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Abstract. The article investigates the influence of partial stiffness of the hinge joint of single-
span and multi-span freely supported beams with lower structures on their stress-strain state under 
the action of vertical evenly distributed load. Joints of freely supported beams under the action of 
external load are opened on supports and mounting bolts interfere with their full opening, that is 
joints work as partially rigid. Knowing some initial parameters of ideally hinged joints, it is 
possible to establish what influence their change will have both on the calculation scheme of 
beams, and on calculation schemes of cross frames of frameworks of buildings and constructions, 
to which they enter, as a whole. The method of initial parameters was used to determine the 
influence of the resistance of the mounting bolts on the opening of the support joints on the stress 
state of the elements. The offered technique allows to define real rigidity of any bolted hinge 
connection taking into account its actual work and to adjust it stiffnesst by changing the diameter 
of the bolts, the strength of the material from which they are made, their number, distance between 
them, as well as use additional material resource by reducing the maximum stresses in the 
calculated cross sections. This is especially true of elements made of perforated profiles, because 
the change of stress-strain state in the support zones will cause redistribution of stresses in the 
calculated points of their cross sections, both on the supports and in the span of the beams. This 
must be taken into account by including certain coefficients in the calculation formulas, depending 
on the specific operating conditions. 
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Introduction. The design of buildings and structures for any purpose 

begins with the development of a spatial planning solution, due to the specified 
in the design task certain technological or functional requirements. Based on 
this decision, the basic dimensions and structural schemes of load-bearing 
structures, including the schemes of nodal joints, which can be made using 
assembly welding or joining bolts, are adopted in the first place. The presence 
of a carefully designed structural scheme allows us to make a design scheme of 
a single structure or frame as a whole, which takes into account the effect on 
the building of all external, both concentrated and evenly distributed loads. 
The development of structural and design schemes must take into account the 
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type of node connections of the elements and the purpose of certain boundary 
conditions. 

At present, in the current domestic and European design standards for steel 
structures [1, 2] the boundary conditions of bolted and welded joints are 
idealized, that is rigid, hinged fixed, hinged movable, etc., which does not fully 
correspond the actual conditions of their work and structures in general. If we 
consider single-span split and multi-span continuous beams, which rest on 
certain supports (below are beams, columns, etc.) and fastened to them with 
mounting bolts, then in calculations using an idealized calculation scheme, 
such a connection is considered hinged and bolts perform only the functions of 
beam retainer in the design position. In fact, under the action of external load 
beams are bent and as a result of their deflection bolts are stretched and 
interfere with free deformations on the supports, that is these supports become 
partially rigid, which affects to the redistribution of forces along the length of 
the beam, and, for example, rigid flange bolted connections, in turn, on the 
contrary, work as partially hinged. Theoretical and experimental studies [3–11] 
performed earlier, including by the authors of this work, confirm this. 

From the correct consideration of the actual stiffness of the bolted joints 
depends not only their load-bearing capacity and deformability, but also the 
load-bearing capacity of the structural elements, connected in these nodes. In 
particular, the authors as a result of tests of a steel perforated arch with a rigid 
flange ridge node [3, 4, 5] found a significant difference in stresses calculated 
theoretically and obtained experimentally, in cross sections near it (the 
difference was 56.6% … 67.1 %.), and the pliability of the hinged single-span 
frame with rigid nodes [11] was 6% ... 10%. 

This can be explained by the pliability of the flange bolted joint, which was 
opened by the action in the node of bending moment and longitudinal force, 
and in theoretical calculations, this connection was taken absolutely rigid. As a 
result, the ridge node worked not as rigid, but partly hinged, and the actual  
calculation scheme of the double-hinged arch was partly three-hinged, and 
therefore the value of the bending moment in the node was less, than 
calculated earlier, due to its pliability. Experimental and theoretical studies 
[3, 5] found that the stiffness of the bolted connection was 0.412 compared to 
the stiffness of the ideal flange connection taken as a unit. It was also found 
that the rigidity of the node changes with the changing of parameters of its 
details.. So, for example, with changing of diameter of a bolt from 10 to 24 
mm rigidity changes accordingly from 0,412 to 0,897. 

Purpose and Research Methods. The purpose of these studies is to 
theoretically determine the actual stiffness of bolted joints of steel structures, 
as well as to develop an effective method for determining the influence of 
resistance of mounting bolts on the opening of hinged support units in 
particular and their stiffness in general. 

To achieve this purpose, the method of initial parameters, the method of 
finite elements, implemented in the software package "Lira", as well as the 
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results of numerous theoretical and experimental studies, performed by the 
authors. 

