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The application of the modified method of lines to reduce the dimensionality of the initial
system of equations of nonstationary thermal conductivity used to determine the temperature fields
of the load-bearing elements is shown in this paper. Reducing the dimensionality of the original
equations by one spatial coordinate, in this case by the z coordinate, is performed using the
projection method. Local basic functions are used for this purpose. To ensure the unambiguity of
the solutions, the reduced equations are supplemented by initial and boundary conditions.
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Ring plates, the overall dimensions of which have the same degree under
thermal influences, have spatial temperature fields. If these effects are
axisymmetric relative to the vertical axis of the plate, then such fields are also
axisymmetric, ie. two- z
dimensional in spatial coordinates T

in a cylindrical coordinate system
(Fig. 1). In  addition, the L
temperature field may depend on Ro X
the time coordinate, i.e. is non- =
stationary. The initial equation of r -
nonstationary thermal conductivity
is considered as the first order I -l
system of partial differential i
equations: Fig. 1
- Fourier's Law:
9, = 2z
Ox )
q. P
- heat balance equation:
pca_Tz_q_r_%_%+Qr’ (2)

ot X+R, Ox Oz
where T(x,z,¢) is the temperature function, ¢.(x,z,¢), ¢.(x,z,t) are the
components of the heat flux vector, p is the density of the plate material, cis
the specific heat.
© Sovych Yu.V.
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Since a linear substitution of the independent variable » = R +x is used

.0 0 . . . . .
here, the relation — = ™ is obtained as a result. This was used in equation (2).
r Ox

Unknown functions included in the initial equations (1), (2) must satisfy
the boundary conditions, which are selected in the most general form as
conditions of convective heat transfer between the boundary surfaces of the
body and the environment.

In the case
when » =R, :

q,(0,z,0)=q, (z,1)=a"[T(0, z,1) - 6] (z,1)],
when x=1L: 3)
q,(L,z,t)=q, (z,t)=a"[T(L, 2,0)= 0/ (z,1)];
when z=h"
q..(x,)—a [T(x,h,1)—0,(x,1)],
4
when z=h": @
q.. (e, h" ) =q. (x,)+a’ [T(x,h ,1)=0] (x,1)]

Here the symbol "c¢" indicates the known values of the quantities relating

to the external environment; 6, is the ambient temperature near the

corresponding area of the body surface, « is the coefficient of convective heat
transfer. It should be noted that when o =0 we have a boundary condition of
the second kind, when o — oo we have a boundary condition of the first kind.
As an initial condition, consider the standard ratio:

when r=0:

T(x,z,0)=T,(x,z), )
where Tj(x, z) is the initial temperature distribution function at all points of
the body.

The form of initial equations accepted in this work provides simplicity of
application of dimension reduction of initial system of equations by means of
the modified method of lines [6], [7]. According to the mentioned works, the
dimension reduction of the initial equations by one spatial coordinate, in this
case on z, it is assumed by means of the projection method [3] using as basic
functions of the system the so-called functions - "caps", which are related to
the lines drawn on the definition domain of the problem

z=(h]—h;)/(N,-1)-i, where i=1,N_ taking into account the edge lines
i=1,i=N..

The use of locally concentrated basis functions greatly simplifies the
preliminary calculations, but requires significant explanations for the correct
application of the modified method of line. The fact is that from the point of

view of the vector space theory in which a scalar product is defined, the chosen
system of basis functions is not orthogonal. In this case, a technique for using
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oblique bases is developed in tensor algebra. n addition to the chosen covariant
basis, which is considered the main one, it is necessary to consider the
contravariant basis, which ensures the correct application of oblique bases. In
the modified method of lines, the sequence of dimension reduction and all
related mathematical operations are implemented according to standard
operations of tensor algebra [4].

