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To confirm the reliability of the results obtained on the basis of the semi-analytical finite element
method using the approaches suggested in [1-2, 4-6], a wide range of test problems is considered.
Within the framework of the elastic approach, the spatial problem of an unevenly loaded shell, the
middle surface of which has the shape of an elliptical paraboloid, is considered. The substantiation of
the reliability of solutions obtained on the basis of the semi-analytical finite element method for
physically nonlinear problems was carried out using the example of elastic-plastic calculation of an
unevenly heated cube, the physical and mechanical characteristics of the material of which depend on
temperature. To substantiate the reliability of the results obtained when solving problems of large
plastic deformations, the elastic-plastic deformation of a parallelepiped between plane-parallel plates
in the absence of contact friction is considered.

Comparison of the results obtained by the semi-analytical finite element method for problems in
an elastic, elastic-plastic formulation and taking into account large plastic deformations with the
results of other authors shows the reliability of the proposed method.

Keywords: semi-analytical finite element method, stress-strain state, elastic and elastic-plastic
deformation, physical and geometric nonlinearity, shape change, curvilinear prismatic bodies.

Introduction. The efficiency of applying the semi-analytical finite element
method to solving spatial problems depends on the correct choice of the
algorithm for solving systems of linear and nonlinear equations. Analysis of the
main indicators, such as ensuring the accuracy of the solution and computational
costs, shows that the most effective are combined algorithms based on a
combination of stepwise and iterative methods. For matrices of systems of
resolving equations of the semi-analytic finite element method, a block structure
is characteristic. To solve systems with such a matrix, it is most natural to use the
block iteration method. When considering physically and geometrically
nonlinear problems, the solution was carried out by the step method of
integration over a parameter in combination with the method of block iterations.

The reliability of the application of the created numerical approach to the
study of prismatic spatial objects with variable physical and geometric
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parameters was confirmed by solving control problems in an elastic, elastic-

plastic formulation and taking into account large plastic deformations.

The spatial problem of an unevenly loaded shell. Within the framework
of the elastic approach, the spatial problem of a non-uniformly loaded shell is
considered, the middle surface of which has the shape of an elliptical
paraboloid (Fig. 1):

@z* -a (2% -b)’
24> 207 .
For this task, the following values of the constants are accepted: a=10,

b=12. Shell thickness #=2. Elastic modulus of material E=1. Poisson's ratio

(v=0.3).
The boundary conditions at the ends are specified for the middle layer as:
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Due to symmetry, one fourth of the shell is considered.

Loading is carried out along the outer surface of the body with a distributed

load, the intensity of which is determined by the formula:
16 nz>  nz%

ql!(Zzy, Z3')=——zsin sin
I

€)

a

A solution to a similar problem was carried out in [3].
In the cross-sectional plane, finite element discretization was carried out

with the same number of nodes in the Z' and Z2 directions equal to 9. In the

7z direction, the displacements were approximated by a series expansion to
polynomials.

To determine the required number of retained members of the series when
solving the problem from an external load changing in the third direction
according to the sine law, a convergence study was carried out (Tab. 1). The

accuracy of calculating the displacements in the Z I direction was determined
as a percentage in relation to the result given in [3].
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Fig. 1. Unevenly loaded shell, the middle surface of which has the shape
of an elliptical paraboloid

It can be seen from the table that the solution obtained by keeping 5 terms
of the expansion (m3;=5) is slightly inferior in accuracy to the solution at m;=9,

at U" , calculated by this method, it agrees well with the results of the authors
[3], there is a discrepancy in the region 3%.

When comparing other characteristics of the stress-strain state of a thick-
walled shell, in particular, stresses >3 , which are maximum for this problem
(Fig. 1), similar results were also obtained.

Elastic-plastic calculation of an unevenly heated cube. The validation of

0,5 the reliability of solutions

f obtained on the basis of the semi-
A o analytical finite element method
7 \ for physically nonlinear problems
is carried out using the example of
. elastic-plastic calculation of an
'& unevenly heated cube, the
v physical and mechanical
characteristics of the material of

which depend on temperature. The

7?' cube, the side length of which is

0,5

e 800 2a=1, is made of steel (Fig. 2)

W The thermomechanical

800 800 rc characteristics of the material are
Fig. 2. Calculation diagram of a cube and given in the work [8].

temperature distribution diagrams The object is exposed to an



ISSN2410-2547 187
Omip matepianiB i Teopis cropyx/Strength of Materials and Theory of Structures. 2021. Ne 107

inhomogeneous temperature field, the law of temperature change is adopted in
the form:
T =800cos(nZ" )cos(nZ? ) cos(nZ>). 4

The results of solving this problem are compared with the previously
obtained traditional FEM in work [7].