Main Results. To study the effect of the stiffness of the hinge assembly on 
the stress-strain state of the elements, we can consider both single-span and 
multi-span beams, which perceive the vertical load q evenly distributed in the 
span (Fig. 1). Fastening of beams to the 
lower constructions is accepted hinged 
according to the storey scheme of 
beams connections. 

Since the design position of the 
beam is fixed by bolts, tensile forces 
arise in them due to the action of 
external load q on this beam and they 
will interfere with the full opening of the support nodes, which, as a result, will 
become partially rigid. Knowing some initial parameters of ideally hinged 
nodes, it is possible to establish what influence their change will have both on 
the calculation scheme of a beam, and on the calculation scheme of a frame or 
a framework as a whole, and also on separate elements. 

The calculanion scheme of the beam taking into account the actual stiffness 
of the support nodes is presented in Fig. 2. 

To determine the magnitude of the opening of the hinged nodes the method 
of initial parameters is used 
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where is х і , хіу  – the angle of rotation and deflection in the cross section of 
the element under consideration; 0 , 0у  – angle of rotation and deflection of 
the element at the beginning of the system (initial parameters); хіМ , хіF , хіq  – 
respectively concentrated moments, concentrated forces and the value of 
evenly distributed load, which are applied to the structure; іх  – the distance 
from the beginning of the system to the cross section in which the deformation 
is calculated; 1а , 2а , 3а  – distances from the beginning of the system to the 
points of application respectively of concentrated moments, concentrated 
forces and to the 
beginning of areas of 
application of distributed 
load; I – moment of 
inertia of the section; E – 
modulus of elasticity of 
steel. 

Taking the initial 

 
 

Fig. 1. The сalculation scheme of single-
span beam 

 
Fig.  2. The calculation scheme of the beam, taking into 

account the partial stiffness of the support nodes 
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parameters, namely that the deflections of the beams on the supports, 
respectively in nodes A and B of the single-span beam or on all supports of the 
multi-span continuous beam, are zero, using the right part of formula (1) and 
taking the origin in node A, you can determine the angle of rotation in the 
idealized calculation scheme of the hinged node of the beam on the support. 

3

24А В
lЕІ ЕІ q    .                                         (2) 

Since the fixative mounting bolt resists the opening of the support node, 
which as a result becomes partially rigid, the angle of rotation in the node A 
(see Fig. 2) can be determined from the formula 

3
'

24 2А А
l lЕІ q М   ,                                         (3) 

where is AM  – additional bending moment that occurs in node A due to the 
resistance of the bolt to the opening of the node. 

The change of the angle of rotation in node A due to the resistance of the 
bolted connection is defined as the difference between the values of formulas 
(2) and (3) 

'
2А А А
lЕІ ЕІ М    .                                        (4) 

That is, the value of reduction of the opening of the support node is directly 
proportional to the value of the bending moment that occurs in the support part 
of the beam, and vice versa, the value of the bending moment that occurs in the 
support part of the beam is directly proportional to the value of reduction of 
opening of the support node. 
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The value of the actual opening of the hinged bolt node A, that is the value 
of the angle of rotation '

А , can be determined by considering the calculation 
scheme of the bolted joint in this node under the action of forces determined 
by static calculation of the beam (Fig. 3). The same considerations can be 
applied to the intermediate support of a multi-span beam (Fig. 4). 

 

  

Fig. 3. Deformation of the supporting 
part of the single-span beam 

Fig. 4. Deformation of the support part  
of the multi-span beam on the intermediate support 
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The force in the stretched bolt under the action of evenly distributed load q 
on the beam 

2bt
qlN п ,                                                 (6) 

where is n – the number of bolts in the connection. 
Elongation of the most stretched bolt 

bt
b

bn

N t
l E A   ,                                             (7) 

where is  t  – the sum of the thicknesses of the elements to be joined; bnA  – 
the cross-sectional area of the bolt. 

The opening angle of the flange connection in the node, the elements of 
which are the upper belt of the lower beam and the lower belt of the beam under 
consideration, and accordingly the angle of rotation of the beam in this node is 

' аrctg b
А

l
х


  ,                                           (8) 

Thus, considering the calculation scheme of support of the beam in the 
node and determining the value of the opening angle of this connection, as 
well as having the selected cross section of the elements, their length and the 
initial opening angle of the support part, you can determine the value of 
bending moment in the hinged support AM , which occurs due to the limitation 
of the opening of the node. 