Using a scalar multiplication in functional space

h
(f(2),8(2)) = jf (2), g(2)dz (6)
h;
we obtain:
or 1 oT" (x,t) |
—=——1q, |,0.2)=> —F=——q'(x,0). 7
(ax 7 q,j ®,(2) = 2 q,(x,1) (7
Here it is taken into account that the derivative ai can be moved outside the
X

integral sign, since the integration occurs with respect to variable z, and the
scalar product of any function and basis function with a superscript is the
coefficient of this function with respect to the decomposition in basis functions
of the basic basis. That is

(f(x,2,0,0'(2) = f'(x,0). ®)
Here and further on the repeated indices in two-term expressions summation
(Einstein summation convention) is used.

ory ,- “or
(61; =-4 'g}ﬁﬂ (2)=q. =—/lr'hjzg'g" “@;(z)dz =

h (9)
ij ( a o ij o
=t g’ [T 0, (2) 0, (2)dz =~ 8" by, T 1)
h;
The tensor operation of lowering indices
P (2)=g"-¢;(2) (10)
using a twice contravariant metric tensor applied here
g’ =(¢'(2), ¢’ (2)). (11
Marked here
ht
( ' 12
b =[9,()0L()d. (12
h

Finally we get the second reduced equation:
q.(x)=—=2,-g" b, T*(x,1). (13)
When reducing the heat balance equation, a distinction should be made
between functions that are twice differentiated with respect to spatial
coordinates - T(x,z) and once differentiated - the components of the heat flux
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vector ¢,.(x,z,¢) and ¢q_(x,z,¢). When calculating integrals in a sequence

similar to sequence (9), it is necessary to apply the "softening" of integration
[3] using integration by parts:

o ___ 4 _9% 9.
(pcat_ x+R, or oz +QT]"”(Z)=>

, , . (14)
T’ 9, 9 (9q. , )
— e e e e s +
el % (%o 9,0+
Here it is necessary to calculate the component separately
9. , (2. ;9.
_( a% ,g/'(P‘,-(Z))Z—g]'( aqzu s(Pj(Z)):_g a (D](Z)dZ—
fu=e,Gx du=gid
— ol ——ol (- — .0 =
& lav= aaq bz veg, g’ [y, j q.- ¢ (2H] s

=-g"l(¢."-8," ~q.7-8)~ f (¢ 9" (2) 9} (2)dz) =

hZ
=—g™ g +g" +g"b,
il

Here we are using the operation of index replacement g’ -5_f"=g :,
g"-6 =g™, because of such interconnections ¢(z)|" =4,", p(z) .-

this is the value of the functions - "caps" on the edge linesz="7% and z=h_
in accordance, & - Kronecker symbol.

Einstein summation convention is not possible for fixed indices 1, and N, .
Finally we obtain the reduced equation of heat balance:

GTi(x,t) qf.(x,t) 5Qi(x,t) ii o iN. N.
c =- - +g"-0,,-q.(x,t)—g " -q. " (x, 1)+
pe—o, oy o 8" b, g (x,0)—g" -q. 7 (x,1) 16)

+g" - q." (x, 1)+ 07 (x,1)

Equations (7), (13) and (16) form a complete system of reduced solving
equations. But for further application of numerical methods for its solution it is
more convenient to reduce it to one equation of the second order on spatial
coordinates, having excluded from equations of heat balance the components
of the heat flux vector , having written down their coordinates in the
corresponding kind:

T (x,1)

80 ey =g by, T ).

q;l (xs t) = _AT
As a result we receive:
T (x,1) T (x,t) 1 9T'(x,0)
b =l b } b
P o’ x+R, Ox

g7 by g by, T (x, 0]+ 0;. (17)
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In the case of a stationary thermal process, the initial functions are
unknown and, accordingly, the reduced functions do not depend on the time
variable, and then the obtained reduced equations are ordinary differential
equations that depend on the x-coordinate. In this case, it is more convenient to
use the system of equations (7), (3), (16) to calculate the stationary
temperature field.

