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The work develops a generalized approach to the study of thickness (radial) vibrations arising
in the piezoceramic plates, cylinders, spheres under electrical loads. The state of the problem and
the main approaches, used in the problems of studying the oscillations of electroelastic bodies, are
described. The use of multilayer elements with electroded interface surfaces and variable direction
of polarization of the layers increases the conversion efficiency of electrical energy into
mechanical energy, so multilayer piezoceramic plates, cylinders, spheres with changing
polarization directions with electroded interfaces are considered. Because of piezoelectric elements
are often embedded in the housing and supplemented with matching layers to protect against
mechanical damage, it is necessary to study their effect on the oscillations of the element. The
proposed approach makes it possible to study the vibrations of plane, cylindrical and spherical
bodies with layers made of various electroelastic and elastic materials. Numerical implementation
is carried out using finite differences.

Nonstationary oscillations of PZT-4 ceramic elements at zero initial conditions are
investigated. Oscillations of multilayer plates, cylinders and spheres with and without an external
elastic or viscoelastic reinforcing layer under impulse and harmonic unsteady loads are
investigated and compared. There are found own frequencies for 5-layer bodies of different
geometry with and without an external layer. The first natural frequency for cylinder and sphere
corresponds to the radial mode of oscillations, while the second natural frequency for cylinders
and spheres and the first for flat bodies are almost equal and correspond to thickness mode. The
transient processes in the elements under impulse loads and the influence of the outer elastic layer
(housing or matching layer) are studied, taking into account the Rayleigh attenuation. It is
established that for a flat layer the outer layer increases the amplitude and the period of free
vibrations after removing the load, and for cylinders and spheres it decreases. The presence of an
elastic layer enhances the third and dampens the fourth natural frequency of the transducer,
thereby expanding the frequency range of its operation.

Key words: piezoceramic multilayer transducers; non-stationary oscillations; electrical
disturbance; piezoelectric actuators; elastic, viscoelastic layers; thickness, radial vibrations.

Piezoelectric transducers are used for exciting (actuators) and receiving
(sensors) acoustic (low-frequency) or ultrasonic waves in the environment [1].
They are used in hydroacoustic exploration, medical devices, in the construction
and engineering industry in non-destructive testing devices: flaw detectors,
concrete scopes, thickness gauges. As their active parts are used piezoelectric
elements of plane, cylindrical and spherical shape, usually made of polarized
piezoceramic materials [2]. To increase the efficiency of the piezoelectric
transducers, varying the frequency range and the type of perturbed waves,
several interconnected piezoelectric elements can be used, possibly with
different types of polarization. To match the impedances of the piezoceramic and

© Grigoryeva L.O.



256 ISSN 2410-2547
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2020. Ne 105

the controlled object, transition matching layers made of elastic materials are
sometimes added. If vibration damping is required, viscoelastic layers are used.
To ensure the integrity and the necessary conditions for fixing the working
elements of the piezoelectric transducers can be embedded in the housing. Thus,
piezoelectric transducers can be a complex object made of materials with
different physical and mechanical properties: piezoceramics with different
directions of polarization, elastic, viscoelastic, conductive materials, etc.

Piezoceramic spheres, cylinders and flat bodies are often used in
acoustoelectric devices to receive and emit an acoustic signal, including non-
stationary [3] (Fig. 1). To ensure a more effective acoustic response to
electrical perturbation compared with homogeneous bodies, multilayer electro-
mechanical transducers are used.
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Fig. 1. Piezoceramic actuators of cylindrical, spherical and flat shape

Questions about the oscillations of electromechanical transducers are
relatively often raised in the literature due to their widespread use. The
principles of operation and scope of piezoceramic transducers are described in
[1, 2,4, 5 etc.]. In [6, 7] the problems of oscillations of homogeneous and non-
homogeneous cylinders were solved. Stationary and nonstationary oscillations
of piezoceramic bodies with curved surfaces were studied in [8].

The oscillation problems of multilayer transducers are found in single
works. The harmonic axisymmetric oscillations of multilayer piezoceramic
cylinders without internal electrodes were studied in [9]. Nonstationary
oscillations of the piezoceramic sphere without internal electrodes too were
considered in [10]. Nonstationary oscillations in cylinders with piezoceramic
radially polarized layers were considered in [11]. In [12] plane multilayer
element with elastic reinforcing layer taking into account the impact of ideal
acoustic medium was investigated.
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1 - external electrodes; 2 - intemal electrodes; piezoceramic 4- elastic layer:
3 - current source 5- internal electrodes

Fig. 2. The structure of the multilayer converter
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In resonant modes of operation, energy dissipation in piezoceramic
elements is taken into account by introducing complex material constants [1,
5]. In [13] this approach extends to nonstationary modes of operation by
excluding the time variable due to the Laplace transform.

