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In this paper, a numerical study of the convergence of solutions obtained on the basis of the
developed approach [1, 3, 4, 5] is carried out. A wide range of test problems for bodies with smoothly
and abruptly varying physical and geometric characteristics in elastic and elastic-plastic formulation
are considered. In all cases, the semi-analytic finite element method is not inferior in approximation
accuracy, and in some problems it is 1.5-2 times superior to the traditional method of scheduling
elements. finite element method.
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finite element (FE), stress-strain state, physical and geometric nonlinearity, elastic and elastic-
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Introduction. The approach developed within the framework of the semi-
analytical method to study the stress-strain state of inhomogeneous curvilinear
prismatic bodies, taking into account physical and geometric nonlinearity,
requires substantiation of its effectiveness in relation to the traditional FEM and
confirmation of the reliability of the results obtained on its basis.

The main indicators that allow comparing the SAFEM and FEM include
the rate of convergence of solutions with an increase in the number of
unknowns and the amount of charges associated with solving linear and
nonlinear equations. For the considered class of problems, the convergence is

determined by such factors as the nature of the change along 7% of the
geometric and mechanical parameters of the object. The uneven distribution of
mechanical characteristics is associated with the presence of the initial
heterogeneity of the material, the development of plastic deformations, and the
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dependence of material properties on temperature. The same factors also affect
the convergence of the iterative process, since the conditionality of the
SAFEM matrix depends on them. In order to determine the area of effective
application of SAFEM, a wide range of test cases are considered.

Convergence of SAFEM and FEM for bodies with a smooth change
along the coordinate of expansion of geometric and physicomechanical
characteristics. The comparison of the convergence of solutions with an
increase in the number of unknowns was carried out by assessing the accuracy
of the obtained solutions in relation to the reference ones, which were taken as
the results of other authors or those obtained by the FEM.

A comparison is made of the convergence of SAFEM and FEM for bodies
with a smooth change along the decomposition coordinate in the geometric and
physicomechanical characteristics, which does not lead to significant local
features in the distribution of the parameters of the stress-strain state.

Consider the elastic equilibrium of a bar (Fig. 1), the lower surface of which
is described by a parabola, and, therefore, its height is a smooth continuously

function of the coordinate Z° :
h(Z¥)=hy—0,4(Z2>)2. (1)
The boundary conditions at the ends Z Y= land 2% =1 correspond to the
support on diaphragms that are absolutely rigid in the plane and flexible from it:
U')z¥ =+1=06%Y 7% =x1=0. )
To simulate the conditions of plane deformation in this and other test
examples, a layer of finite thickness was distinguished in the Z 2 direction,

which was approximated by one FE, fixed from displacements along U 7

JIVAS)

hy=0,11m

0,10 m

Fig. 1

Loading is carried out on the upper surface of the body with a uniformly
distributed load. In the calculations, a unit load intensity g=1 and a unit modulus
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of elasticity were taken. To obtain a reference solution, the finite element
discretization of the object was used, one of the variants of the finite element
mesh is shown in Fig. 1 to the left of the axis of symmetry. Studies on
convergence (Table 1) showed that it is enough to use 144 FE, since a further
increase in their number leads to a slight change in the result. Studies of the
influence of the number of retained members of the series m; were carried out

with a fixed number of elements along Z r equal to 8.

Table 1
m Vs % Vo %
25 1.535-10° 33 9.109-10° 5.2
81 1.579-10° 0.6 9.503-10° 1.1
169 1.588-10% - 9.608-10° -

The character of the SAFEM convergence is shown in Fig. 2 in the form of a
graph (solid line), reflecting the dependence of the error in calculating the

maximum relative displacement (Vrll'ax =U,ax/Ho )s By =0.11m on the number
of retained expansion terms in the third direction. To compare the efficiency of
the polynomial and piecewise linear approximation, the dotted line in the same
figure shows the FEM convergence graph. As we can see only the three terms of
the expansion ensures that the result is only 3,6% different from the reference,
while the use of three nodes of the FEM mesh region leads to more than 2 times
the percentage of error.
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Fig. 2

Approbation of the methodology for calculating prismatic bodies with
smoothly varying physical and mechanical parameters and the study in this case
of the rate of convergence of solutions are given on the problem of elastic
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equilibrium of a prismatic bar, the modulus of elasticity of which changes
according to the law:

EZY) = Ey (B - ED|Z°), 3)

Ey =2.1-10° MPa, E; =1.4-10°MPa.

