator

and spherical parts of the stress tensor, 3(") , €% — deviator and layered parts

of the strain tensor.
The components of the stress tensor in the layers, taking into account
expressions (5) and (11) will be:

4 2 .
o =80 +0 = 2Gel) + Kell) - 2 Gell) + Kell) = Kjel) + Kpel)
k) _ p—.(k k k k
oly) = Keel) + Kl o) =2GeY), (12)

o) =2Gse,., o) =2G;e,,,

4 -
where K :Kk+§Gk, Ky :Kk—gle

Substituting in (8) the expressions of deformations due to the required
displacements (3) and using the integration in the thickness of each of the
layers, and taking into account expressions (7), (6) and (1), we obtain from
(10) a system of five linear equilibrium differential equations regarding the
required movements:

a (ux 2 XX +uy 2yx )+az (\Vx > XX +\Vy syx )—(13 (W5xxx +w ?yyx )+11814,C >y +119\Vr sy = ~Px>
a (uy sy +ux 2Xy ) +a, (\Vy syy +\Vx sxy ) —da3 (vayy +w. auy ) +
+a8uy’xx +a9Wy:xx:_pya (13)
a, (uy Yy +ux Xy ) + ay (Wy >y +\Vx Xy ) - (15 (W>yyy +W7xxy )+
gl sy FA1OY o —A7W, =0,
a (ux XXX +uy > YXX +y 2Xyy +uy vy ) +as (\Vx 2XXX +\Vy > YXX +y, SXyy +\Vy S yyy )_
—ag(w +w )+hkw=—-q,

IXXXX > y)/yy ’ Yyxx

where

3
a =Y hKi, ay=c(hK'-hK;),
k=1

h
a3:h1(c+?ljl<l —h2(c+}12j1<2, a, = (WK} +h2K2)+ KT,

h h, 2
as :c{h (c+?j1<1 +h2(c+7j1{2 e 3K3+},

2 h12 + 2 hz2 + 2 3t
ag=h|c +ch+— |K| +hy| c” +chy +—= |K; +=cK5 ,
3 3 3

a; =2Gsc, ag—thGk, ay = Gie(h —hy) 5 ayy =c*(Gyhy — G2h2)+ Gy
k=1
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The boundary conditions corresponding to free support of a plate on edges
on rigid support fixed in space are accepted. Then for the desired movements
must be performed at x =0, 1 the following requirements [6]:

U, =u,=y,=y,=w=0. (14)

To fulfill conditions (14), the solution of the system of differential equations
(13) is taken in the form of decomposition into double trigonometric series [6, 7]

in T . TUmX
w= Z w., sm—sm Z Ui cos—51 )
n,m=1 n,m=1 b
Tmx
u, = Z Uspn sm—co 5 (15)
n,m=l1
X i T Tmx
Z Wy COS——8IN Z Yo sm—co —_—,
n,m=1 a n,m=1 b
where W, Uiys Uspys VWigws Wap, — unknown amplitudes of
displacements.

Let the longitudinal load p, =0, p, =0. The transverse load ¢ is presented

in the form of decomposition into a double trigonometric series:

q= Z Don sin 2 sin nmx (16)
n,m=1 a b
Tmx

= —_“q(x y)sm—sm dedy

After substituting the dlsplacements (15) and the load (16) in equation (13)
we obtain a system of linear algebraic equations to determine the desired
amplitudes of displacements:

béUlmn +b7U2mn +b8Wlmn +b9w2mn +bl =0 ’
b7Ulmn +bllU2mn +b9w1mn +bl2w2mn +b2 mn = O’
bSUlmn +b9U2mn +bl3Wlmn +bl4W2mn +b3 mn =0 ’ (17)

b9Ulmn +bl2U2mn +bl4Wlmn +blOW2mn +b4 mn = =0 ’

mn

blUlmn +b2U2mn +b3w1mn +b4w2mn +b5 mn = 9mn >
where the coefficients b; are expressed in terms of values ¢; and depend on

the parameters m and n.
The solution of the system (17) can be obtained numerically using an
inverse matrix. After determining the amplitudes W,,,, U,,..> Uspn> Wi

W,,,, the required functions are calculated by formulas (15). Displacement in

the bearing layers and aggregates are from relations (2).

Results of numerical calculation. The calculation was performed for a
three-layer plate, the material of the bearing layers of which has the
characteristics: of the Young's modulus of 0,72-10° MPa; Poisson's ratio 0,32;
density 2770 kg/m®; and for the aggregate: the Young's modulus 1100 MPa;
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Poisson's ratio 0,33; density 2100 kg/m’. The relative thicknesses of the layers
were taken 4 =0,02, h, =0,04, ¢=0,09; the ratio of the sides of the plate

a=1, b=1. Intensity of surface load ¢ =1MPa.