To ensure the unambiguity of the solutions, the reduced equations must be
supplemented by initial and boundary conditions, which we obtain from the
initial conditions (5) by scalarly multiplying it by the basic functions of the
reciprocal basis ¢’ (z). Since the scalar product here is integration with respect
toz, the result is:
when ¢=0: 18

T'(x,2,0)=T'(x,0). (13)

Boundary conditions for reduced equations are also obtained from the
initial boundary conditions. Since the initial equations are chosen as a system
of first-order differential equations in first-order partial derivatives, the initial
boundary conditions have the form of algebraic equations. In this regard, the
reduced boundary conditions formally look like the initial ones, if the
unknown functions included in them are replaced by the coefficients of these
functions, ie:

T(x,z,t) > T'(x, 1),

_ (19)
q(x,z, 1) > q'(x, ).
We get:
when x=0:
g:(0,1) = g% — " -[T"(0, 1) 0" (1)) 20)
when x=1L:
gL (L 1) =g —a" [T (L,1)= 0" ()], @D

Reduced equations in the obtained form take into account only the three-
dimensional effects O, (x, z,¢). But, as a rule, this is not enough. Most real

thermal effects occur due to the body's contact with the environment through
boundary surfaces. In this calculation model, the contact with the external
environment occurs through the end surfaces x=0 and x=L and is taken
into account by boundary conditions (3) and, accordingly, reduced (20), (21).
To take into account the thermal effects from the external environment

through the boundary planes z=#h_,z=h it is necessary to include
conditions (4) in the reduced equations of heat balance, excluding from these
equations the components ¢! Ta ¢"* by means of relations (4). Thus, all
possible thermal effects on the calculated object are taken into account:
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T
2T

T 1 T - .
at [a (X,f)+ a (x,t)—glNu'a;'TNu(X,t)—

ox? x+R, ox (22)

T

_gilz O 'le(xst)'i_gli 'baj _gaﬁ 'bpy 'Ty(xst)]"—é(r)s
where

0, =01 —g" (gl . (, )= -0 (x, ) + (¢! - (x, ) + 0 -6, (x,1)).  (23)
Conclusions. In this work, a modified method of straight lines is used to
reduce the dimension of the initial system of equations of nonstationary
thermal conductivity recorded in a cylindrical coordinate system. The most
successful form of writing the original equations was found, which ensures
ease of application of dimensionality reduction of the initial system of
equations using a modified method of lines. The influence of the environment
was taken into account. Initial and boundary conditions were written for this
purpose. Thus, the reduced equations, boundary and initial conditions were
obtained. All this makes it possible to further investigate the temperature fields
of the load-bearing elements in their calculation of thermal effects.
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Cosuu FO.B.
MOJUPIKOBAHUN METO/I TPSIMUX B 3AJAYAX TEILJIOIMPOBIJHOCTI
KUIBHEBUX IVIACTUH

VY naniii poGOTI MPOMOHYETHCSA PO3B’A3yBATH [M0YATKOBO-TPAHUYHY 3a/1a4y TEIIONPOBIIHOCTI
3a JIOIOMOIOI0 YHCEIbHO-aHAITHIHOIO METOAY — MOAM(}IKOBAHOrO MeToxy HpsAMux. Buximui
PIBHSHHS TEIUIONPOBIIHOCTI BU3HAYCHI B LIMIIHAPHYHIN CHCTEMI KOOPAMHAT PO3rILIAAIOTHCS B
HPOCTOPOBIi MOCTAHOBIII, 110 3HAYHO iX YCKIAAHIOE. B skOCTi 00’€KTa, Ha SKOMY BOHHM BU3HAYCHI,
PO3MILIIAETBCS  KiNblieBa IUIACTHHA, TrabapuTHI po3Mmipu sKkoi, cHiBpo3MmipHi. B 3agagax
pPO3paxyHKy HECyYMX €JIEMEHTIB Ha TEIUIOBI BIUIMBI MEPIIMM €TaloOM € BH3HAYCHHS
TeMIIepaTypHHX I0JIiB, 0COOINBO, KO rA0apUTHI PO3MIpH KOHCTPYKIIiH criBpo3MmipHi. Jlo Takux
CIIEMEHTIB BIJHOCSATHCS HETOHKI KiJbLEBI IUIACTHHH. |'paHHYHI YMOBH PO3IJISHAIOTHCS TEXK Y
3araJlbHOMY BHIJIIAI — 116 YMOBH KOHBEKTHBHOIO TEIIOOOMiHY, sSIKi 32 JOHNOMOIOK I'PaHHYHOrO
IIepeX0qy MEepPEeTBOPIOIOTHCSI B TPAHMUYHI YMOBH IIEPIIOrO Ta JPYroro THIIB. Y xaHiil po6ori
II0OKA3aHO 3aCTOCYBAaHHS MOIH(}IKOBAHOrO METOMY NMPSIMHX ULl 3HWXKCHHS BUMIPHOCTI BHXIZHOI
CHCTEMH pIBHSIHb HECTAI[IOHAPHOI TEIUIONPOBIJHOCTI, LIO 3aCTOCOBYIOTHCS JJIsI BH3HAYCHHS
TeMIIepaTypHHX II0JIiB HECYYHX CIICMEHTIB.