In Fig. 3 shows the geometric dimensions of the beam, as well as the division
into finite elements for z't
FEM and SAFEM. The
boundary conditions at ¥
the ends of the body
are  determined in
accordance with (2).
The object is loaded on
the upper surface with
a uniformly distributed ,
load of unit intensity. +Z

The reference -« 0.10m
solution was obtained Fig. 3
by the finite element method using 169 nodes of the grid region (Table 2). When
comparing the convergence of the SAFEM [3, 5] and the FEM in the Z'
direction, the approximation was carried out by 8 finite elements.

0,10 m

Table 2
I8 0 2' 0
m Vmax A) Vmax A)
25 1.517-1072 33 8.762-107 5.2
81 1.557-1072 0.6 9.239-107 L1
169 1.565-1072 - 9.373-107 -
Graphs of changes in the error 6
in determining the maximum Py \ +——FHM
_ . v 5|\ ——SAFEM
relative displacements U \
depending on the number of 4 \
unknown m; are shown in Fig. 4. \
The character of convergence is N
observed, similar to that obtained 2 =
earlier for bodies with variable S
geometry. \\i;:‘ B b
Convergence of SAFEM and
FEM for inhomogeneous 3 4 5 6 ? g m 3

curvilinear prismatic bodies with Fig. 4

various types of inserts, notches

and holes. At this stage, we will consider inhomogeneous curvilinear prismatic
bodies with various types of inserts, cuts and holes. The geometric and
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physical characteristics of such structures are described by piecewise
continuous functions. Since the presence of concentrators leads to a local
redistribution of stresses, then to approximate objects of this type, it is required

to increase the number of retained expansion terms.
To assess the effect of the notch depth on the convergence of the FEM and
SAFEM, the problem of stretching a strip weakened by notches, the shape of
which is described

. * A by an arc of radius z
Ay with a  gradual
— E —-= - — increase in the notch
-] P E - depth, was solved.
- i i o R B Calculation scheme
o shown in Fig. 5. The
- ~ - width of the strip is
- = D= 0,2 m, its length
— N — is 0,4m, and the
L=0.4m , length of  the
Fig. 5 : concentrator [ is
taken equal to 0,1 m.

D is the width of the neck.

The concentration factor is defined as the ratio of the maximum stresses
acting in the weakened section of the sample to the nominal stresses

K, = Jmax @)
Unom
The nominal stresses o, are found by the formula:
P
Onom — ﬁ’ (5 )

where P=¢q-D.
Concentration coefficients, calculated on the basis of calculated SAFEM
data for D/d varying in the range from 1 to 2, are compared with those

obtained in [6]. Based on the results shown in Table 3, we can conclude about
the reliability of the solutions obtained, since the percentage of the error in
calculating K, by the semi-analytical finite element method in relation to the

reference value for cutouts of various depths does not exceed 2,0%.

Table 3
D/d L 1.1 1.54 2
SAFEM 1,01 1,215 1,44 1,485
K, FEM 1,0 1,23 1,46 1,51
% 1 1,2 1,4 1,65

For the limiting case of a strip with semicircular notches, the convergence
of the FEM and SAFEM solutions to the reference one is compared [6]. Table



ISSN 2410-2547 97
Omip matepianiB i Teopis cropya/Strength of Materials and Theory of Structures. 2021. Ne 106

4 shows the change in the error in calculating o with an increase in the

max

accuracy of approximation by Z ¥

Table 4
SAFEM FEM
m3 o-max % o-max %
7 2.81 7.1 2.73 9.8
9 3.01 0.3 2.9 4
13 2.97 1.6 2.98 1.3

In this test case, both methods, for an equal number of unknowns, yield
solutions with the same accuracy.

The comparison of the rate of convergence of solutions for the traditional
and semi-analytical FEM variants with a stepwise change in the elastic
modulus was carried

out using the example Z'; Ry
of elastic deformation 12 ol

of a rectangular plate _

with a square insert 0.8 _

(Fig. 6). Solutions to 2

the  problem  are 04

obtained  with a /

gradual decrease in the 0

elastic modulus of the 2 4 6  IgEu/E o

insert material £ from
the initial value E, (the
modulus of elasticity of the plate material), up to the formation of a hole.