In fig. 2 shows the design diagram of the object and the temperature
distribution diagrams. Convergence studies have shown that a uniform mesh
with a total number of elements equal to 16 should be used in the cross-
sectional plane, and along the decomposition coordinate by a factor of 2 leads
to a change in the result by less than 2%.

The results of solving the problem are presented in the form of diagrams of
maximum stresses for elastic and elastic-plastic variants of calculation and
curves depicting the boundary of the zone of plastic deformations (Fig. 3). The

stress distribution o7 is shown near the vertical axis of symmetry of the cube
(z% =7% =0.06).

aM.10°%, |27 I [ =— o8y
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Fig. 3.Results of solving the problem of calculating an unevenly heated cube

The solid line corresponds to the elastic-plastic solution, the dotted line to

the elastic solution given in [7].The circles show the values of o33 , obtained
by the semi-analytic finite element method.

As we can see, it is observed that there is a good agreement between the
results when considering a non-uniformly heated cube both in the elastic and
in the elastic-plastic formulation. The maximum calculation error for

o> does not exceed 2%.
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In the plane Z 220 the boundary of the zone of development of plastic
deformations is indicated. The curves constructed on the basis of the semi-
analytical finite element method and in the article [7] practically coincide.

Elastic-plastic deformation of a parallelepiped between plane-parallel
plates in the absence of contact friction. To substantiate the reliability of the
results obtained on the basis of the developed approach in solving problems of
large plastic deformations, the elastic-plastic deformation of a parallelepiped
between plane-parallel plates in the absence of contact friction is considered.

The initial height of the parallelepiped was 2H,=40mm, the initial
dimensions of the section were 2Ly=37mm, 2B=43mm. The upsetting process
was carried out up to a height of 2H;=28mm, i.e. the degree of deformation in
height was 30%.

H-H,

& = -100% . (5)

The calculated and experimental data presented in [9] were used as a
standard.

The design scheme of the object is shown in Fig. 4. To approximate the
body shape, a set of prismatic finite elements with variable physical and
geometric parameters was used. The settlement process was modeled by

setting the forced displacements AU 1" of the ACDE plane.
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Fig. 4. Design scheme of the object, results of solving the problem
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Investigations of the convergence of the results are carried out depending on
the accuracy of the convergence of the solutions obtained for a system of

nonlinear equations. For €= 107 this convergence of the obtained solutions

was achieved, a further decrease in the parameter £ does not lead to any
significant change in the result. Thus, the error in calculating the maximum

displacements at €=107 was less than 1% compared to those obtained at

£=10"°.

The calculation results are shown in Fig. 4 in the form of the trajectories of
points 4, D, E displacements. Solid lines show the trajectories constructed
using the results of solving the problem with semi-analytical data. There is a
good coincidence of the curves obtained by the semi-analytical finite element
method with the reference one.

Conclusion. On this basis, the effectiveness of the application of the semi-
analytical finite element method to the calculation of curvilinear
inhomogeneous prismatic objects is shown. The solution of the control
problems of the theory of elasticity, thermoelasticity and thermoplasticity, as
well as the problems of shape change, makes it possible to draw a conclusion
about the reliability of the results of the study of the selected class of objects
on the basis of the developed methodology and the applied software package
that implements it.
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Bopona FO.B., Makcum'iok FO.B., Mapmuniox 1.FO., Maxcum'tox O.B.

JOCTOBIPHICTD PE3YJIbTATIB OTPUMAHUX HAINIBAHAJIITUYHUM METOJIOM
CKIHYEHUX EJEMEHTIB VIS IPUBMATHYHUX TLJI 3 HEPEMIHHUMH
OIBMYHUMU I TEOMETPUYHUMU TIAPAMETPAMHU