The ratio of the bending moment in the hinged support AM  to the value of 

the maximum bending moment 2 /12maхМ ql  for an absolutely rigid node 

100%А

maх

М
М  indicates on what percentage increases the stiffness of the hinged 

support due to stresses in the fixative bolt on the support, and the rigidity of the 
node is 

А

maх

Мk М .                                               (9) 

The magnitude of the dependence 2ЕІ
l  in formula (5) is constant and 

indicates, that the decrease of the value of the bending moment is directly 
proportional to the magnitude of the decrease of the opening of the hinged bolted 
joint, and also depends on the length of the element, its rigidity, location of bolts 
in the connection, that is size x - the distance from the edge of the support of the 
beam to the axis of the bolts in this connection (see Fig. 3). 

In a beam on two supports under the action of evenly distributed load over 
the entire span the greatest stresses occur in the cross section in the middle of the 
beam length, and in multi-span continuous beams under the same load the place 
of occurrence of the largest value of bending moment does not coincide with the 
middle of the beam span. In any case, the support hinged nodes become partially 
rigid, and the calculation scheme of the beam changes. As a result, the value of 
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the maximum bending moment in the span changes and there is an additional 
resource of the load-bearing capacity of the beam as a whole, which allows you 
to more rationally design such elements. 

Summary. The data obtained as a result of theoretical and experimental 
studies [3, 4, 5, 11] showed that in determining the diameters of bolts in which 
the values of tensile stresses are close to their calculated resistance yR  and 
which are located at the minimum distance from the edge of support according to 
requirements [1], the effect of additional bending moment on the support is 
almost absent. However, if you increase the diameter of the bolts, and, 
accordingly, their cross-sectional area, it is possible to reduce the tensile stresses 
in them to 0,5 yR  and, removing the bolts from the edge of the support, thus 
limiting the free rotation of the support nodes, to achieve rigidity of the node 

0,035...0,096k  , which has a significant impact on the work of both the nodes 
themselves and the elements connected in it. 

It is theoretically established that in the presence of several such nodes in the 
structure, its total stiffness increases by a magnitude equal to the sum of the 
increase in stiffness of all nodes. The calculations allow us to state that, for 
example, for a beam on two supports (see Fig. 1), where there are two hinged 
nodes, the total stiffness depending on the geometric parameters of all elements 
can increase by 7… 15%. 

Since in beams with hinged supports, the cross sections in the span are 
usually the most tense, taking into account the real stiffness of the hinged bolted 
joints on the supports allows you to redistribute the force along the length of the 
beam and more rationally perform its design. As a result, the stresses in the 
calculated sections of the split beams near the nodes will increase slightly, which 
makes the structure more rigid, but, at the same time, allows you to unload it as a 
whole; in the continuous beam, the stresses on the extreme supports will increase 
due to the increase in the stiffness of the nodes, and on the intermediate supports 
will decrease due to the pliability of the bolts. 

The refined calculations proposed by this method make it possible to 
calculate the actual stresses in the sections, the maximum values of which are 
less than those calculated by the traditional method, and as a result to obtain 
material savings on one beam of about 3… 8%. This is especially true of 
elements made of perforated profiles [3, 4, 5], because the change of stress-strain 
state in the support zones will cause redistribution of stresses in the calculated 
points of their cross sections, both on the supports and in the span of the beams. 
This must be taken into account by including certain coefficients in the 
calculation formulas, depending on the specific operating conditions. 

In general, the proposed method allows to determine the actual stiffness of 
any bolted hinge connection, taking into account its actual operation on the basis 
of static calculation data. In addition, it allows you to adjust the stiffness of the 
bolted joint by changing the diameter of the bolts, their placement or changing 
the estimated length of the bolts by using additional gaskets. Taking into account 
the additional rigidity of the nodes and, as a consequence, the structure as a 
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whole, allows you to somewhat unload the elements and calculate the additional 
resource bearing capacity during the design of the frame elements. 
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Романюк В.В., Супрунюк В.В., Безнюк Л.І., Місюк Т.Я. 
ВПЛИВ ФАКТИЧНОЇ ЖОРСТКОСТІ БОЛТОВИХ ШАРНІРНИХ З’ЄДНАНЬ НА 
НЕСУЧУ ЗДАТНІСТЬ ЕЛЕМЕНТІВ 