A uniformly distributed load is applied to two opposite sides of the plate,
intensity ¢ = 1. The reference solution was obtained by the finite element

Fig. 6

method with a grid uniformly in the Z " and Z* directions and a total number
of nodes equal to 247. The solution of the SAFEM problem was carried out

using 12 elements in the Z ! direction.

A study of the convergence of the resulting stresses on the notch contour
(point A) with a decrease in the elastic modulus of the insert from £, to 0 and
keeping the value of the elastic modulus of the plate material to the reference
solution obtained by the FEM for a plate with a square hole was carried out.
When the ratio of the elastic moduli of the material and the insert is equal to 4
orders of magnitude, the values of the considered parameters of the stress-
strain state are already quite close to the reference ones (Fig. 6).

When modeling cuts bounded by coordinate planes, a region with a zero
elastic modulus, the question of satisfying the natural boundary conditions on
the free surface of the inner contour becomes important for substantiating the
reliability of the results.
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Consider the stress distribution in finite elements passing through the

cutout. The o

11

33

graphs are shown in Fig
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. 7. indicate that the boundary

conditions on the free
surface are satisfied,
since when approaching
the contour of the hole,
the wvalue of stresses
tends to zero. To confirm
the results obtained by
semi-analytical methods
when calculating a plate
with a square hole, let us
compare  the  stress
diagrams in different
sections with the stresses
determined in [2].

Good consistency is
observed between those
shown in Fig. 8
diagrams.

The results of the
study of the convergence
of the results of SAFEM
and FEM, depending on
the number of retained
members of the row in

the direction Z* for a
body with a square cut
are presented in table 5.

The data presented indicate that SAFEM allows obtaining results with a higher
accuracy than the traditional finite element method with the same number of

unknowns.
Table 5
SAFEM FEM
" Vs % Vi %
4 7.645-107° 2.6 7.452-107° 5.2
7 7.913-107° -0.8 7.737-107% 1.44
10 7.920-107° -0.9 7.806-107° 0.6
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The nature of the stress-strain state of a plate with a cut depends on its

linear dimensions. In Fig. 9 shows the stress diagrams o'' in the section

passing through the Z 3 axis when the length of the cut / is changed.
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Solid lines correspond to the solution obtained by the SAFEM, dashed
lines - to the FEM. Both methods give similar results. With the ratio I/L = 5/6
the diagram o'!" is linear and the flange can be calculated as a restrained
beam. In this case, in order to achieve a given accuracy with both FEM
variants, it is required to
keep the same number of %
approximating functions in 4/

. 12
the Z* direction Fig. 10.

As you can see, when & — |
considering prismatic bodies
ith pi ise-contin 0
wit piecewise-continuous o " e

variation of geometric and
physical-mathematical Fig. 10
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parameters, the accuracy of approximating displacements by polynomial
expansion is not inferior, and in some cases even exceeds piecewise-linear

approximation.

The presence of plastic deformations further complicates the picture of the
stress-strain state, further complicates the picture of the stress-strain state of

A comparison of the convergence of the SAFEM and the FEM in this case

the object.
1z"
priir ey
=]
[¥2]
S| E
S| %
S
7
T otsm | |
0.10 m
Fig. 11

was carried out using the
example of elastic-plastic
deformation of an infinite
strip of rectangular cross-
section with a notch
(Fig. 11). The strip is
under the influence of a
load evenly distributed
over the wupper surface
g =0.5t,. The boundary
conditions at the ends are

taken in the form (2).
The data in Table 6,

the values of the maximum relative displacements obtained by the finite
element method allow us to conclude that the solution using 289 nodes of the
grid region can be taken as a reference.

Table 6
iy 0 3 0
mn Vinax 70 Vo %
25 1.460-1072 33 ~1.075-1072 5.2
81 1.508-107 0.6 ~1.129-1072 1.1
169 15191072 0.6 ~1.144-1072 1.1
289 1.523-1072 - ~1.149-107 -
10 . .
% ~——FEM Convergence studies were carried
8 T SAFEM out for a fixed number of elements
\\ along Zly, equal to 13. Graphs of
6 changes in the error in determining
\ | the maximum displacements of the
¢ N SAFEM and FEM for the elastic-
- plastic solution are shown in Fig. 12.
2 — )
N S A The character of convergence is
0 | ] observed, similar to that obtained for
4 5 6 7 8 9 m> 10 the elastic solution.
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Consequently, the accuracy of approximation of displacements in solving
problems of elastic and elastic-plastic formulation for the finite element
method and its semi-analytical version has the same order of magnitude.