Jlist HiATBEpPIDKEHHST OCTOBIPHOCTI OTPHMAHHUX PE3yJbTAaTiB HA OCHOBI HaiBaHATITHYHOIO
METO/ly CKIHYEHHHX €JIEMEHTIB 3 BHUKOPHUCTaHHSM IIiIXO/iB, HaBeAECHHX B poborax [1-2, 4-6],
PO3IIISHYTO IIMPOKE KOJO TECTOBHX 3aBAaHb. Y paMKax MPYKHOTO IMiIXOAY PO3IJIIAETHCS
IPOCTOPOBA 3aJia4ya MPO PIBHOMIPHO HABAHTAKEHY OOOJIOHKY, CEpEIHs ITOBEPXHs siKoi Mae (hopMmy
emnTuyHOro mapabonoina. OOIPYyHTYBAaHHS [OCTOBIPHOCTI pillleHb, OZEpXKyBaHHX Ha 0asi
HaIBaHAJITHYHOTO METOJy CKIHYCHHHX CJIEMEHTIB Uil (i3MYHO HENiHIHHMX 3a[ad4, MPOBEACHO Ha
HPHKIAAl IPYKHOIUIACTUYHOrO PO3PaxyHKY HEpPIBHOMIPDHO Harpitoro Kkyoa, ¢i3uko-MexaHiuHi
XapaKTepHCTUKU Matepially SIKOTo 3aJeXaTh Bi TemmepaTypu. st 00rpyHTyBaHHS J1OCTOBIPHOCTI
pe3yJbTATIB, OJCPKYBAHUX TP BHUPILICHHI 3a1a4 MPO BEJUKI IIACTHYHI AedopManii, po3risHyTo
IPYXKHOIUIACTHYHE JeOpMyBaHHs Mapanesieninesa, 3aTHCHEHOr0 MDK IIJIOCKOIapasuiebHUMU
IUIMTaMH TIPU BiACYTHOCTI KOHTAKTHOI'O TEPTSL.

Ioka3aHa e(eKTHBHICTh 3aCTOCYBaHHS HAIIBAHAIITHYHOIO METOJY CKIHUCHHHX CJICMEHTIB IO
PO3paxyHKy KPHBOJIHIHHAX HEOIHOPIAHUX MPU3MATHYHHUX OO0'€KTiB. PO3B’sI3aHHS KOHTPOJIbHHUX
3a/1a4 Teopil MPY)KHOCTI, TEPMOIPY>KHOCTI Ta TEPMOILUIACTUYHOCTI, @ TAKOX 3a]a4 3MiHU GopmHu 1ae
3MOI'y 3pOOUTH BUCHOBOK IIPO JOCTOBIPHICTh Pe3yJIbTATIB JOCIIHKEHHs BUOPAHOIO Kilacy 00 €KTiB,
OTPUMAHUX 3 BUKOPHCTAHHSAM PO3pOOJICHOI METOMOIIOTI] Ta MPHKJIAJHOTO IPOrPAMHOTO KOMILIEKCY,
1110 peai3ye ii.

KutrouoBi ciioBa: HamiBaHATITHYHUH METOA CKIHYCHHX €IEMEHTIB, HAIPYKEeHO-Ae(hOpMOBaHHMIT
CTaH, MpYXHE Ta MNPYXHO-IUIaCTHYHE JaedopmyBaHHs, (i3udHa 1 reoMeTpuyHa HENiHIHHICTB,
(hopMO3MiHEHHS, KPUBOIHIHI IPU3MaTHYHI TiNA.

Vorona Yu.V., Maksimyuk Yu.V., Martyniuk I.Yu., Maksimyuk O.V.

RELIABILITY OF RESULTS OBTAINED BY SEMI-ANALYTICAL FINITE ELEMENT
METHOD FOR PRISMATIC BODIES WITH VARIABLE PHYSICAL AND GEOMETRIC
PARAMETERS

To confirm the reliability of the results obtained on the basis of the semi-analytical finite element
method using the approaches suggested in [1-2, 4-6], a wide range of test problems is considered.
Within the framework of the elastic approach, the spatial problem of an unevenly loaded shell, the
middle surface of which has the shape of an elliptical paraboloid, is considered. The validation of the
reliability of solutions obtained on the basis of the semi-analytical finite element method for
physically nonlinear problems is carried out using the example of elastic-plastic calculation of an
unevenly heated cube, the physical and mechanical characteristics of the material of which depend on
temperature. To substantiate the reliability of the results obtained when solving problems of large
plastic deformations, the elastic-plastic deformation of a parallelepiped between plane-parallel plates
in the absence of contact friction is considered.

The efficiency of application of the semi-analytical finite element method to the calculation of
curvilinear inhomogeneous prismatic objects is shown. The solution of the control problems of the
theory of elasticity, thermoelasticity and thermoplasticity, as well as the problems of shape change,
makes it possible to draw a conclusion about the reliability of the results of the study of the selected
class of objects on the basis of the developed methodology and the applied software package that
implements it.

Keywords: semi-analytical finite element method, stress-strain state, elastic and elastic-plastic
deformation, physical and geometric nonlinearity, shape change, curvilinear prismatic bodies.
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Bopona FO.B., Makcumiok FO.B., Mapmuniox U.FO., Maxcumiok O.B.