Fig. 2. Numerical modeling of the structure

Calculations were performed in two ways: according to the above method
and the finite element method (FEM) [11]. The results of the calculation are
shown in the Table 1 and graphically in Fig. 3, 4. The maximum error did not
exceed 2,8%. Table 1 shows the change in the value of the deflection along Ox
axis (y = 0,5) from the stiffness of the elastic base.

The extremum of deflections is observed in the center of the plate.

In Fig. 5 shows the change in deflection in the middle of the plate along the
Ox axis (y = 0,5). The curves correspond to different values of the stiffness
coefficient of the base k. The extremum of deflections is observed in the center
of the plate. At increase in rigidity of the basis in 50 times the maximum value
of a deflection decreases by 40%.
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Fig. 3. Change the deflection w along the axis Ox in the middle of the plate: k£ =100 MPa/m
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Table 1
. Deflection w
Axis x (v=0.5) k =100 MPa/m k = 5000 MPa/m
0 0 0
0,25 -0,0012 -0,0019
0,5 -0,0018 -0,0028
0,75 -0,0012 -0,0019
1 0 0

i<\
Y

Fig. 4. Change the deflection w along the axis Ox in the middle of the plate: & =5000 MPa/m
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Fig. 5. Deflection w along the axis Ox in the middle of the plate:
1— k=100 MPa/m, 2 — k =5000 MPa/m
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Fig. 6. Change the relative offset in the filler , along the axis Ox in the middle of the plate:
1— k=100 MPa/m, 2 — k=5000 MPa/m
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Conclusions. Analytical and numerical solution of the problem of bending
a three-layer plate with a rigid filler on an elastic basis is given. Taking into
account the stiffness of the elastic base leads to a significant clarification of the
stress state that occurs in the three-layer plate under external force. The
influence of the stiffness of the base on the deflection of the structure is
analyzed, which makes it possible to determine the optimal parameters of this
mechanical system and give the necessary recommendations for its use.
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Iuckynos C.0., Tpybaues C.1., Onuwenko €.€., Konooesxcnuil B.A.
BIIJIUB )KOPCTKOCTI OCHOBHU HA JE®OPMYBAHHS IIAPYBATHUX
BYAIBEJbHUX KOHCTPYKIIII

Illupoke BIPOBa[KCHHs B IPOMHCIIOBICTh LIAPYBAaTHX KOHCTPYKLIH, 30KpeMa TPHIIAPOBHX
IUIACTHH, 00O0JIOHOK i HEMOXJIMBO 0e3 e(peKTUBHUX METOJIB OLIHKH X MIiIHOCTI Ta HaJiHHOCTI.
Bucoka MinHiCTh 1 JKOPCTKICT NpU BigHOCHO Mawiii Basi, Aemndyrodi i Terioi3omsuiiHi
BJIACTHBOCT] 3a3HAYCHUX KOHCTPYKIH 3yMOBMIIH IX BUKOPHCTAHHS B Cy4acHOMY OYIiBHHLTBI Ta
MamrHOOyyBaHHI. TpHIIAPOBI MIACTHHK | OOOJIOHKH, SIK IPABHJIO, € MOEAHAHHAM Pi3HOPIIHUX