When considering the convergence of semi-analytical [3, 5] and traditional
finite element methods for a wide class of curvilinear prismatic objects with
variable physical and mechanical characteristics and a rather complicated law
of geometry change in problems of elastic and elastic-plastic equilibrium, the

accuracy of the polynomial approximation of displacements in the Z ¥
‘direction is not inferior, and in some cases even exceeds the piecewise linear
approximation.

Conclusion. The use of SAFEM makes it possible to obtain solutions for
objects with smoothly varying geometric and physical parameters of a given
accuracy with a smaller number of unknowns than FEM. As shown earlier, the
rate of convergence of the iterative process of solving systems of linear and
nonlinear equations of the SAFEM [1, 4] by the method of block iterations is
an order of magnitude higher than the rate of convergence of solutions of FEM
systems. Thus, the efficiency of SAFEM - based solution of elastic and elastic-
plastic problems for a new wide class of structures - curvilinear prismatic
bodies of complex configuration with variable physical and mechanical
parameters in the presence of cuts and holes exceeds the efficiency of using
traditional FEM.
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Baoscenos B.A., l'opbau M.B., Mapmuniox 1.FO., Makcum ok O.B.

3BIJKHICTh METOJA CKIHUEHUX EJIEMEHTIB I HAINIBAHAJIITUYHOI'O
METOJY CKIHYEHUX EJIEMEHTIB U151 IPUSMATUYHHUX TIJI 3
NEPEMIHHUMU ®I3UYHUMU I TEOMETPUYHUMU NAPAMETPAMU

B po6oTi BUKOHAHO YHCENIbHE NOCITIIKEHHS 30DKHOCTI pO3B’si3aHHS, OACPKYBaHHX Ha 0asi
po3pobuienoro migxoay [1, 3, 4, 5]. Po3risiHyTO MIMPOKE KOJIO TECTOBUX 3aBaHb JUIS T 3 IJIABHO
1 cTprOKONOAIOHO 3MiIHIOBaHMMH (Hi3HYHMMH Ta FEOMETPUYHUMH XapaKTEPHUCTUKAMH B HPYXKHIH i
HPY)KHO-TIJIACTHYHIM 1mocTaHOBIi. Po3pobiieHuii B paMKax HarliBaHaIiTHYHONO METOAY IMiAXix 10
JIOCTIZKEHHST HAIPY)KCHO-1e()OPMOBAHOr0 CTaHY HEOJHOPIOHUX KPUBOJIHIHHUX HPHU3MATHIHUX
TN 3 ypaxyBaHHSAM (i3MYHOI 1 TEOMETPHYHOI HENiHIHOCTI BHMarae OOIpYyHTYBaHHS HOro
edexTuBHOCTI N0 BigHomieHHIO 10 TpaauuiiHoro MCE 1 miaTBepIkeHHS JOCTOBIPHOCTI
OJIep)KyBaHUX Ha HOro OCHOBI Pe3yJIbTATIB.

JIo 4ncia OCHOBHHIX ITOKa3HHKIB, 1O 103BOJIsIFOTh HpoBectd 3icraBienHs HMCE i MCE,
BIHOCATBCS LIBUAKICTH 30DKHOCTI PO3B’s3aHHSA NP 30UIbIICHHI YMCIa HEBIAOMHX 1 0Ocsr
00YHCIICHHS, [IOB’3aHHUX 3 PO3B’sI3aHHs JIHIHUX 1 HEMHIHUX PiBHsHB. [ pO3rISIHYTOrO Kiacy
3amay  30DKHOCTI BH3HAYAETHCS TakMMHM (AKTOpaMu, SIK XapakTep 3MIiHH Y3HOBXK Z
TEOMETPUYHHX 1 MeEXaHIYHHX mapaMerpiB 00’exta. HepiBHOMIpHHMH pO3MOAIN MeXaHIYHUX
XapaKTepUCTHK MOB’S3aHO 3 HAsBHICTIO MMOYATKOBOI HEOMHOPIAHOCTI Martepiany, PO3BHTKOM
IUTACTHYHUX AehOopMalliii i 3aJeKHICTIO BIACTUBOCTEH MaTepiany Bif Temnepartyp. Li s daxropu
BIUIMBAIOTH 1 Ha 30DKHICTB iTepauifiHOro mporecy, OCKIJIbKH Bill HHX 3aJI©KUTh OOYMOBIICHICTh
matpuui HMCE. 3 meroro Bu3HaueHHst obusiacti edexruBHoro 3acrocyBannsi HMCE posrisiHyTo
IIPOKE KOJIO KOHTPOJIBHUX HPHKJIIAIIB.