В статті досліджується вплив часткової жорсткості шарнірного вузла з’єднання 
однопрольотної і багатопрольотної вільно обпертих балок з нижче розташованими 
конструкціями на їх напружено-деформований стан за дії вертикального рівномірно 
розподіленого навантаження. Вузли вільно обпертих балок за дії зовнішнього навантаження 
розкриваються на опорах, а монтажні болти заважають їх повному розкриттю, тобто вузли 
працюють як частково жорсткі. Знаючи деякі початкові параметри ідеально шарнірних 
вузлів, можна встановити, який вплив буде мати їх зміна як на розрахункову схему балок, 
так і на розрахункові схеми поперечних рам каркасів будівель і споруд, до складу яких вони 
входять, в цілому. Для визначення впливу опору монтажних болтів розкриттю опорних 
вузлів на напружений стан елементів використано метод початкових параметрів. 
Запропонована методика дозволяє визначити реальну жорсткість будь-якого болтового 
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шарнірного з’єднання з урахуванням його дійсної роботи. а також регулювати його 
жорсткість, змінюючи діаметр болтів, міцність матеріалу, з якого вони виготовлені, їх 
кількість, відстань між ними, а також використовувати додатковий ресурс матеріалу за 
рахунок деякого зменшення максимальних напружень в розрахункових перерізах елементів. 
Особливо це стосується елементів, виконаних з перфорованих профілів, оскільки зміна 
напружено-деформованого стану в опорних зонах викликатиме перерозподіл напружень і в 
розрахункових точках їх перерізів як на опорах, так і в прольоті балок. Це обов’язково 
необхідно враховувати шляхом включення до розрахункових формул певних коефіцієнтів 
залежно від конкретних умов роботи. 

Ключові слова: болт, з’єднання, несуча здатність, опір, жорсткість, шарнірний вузол, 
балка. 
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BEARING CAPACITY OF THE ELEMENTS 

The article investigates the influence of partial stiffness of the hinge joint of single-span and 
multi-span freely supported beams with lower structures on their stress-strain state under the action 
of vertical evenly distributed load. Joints of freely supported beams under the action of external 
load are opened on supports and mounting bolts interfere with their full opening, that is joints 
work as partially rigid. Knowing some initial parameters of ideally hinged joints, it is possible to 
establish what influence their change will have both on the calculation scheme of beams, and on 
calculation schemes of cross frames of frameworks of buildings and constructions, to which they 
enter, as a whole. The method of initial parameters was used to determine the influence of the 
resistance of the mounting bolts on the opening of the support joints on the stress state of the 
elements. The offered technique allows to define real rigidity of any bolted hinge connection 
taking into account its actual work and to adjust it stiffness by changing the diameter of the bolts, 
the strength of the material from which they are made, their number, distance between them, as 
well as use additional material resource by reducing the maximum stresses in the calculated cross 
sections. This is especially true of elements made of perforated profiles, because the change of 
stress-strain state in the support zones will cause redistribution of stresses in the calculated points 
of their cross sections, both on the supports and in the span of the beams. This must be taken into 
account by including certain coefficients in the calculation formulas, depending on the specific 
operating conditions. 
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Романюк В.В., Супрунюк В.В., Безнюк Л.И., Мисюк Т.Я. 
ВЛИЯНИЕ ФАКТИЧЕСКОЙ ЖЕСТКОСТИ БОЛТОВЫХ ШАРНИРНЫХ 
СОЕДИНЕНИЙ НА НЕСУЩУЮ СПОСОБНОСТЬ ЭЛЕМЕНТОВ 

В статье исследуется влияние частичной жесткости шарнирного узла соединения 
однопролетной и многоролетной свободно опертых балок с ниже расположенными 
конструкциями на их напряженно-деформированное состояние при действии вертикальной 
равномерно распределенной нагрузки. Узлы свободно опертых балок при действии 
внешней нагрузки раскрываются на опорах, а монтажные болты препятствуют их полному 
раскрытию, т.е. узлы работают как частично жесткие. Зная некоторые начальные параметры 
идеально шарнирных узлов, можна установить, каное влияние будет иметь их изменение 
как на расчетную схему балок, так и на расчетные схемы поперечних рам каркасов зданий и 
сооружений, в состав которых они входят, в целом. Для определения влияния 
сопротивления монтажних болтов раскрытию опорных узлов на напряженное состояние 
элементов использован метод начальных параметров. Предложенная методика позволяет 
определять реальную жесткость любого болтового шарнірного соединения с учетом его 
действительной работы, а также регулировать его жесткость, изменяя диаметр болтов, 
прочность материала, из котрого они изготовлены, их количество, расстояние между ними, 
а также использовать дополнительный ресурс материала за счет некоторого уменьшения 
максимальних напряжений в рассчетных сечениях элементов. Особенно это касается 
элементов, выполненных из перфорированных профилей, поскольку изменение 
напряженно-деформированного состояния в опорных зонах вызовет перераспределение 
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напряжений и в расчетных точках их сечений как на опорах, так и в пролете балок. Это 
обязательно необходимо учитывать путем введения в рассчетные формулы определенных 
коефициентов в зависимости от конкретних условий работы. 

Ключевые слова: болт, соединение, несущая способность, сопротивление, жесткость, 
шарнирный узел, балка. 
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