154 ISSN2410-2547
Omip matepianiB i Teopis cropya/Strength of Materials and Theory of Structures. 2022. Ne 108

3a cBOIMH (Pi3HKO-MEXaHIYHIMH BJIACTHBOCTSAMH MaTepiaiiB. Po3paxyHOK MOAIOHMX KOHCTPYKIIH
IPEACTABISIE AyXKe CKIAIHE 3aBJAaHHSA, B OCHOBY BHPIIICHHsS SKOIO ITOBHHHI OyTH MOKJIaJeHi
MaTeMaTH4HI MOJeI, 1110 BOJIOAIIOTH BUCOKHM CTYIICHEM JOCTOBIPHOCTI i BioOpakaloTh peasbHi
MeXaHi4Hi BracTUBOCTI. Y mpomeci eKCIUIyaTtaiii TpUIIapoBi KOHCTPYKLIl 3HAXOAATHCS Mif
BIUIMBOM 3HAYHHMX CTATHYHHX HABaHTAXKCHb. TOMy po3poOKka €(pEeKTUBHHX Ta CKOHOMIYHHX
METO/iB BHPILICHHS 3aJa4 CTATHKH TPHULIAPOBHX CHCTEM € aKTyaJbHOI mpobiemon. Y
TPaHCIOPTHOMY OYAIBHULTBI PO3PaxyHKOBAa CXeMa Yy BUMVIAI IUTMTH (TUIACTHHKH) HA MPYXKHIH
OCHOBI BHKOPHCTOBYETBCSl AL PO3PaxyHKy IOPOXKHIX OAAriB, IUIUT. B poGoTi pos3risHyTO
3rMHAHHSA TPHIIAPOBOI IUIACTUHU 3 JKOPCTKHM 3alOBHIOBAYEM, sIKA 3HAXOIMUTHCS HA IMPYXKHIN
ocHOBI. [l omucy kiHeMaTHku IedOpMyBaHHS NPUHHATI rinore3u JamaHoi JdiHil. Ha koHTypi
IUTACTHHY NependadaeThCst HasBHICTh JKOPCTKOI AiadparMu, IO MEPeLIKOKaE BiJHOCHOMY 3CYBY
mwapiB. bynau npoBeneHi aHANITHYHUH Ta YHCENBHUH PO3PAXyHKH TPHUILIAPOBOI ITACTHHH METOIOM
CKIHYEHHHX eJIeMEHTIB. B pe3ynmbraTi po3paxyHky Oyja BH3HA4YeHI 3aJIeKHOCTI NPOrMHY Bif
Koedilienta xopcrkocti ocHoBH. HaBeneHi pekoMenauii nmpo BUOip KoedillieHTa )OPCTKOCTI.
VYpaxyBaHHs JKOPCTKOCTI HPY)XHOI OCHOBH IPU3BOAUTH A0 iCTOTHOrO YTOYHEHHS HAIPYKEHOTO
CTaHy, 1110 BUHHKA€E B TPHUILIAPOBIil NIACTHHI IPH 30BHILIHBOI CHIIOBIH aii. [IpoaHati3oBaHO BILUIMB
JKOPCTKOCTI OCHOBM Ha IPOTMH KOHCTPYKIII, 1€ Ja€ MOXJIMBICTh BHU3HAYMTH OITHMAJIbHI
HapaMeTpH AaHOI MEXaHIYHOI CHCTEMH 1 JaTH HeoOXiqHi pekoMeHaamuil moao il BAKOPUCTaHHS.

Keyword: HanpyxeHo-1¢()OpMOBaHHN CTaH, 3TMH, 3TMHHA JKOPCTKICTh OCHOBH, TPH-IIAPOBa
T, OyAiBeNbHI KOHCTPYKIIi.

Pyskunov S.0., Trubachev S.1., Onyshchenko Ye.Ye., Kolodezhnyi V.A.
INFLUENCE OF FOUNDATION STIFFNESS ON DEFORMATION OF LAYERED
BUILDING STRUCTURES

Widespread introduction into the industry of layered structures, in particular three-layer plates,
shells and is impossible without effective methods of their strength and reliability. High strength
and rigidity at relatively low weight damping and thermal insulation properties of these structures
have led to their use in modern construction and mechanical engineering. Three-layer plates and
shells, as a rule, are a combination of materials heterogeneous in their physical and mechanical
properties. The calculation of such structures is a very complex task, the solution of which should
be based on mathematical models with a high degree of reliability and reflect the real mechanical
properties. During operation, three-layer structures are under the influence of significant static
loads. Therefore, the development of effective and cost-effective methods for solving the problems
of statics of three-layer systems is an urgent problem. In transport construction, the calculation
scheme in the form of a plate on an elastic basis is used to calculate pavement, slabs. The paper
considers the bending of a three-layer plate with a rigid filler, which is on an elastic basis.
Hypotheses of a broken line are accepted for the description of kinematics of deformation. The
contour of the plate has a rigid diaphragm, which prevents the relative displacement of the layers.
Analytical and numerical calculations of the three-layer finite element method were performed. As
a result of the calculation, the dependences of the deflection on the stiffness coefficient of the base
were determined. Recommendations on the choice of stiffness factor are given. Taking into
account the stiffness of the elastic base leads to a significant clarification of the stress state that
occurs in the three-layer plate under external force. The influence of the stiffness of the base on the
deflection of the structure is analyzed, it gives the opportunity to determine the optimal parameters
of this mechanical system, and give the necessary recommendations for its use.

Keyword: stress-strain state, bending. rigidity of the base, three-layer plates, building
structures.
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IIposedeni ananimuunuil ma uucenvHuii po3paxynok mpuwiapoeoi niacmunu MCE. Busznaueni
3anexcHocmi npo2ury 8i0 Koegiyienma sxcopcmrocmi ochosu. Hasedeni pexomendayii npo eubip
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Analytical and numerical calculations of the ITU three-layer plate were performed. The
dependences of the deflection on the stiffness coefficient of the base are determined.
Recommendations on the choice of stiffness factor are given.

Tabl. 1. Fig. 6. Ref. 11.
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