V BCiX BUNaAKax HaliBaHAIITHYHUNA METOJ] CKIHYCHUX €JIEMEHTIB [0 TOYHOCTI anpOoKCHMaIlii
HE [IOCTYNAEThCs, @ B JEAKHUX 3a1a4yax B 1.5-2 pasu mepeBepluye TpaauLiiHAH METOA CKIHUYCHHX
€JICMEHTIB.

Kiaro4oBi cjioBa: Meroj CKIHUEHHHMX €JIEMEHTIB, HAIiBAaHAIITHYHOrO METOJ CKiHUCHHX
CNIEMEHTIB, CKIHYCHHH eJeMEHT, HampyxeHo-IehopMoBaHMil cTaH, (i3uyHa I reoMeTpuyHa
HEJIHIHHICTB, IPYXKHE 1 IPYKHO-IUIACTHYHE Ae(OpMyBaHH, KPUBOIIHIHHI IPU3MATHYHI Tina.

Bazhenov V.A., Horbach M.V., Martyniuk I.Yu., Maksimyuk O.V.

CONVERGENCE OF THE FINITE ELEMENT METHOD AND THE SEMI-
ANALYTICAL FINITE ELEMENT METHOD FOR PRISMATIC BODIES WITH
VARIABLE PHYSICAL AND GEOMETRIC PARAMETERS

In this paper, a numerical study of the convergence of solutions obtained on the basis of the
developed approach [1, 3, 4, 5] is carried out. A wide range of test problems for bodies with
smoothly and abruptly varying physical and geometric characteristics in elastic and elastic-plastic
formulation are considered. The approach developed within the framework of the semi-analytical
method to study the stress-strain state of inhomogeneous curvilinear prismatic bodies, taking into
account physical and geometric nonlinearity, requires substantiation of its effectiveness in relation
to the traditional FEM and confirmation of the reliability of the results obtained on its basis.

The main indicators that allow comparing the SAFEM and FEM include the rate of
convergence of solutions with an increase in the number of unknowns and the amount of charges
associated with solving linear and nonlinear equations. For the considered class of problems, the
convergence is determined by such factors as the nature of the change along Z° of the geometric
and mechanical parameters of the object. The uneven distribution of mechanical characteristics is
associated with the presence of the initial heterogeneity of the material, the development of plastic
deformations, and the dependence of material properties on temperature. The same factors also
affect the convergence of the iterative process, since the conditionality of the SAFEM matrix
depends on them. In order to determine the area of effective application of the SAFEM, a wide
range of test cases are considered.

In all cases, the semi-analytic finite element method is not inferior in approximation accuracy,
and in some problems it is 1.5-2 times superior to the traditional method of scheduling elements.
finite element method.

Keywords: finite element method, semi-analytical finite element method, finite element,
stress-strain state, physical and geometric nonlinearity, elastic and elastic-plastic deformation,
curvilinear prismatic bodies.

Baoscenos B.A., l'opbau M.B., Mapmuiniox U.FO., Makcumiok O.B.
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CXOAUMMOCTb METOJIA KOHEYHbIX 3JIEMEHTOB U
MNOJYAHAIUTUYECKOI'O METOJJA KOHEYHBIX QJIEMEHTOB J1JI51
NPU3MATUYECKHUX TEJ C IEPEMEHHBIMU ®U3NYECKUMU U
IFEOMETPUYECKUMMU TAPAMETPAMU