3acrocyBaHHs MOAM(IKOBAHOIO METOAYy MNpsAMUX Iepenbadae po3B’si3yBaTH BKas3aHi
[I0YaTKOBO-IPaHN4HI 3aaui B ABa etanu. Ha nepuiomy erami o oaHii npocToposiit koopauHaTi z
3HIDKYETBCSI BUMIPHICTh BHXIOHHUX piBHAHb. J[11 3HM)KEHHS BHMIPHOCTI BHKOPHCTOBYETBCS
npoekuiiianii Meroq byonosa-I'ansopkina-IlerpoBa. B sikocti 6a3ucHuX (QyHKUIH TPHAMAIOTHCS
TakK 3BaHi GYHKLII-KPHIIKH, SIKi OB’ sI3aHi 3 PSIMHUMH, 1110 HAHECEHI Ha 00JIaCTh BU3HAYCHHS JAHOL
3aaui. [IpoeKIiiiHuil METO TAKOXK BUKOPHCTOBYETHCS /Il 3HHIKEHHS BUMIPHOCTI IIOYaTKOBHX Ta
IPaHUYHHX YMOB, L0 JO3BOJISIE IIOCTABUTH PEAYKOBaHY [I0YaTKOBO-TPAHHYHY 3aady, 5Ky 3pY4HO
PO3B’SI3yBaTH YHCEIbHHM CKIHYEHHO-PI3HHLEBUM METOJOM, BHKOPHUCTOBYIOUH SIBHI a00 HeEsBHI
pi3HHIEBI cxemu. 3HaiieHO HaWoONTHMaybHIIy (GOpMYy HANMCAHHS BHUXIAHUX PIBHSIHbB, IO
3a0e3neuye JIETKICTh 3HIDKCHHS BHMIPHOCTI BHXIZHOI CHCTEMH pIBHSIHb 3a JIOIOMOIOIO
Moau(iKoBaHOrO MeToxy mpsmux. llpu po3paxyHKy OyJi0 BpaXOBaHO BIUIMB HABKOJIMIIHBOI'O
cepenoBuila. B pe3ynbrati, 0yJ10 OTpUMaHO pelyKOBaHi piBHSHH, TPAHUYHI Ta OYATKOBi YMOBH.
PenykoBaHna 3ajaua Mae BMIVIAL, 3pYYHMH AJI 3aCTOCYBaHHA 10 11 PO3B’S3aHHS Cy4aCHUMH
YUCENIBHIMH METOJAMH.

KirouoBi cioBa: TEIUIONPOBIAHICTb, 3HIDKEGHHS BHMIPHOCTI, HPOCKLIMHMH MeTOx,
penyKoBaHi piBHSIHH, MOAN(IKOBAHUIT METO HPSIMHX.