JOCTOBEPHOCTb  PE3VJIbTATOB NOJYYEHHBIXIIOJTYAHAJIUTUYECKUM
METOJAOM KOHEYHBIX 2JIEMEHTOB JJIs1 TPUBSMATUYECKHUX TEJ C
NEPEMEHHBIMU ®U3NYECKUMHU U TEOMETPUYECKUMU TIAPAMETPAMU

Jins  NOATBEPXKAEHHS  JOCTOBEPHOCTH  IOJy4aeMbIX  PEe3yJbTaToB  Ha  OCHOBE
HOJIyaHAJIMTUYECKOTO0 METO/Ia KOHEUHBIX 3JIEMEHTOB C HCIOJIb30BAHMEM I10JXO/I0B HABEIEHHBIX B
paborax [1-2, 4-6], paccMOTpeH LIMPOKUII KPyr TECTOBBIX 3a4ad. B paMkax ympyroro momxoza
paccMOTpeHa INPOCTPAHCTBEHHAs 3aJlada O HEPAaBHOMEPHO HArpyXeHHOH O00O0JIouKe, cepearHHas
HIOBEPXHOCTh KOTOPOH MMeeT (hopMy SIUIUIITHIECKOro apabononsa.

IMToxazana 3{(eKTHBHOCTD NPUMEHEHHS MOJyaHATUTHYECKOr0 METOAA KOHEYHBIX JJIEMCHTOB
JULSL pacueTy KPUBOJIMHEHHBIX HEOJHOPOAHBIX HMPU3MATHICCKHX OOBEKTOB. PeleHne KOHTPOIBHBIX
3a/1a4 TEOPUH YIPYrOCTH, TEPMOYIIPYTOCTH M TEPMOIIIACTUYHOCTH, @ TAKXKe 3a1a4 (pOPMOU3MCHEHHUS
JIaeT BO3MOXKHOCTb C/I€NIaTh BBIBOJ O JOCTOBEPHOCTH PE3YJbTATOB HCCIIEAOBAHUS BBIAEICHHOIO
Krnacca 00BbeKTOB Ha 0a3e pa3pa0OTaHHOM METOOMKH M PEATM3YIOIIEro ee Makera IPUKIIAJHBIX
HpPOrpamM.

KiaroueBble  CJI0Ba:NONyaHAIMTHYECKOTO METOJ  KOHEYHBIX 3JIEMEHTOB, HAIPSHKEHHO-
nehopMUPOBAHHOE COCTOSIHHE, YIIPYroe U yHpyro-mactuieckoe aedopmMupoBaHue, Gpusnueckas u
reoMeTpHYecKast HeTMHEHHOCTb, POPMOU3MEHEHHUS, KPUBOJIUHECHHBIC TPU3MATHYCCKHE Tea.
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Bopona FKO.B., Maxkcum'ox [FO.B., Mapmuniox 1FO., Makcum'ox O.B. JlocToBipHicTh
pe3yJabTariB, OTPUMAHMX HANIBAHAJITHYHHM METOJOM CKiHYEHUX eJeMeHTIiB I
NPU3MATHYHUX Til 3 mepeMiHHMMM (i3HuHUMHE i reoMeTpmunuMHu napamerpamu// Omip
MaTepialiB i Teopis copya: Hayk.-Tex. 30ipH. — Kuis: KHYBA, 2021. — Bumn. 107. — C. 184-192.
Ilokasano epexmugnicmov HANIGAHANIMUYHO2O MeMOOY CKIHYEHHUX el1eMEeHmie 00 PO3PAXYHKY
KPUBONIHITIHUX HEOOHOPIOHUX npusmamudnux o0'ckmis. Pezynomamu po3e'si3anns KOHMPOLbHUX
3a0ay 00360510Mb 3pOOUMU BUCHOBOK NPO HAOIUHICMb PO3POOICHOT MEMOOUKU.

Tabxn. 1. Puc. 4. bi6uiorp. 9 Ha3s.
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Vorona Y.V., Maksimyuk Yu.V., Martyniuk I.Yu., Maksimyuk O.V. Reliability of results obtained
by semi-analytical finite element method for prismatic bodies with variable physical and
geometric parameters // Strength of Materials and Theory of Structures: scientific-technical.
team — Kyiv: KNUBA, 2021. - Issue. 107. — S. 184-192.

The efficiency of the semi-analytical finite element method for calculating curvilinear
inhomogeneous prismatic objects is shown. The results of solving control problems allow us to
conclude about the reliability of the developed technique.

Tabl. 1. Fig. 4. Ref. 9
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