B pa6oTe BHIIOIHEHO YHCICHHOE HCCISI0BAHHE CXOAUMOCTH PELICHHUS, T0JIydyaeMbIX Ha 6ase
paszpaborannoro noxaxona [1, 3, 4, 5]. PaccMOTpeH IIMPOKHI KPyr TECTOBBIX 3ajay sl TE C
IUIABHO U CKaUYKOOOPa3HO MEHSIOMMMCS (PU3HICCKUMU H FE€OMETPHICCKUMH XapaKTEePUCTHKAMHU B
YHpyroil M ynpyro-rulacTUYecKoi IocTraHoBke. Bo Bcex ciyuasx MOJIyaHaJIMTHUECKUI MeETOx
KOHEYHBIX 3JICMEHTOB 110 TOYHOCTH alllIPpOKCUMAILlMU HE YCTYIACT, a B HCKOTOPBIX 3aJa4ax B 15—2
pa3a npe€BOCXOAUT TpaLlMl.lMOHHblﬁ METO/] KOHCYHBIX 3JICMCHTOB.

Kﬂm‘lelﬂ)le CJIoBa: MCETOA KOHCYHBIX 3JIEMCHTOB, IMOJIYaHAJIUTHYCCKOrO0 METOA KOHECYHBIX
9JIEMEHTOB, KOHCUYHBII OJJIEMEHT, HANPHKEHHO-Ie)OPMHPOBAHHOE COCTOSHHUE, (U3MYEcKass U
reOMETpUYECKass HEIMHEWHOCTh, yNpyroe MW  YIPYro-lulacTuueckoe jehOopMHpOBaHHME,
KPUBOJIMHEHHbIE IIPU3MAaTHYECKUE TENIA.

YK 539.375

Bascenos B.A., l'opbau M.B., Mapmuniox 1.IO., Makcum tox O.B. 30iHicTh MeTOAa CKiHYEHHX
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B pobomi 6ukoHaHno uuceivbHe O0CHIONCEHHS 30IHCHOCHI Pe3yIbmamis, 00epiucysaHux Ha 6asi
po3pobnenozo nioxody [1, 3, 4, 5]. Posensanymo wupoke Koo mMecmosux 3aedanv ONs Mil 3
nAasHO i cMpuOKONOOIOHO 3MIHIOBANUMY (DIZUUHUMU MA 2COMEMPULHUMU XAPAKMEPUCMUKAMU
NPYIACHOIO | NPYACHO-NAACMUYHIL NOCMAHOBYL. Y 6CIX GUNAOKAX HANIGAHANIMIYHULL MemOoO
CKIHYeHUX eleMenmie no moyHocmi anpoxcumayii ne nocmynaemucs, a 6 deskux 3aoauax ¢ 1.5-2
pasu nepesepuiye mpaouyitinuil Memoo CKiH4eHUux eiemMeHmis.

Tabu. 6. L. 12. Bi6umiorp. 6 Ha3s.
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The paper performs a numerical study of the convergence of the results obtained on the basis of
the developed approach [1, 3, 4, 5]. A wide range of test tasks for bodies with smoothly and
abruptly changing physical and geometric characteristics in elastic and elastic-plastic formulation
is considered. In all cases, the semi-analytical method of finite elements is not inferior in accuracy
of approximation, and in some problems is 1.5-2 times higher than the traditional method of finite
elements.

Tabl. 6. Fig. 12. Ref. 6.
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B pabome 6binoIHeHO UUCIEHHOE UCCIeO08aANHUEe CXOOUMOCMU DeuwleHus, NOAyHaeMvlx Ha 6aze
paspabomarno2o nooxoda [1, 3, 4, 5]. Paccmompen wupoxuil Kpye mecmoguix 3a0ay 0 mei ¢
NAABHO U CKAYKOOOPA3HO MEHAIOWUMCS (PUSUYECKUMU U 2e0MEeMPUHECKUMU XAPAKMEPUCUKAMU 8
YIpY2ou u ynpy2o-niacmuiecko nocmanogke. Bo ecex cryuasx nonyananumuyeckuii memoo
KOHEYHbIX IJIEMEHNMO8 NO MOYHOCMU ANNPOKCUMAYUU He YCMyndaem, d 6 HeKOMOPbIX 3a0aiax 6
1.5-2 pasa npeeocxooum mpaouyuoHHblll Memoo KOHEUHbIX INEMEHMO8.

Tab6un. 6. M. 4. Bubauorp. 6 Ha3B.
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