Sovych Yu.V.
MODIFIED METHOD OF LINES IN THE PROBLEMS OF THERMAL
CONDUCTIVITY OF ANNULAR PLATES

In this paper, to solve the initial boundary value problem of thermal conductivity using a
numerical-analytical method - a modified method of lines is proposed. The initial equations of
thermal conductivity defined in the cylindrical coordinate system are considered in the spatial
formulation, which greatly complicates them. As an object on which they are defined, an annular
plate is considered, the overall dimensions of which are commensurate. In the problems of
calculating of thermal effects in load-bearing elements the first step is to determine the
temperature fields, especially if the overall dimensions of the structures are proportional. Such
elements include non-thin annular plates. The boundary conditions are considered in a general
form too - these are the conditions for convective heat transfer, which using the passage to the
limit, turn into boundary conditions of the first and second types. The application of the modified
method of lines to reduce the dimensionality of the initial system of equations of nonstationary
thermal conductivity used to determine the temperature fields of the load-bearing elements is
shown in this paper.

The application of the modified method of lines involves solving these initial boundary value
problems in two stages. At the first stage, the dimensionality of the initial equations with respect to
variable z is reduced. The Bubnov-Galerkin-Petrov projection method is used to reduce the
dimensionality. The so-called functions-"caps" are accepted as basic functions, which are related
to the lines plotted on the definition domain of the problem. The projection method is also used to
reduce the dimension of the initial and boundary conditions, that allows to formulate a reduced
initial-limit problem, which is convenient to solve using the numerical finite-difference method,
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using explicit or implicit difference schemes. The most successful form of writing the original
equations was found, which ensures ease of application of dimensionality reduction of the initial
system of equations using a modified method of lines. The calculation took into account the
impact of the environment. Reduced equations, boundary and initial conditions are obtained. As a
result, the reduced problem has a form convenient to its solution by modern numerical methods.

Keywords: thermal conductivity, dimension reduction, projection method, reduced equations,
modified method of lines.
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Cosuu 10.B. MoaudikoBanmnii Meroq npsiMMx B 3aJadax TeIUIONPOBiIHOCTI KidbLeBHX
nmiactul // Omnip MatepiaiiB i Teopis copya: Hayk.-Tex. 30ipH. — K.: KHYBA, 2020. — Bumn.105. —
C. 302-309. — AHriL.

V Oaniti pobomi nokazano 3acmocy8ants MOOUPIKOBAHO20 MmOy NPIMUX ONsL SHUNCCHHS
uMIpHOCMI  GUXIOHOI  cucmemu  piGHAHb — HeCMAYIOHAPHOI  Menaionpogionocmi,  wjo
3aCMOCo8YIOMbCs OISl 6U3HAYEHHS MeMNepamypHux nojie Hecyuux enemeHmis. 3HUdNCeHHs
BUMIDHOCMI GUXIOHUX DIGHAHbL NO OOHILl NPOCMOPOGIll KOOPOUHAMI, 8 OAHOMY 6UNAOKY came No zZ
BUKOHYEMBCS 34 OONOMO20I0 NPOEKYiliHo20 Memody. i ybo2o BUKOPUCIOBYIOMbCA NOKANbHI
baszucni  Qynkyii. Jna  3a0e3nevenHs O0OHOSHAYHOCMI  PO38’5I3KI6  PeOYKOGAHI  PIGHSHHS
00NOBHIOMbCS NOYAMKOBUMYU MA 2PAHUYHUMU YMOBAMU.

L. 1. Bi6miorp. 7 Ha3s.
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The application of the modified method of lines to reduce the dimensionality of the initial
system of equations of nonstationary thermal conductivity used to determine the temperature fields
of the load-bearing elements is shown in this paper. Reducing the dimensionality of the original
equations by one spatial coordinate, in this case by the z coordinate, is performed using the
projection method. Local basic functions are used for this purpose. To ensure the uniqueness of
the solutions, the reduced equations are supplemented by initial and boundary conditions.

Fig. 1. Ref. 7.
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