An analysis of the literature shows that the study of propagation of
perturbations in electroelastic multilayer bodies is indeed an urgent and
important task. It arises in the process of designing devices that operate on the
basis of the piezoelectric effect. Therefore, it is necessary to study the
propagation of electromechanical perturbations in multilayer piezoceramic
bodies of different geometries. To model such devices, it is sufficient to use
approaches based on direct numerical methods. For studying of the thickness
and radial oscillations, that provide the operating frequency of the piezoelectric
element, it is convenient to use the finite-difference method. The paper
implements a universal approach to the oscillations description of bodies of
flat, cylindrical and spherical shape, which follows from the general equations
of electroelastic axisymmetric oscillations using the parameter .

1. Statement of the problem

There are investigated thickness (radial) oscillations of multilayer hollow
plates, cylinders and spheres, consisting of n piezoceramic polarized by
thickness layers with interface surfaces Ry <...< R; <...< R,, where R, -
external, R, — internal body surface.

The general equation of motion and the equation for the electrical induction
of the k-th layer due to displacement and the electric potential for bodies of
different geometries has the form
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In (1)-(3) u =u, — radial (thickness) displacements, o, o, — radial and
circumferential stresses, D, — electrical induction, ¢ — electric potential,
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cf]‘- =c§ — modules of elasticity of the material at a constant electric field, e; —

piezoelectric modules, &5, = &35~ dielectric constant at constant deformation,
p — material density.

In the case of opposite to radial direction of polarization, the sign of the
piezoelectric modules changes to the opposite. Previously, in [11] it was
established that for maximum amplitude piezoelectric element must have an
odd number of layers and layers must be opposite polarized. Going from a
single-layer to a multi-layer element, we increase its sensitivity almost in
proportion to the number of layers, but in addition we need to control the
mechanical and electrical strength of the element [2]. Energy dissipation in
piezoelectric transducers is not taken into account. In the future, in non-
stationary modes of operation, it can be considered as attenuation by Rayleigh
or by the method proposed in [13].

For elastic isotropic layers we have the equation of oscillations

2k 2k k
pa L; =(/1+2n)(d uz JHNa ¥ kJ,

ot dr
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account the viscoelastic properties of the elastic layer, we introduce oscillation

rodr 52

(4)

where A = — Lame parameters. For taking into

propagation velocity , — |2 and the Rayleigh attenuation parameter b, :
. A+2n
2k kg2 k k
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The parameter b, depends on the frequency of perturbation and modal

damping of the corresponding forms of natural oscillations, given as a
percentage of the critical damping [14].

The initial conditions are superimposed on the displacements and their
velocities

0 Ou L
u(r,t=0)=f(r), 6; (r,t=0)=f(r). 4)
Stresses or displacements are set on the outer surfaces
u(R,,0)=U,(t) N 0.(R,,t)=p,(t), a=0,n. ®)
The conditions of full contact between the layers £k =1...n—1 are fulfilled
W R)=u (R, of R =0, (R, 9" (R) =" (R, (6)
The interface surfaces and the outer surfaces are electroded, the potential
difference is set on the electrodes
o(R) =DV (@), k=0.n. (7)
To make the solution general, we enter dimensionless variables [8, 11, 12].
Dimensionless form of the original equations does not change them.
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2. Numerical solution method
We introduce a partition by spatial coordinate:
Q={r, Vot = R +(-DA, A, =(R,—R,_)/m, k=1,..,n,i=1,..,m+1}.

In the transition to the central differences, equations (1), (2) are
transformed into a system of equations

(a; = c{%(l—%) —ck +%(N—1)(01k1 —cfy)):
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which in matrix form is written as
d’U
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where U = {um(k71)+i,1}, D= {gom(k—])ﬂ'—] }, k:l’ LN, lzl, ..m.

Displacements on external surfaces
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Displacements on the section surfaces are found from the conjugation
conditions (6)
k+1 k+1

C e
U1 = (ﬁil(“”mmz U3 )+ﬁi](_3(pmk+] 40,2~ Prics3)—
+ +



260 ISSN 2410-2547
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2020. Ne 105

k k
C e
+ 221 (4umk Uk )+ 221 (_3(pmk+] +4(pmk Pk ))/c;( P (1 3)
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An explicit and implicit difference scheme is used for time integration.
When using an implicit difference scheme (Newmark's algorithm))

T T W e T (14)
gat Sa
where & — the parameter of the scheme, equations (11) (12) (13) form a single
matrix, from which all unknowns in the internal points and contour points are
determined simultaneously. For an explicit scheme on each time layer, the
displacements at the internal points are first determined, and then by (12) (13)
we find the unknowns on the contour and the boundaries of the section. An
important issue in the application of an explicit scheme is the choice of the
step of partitioning in spatial and temporal coordinates, as the condition of
stability of the explicit scheme must be fulfilled. Practice shows that it is
usually enough to take A, >10A¢. For an implicit scheme, steps of the same

order are taken, & =0,5.

3. Obtained results
Nonstationary oscillations of PZT-4 [5, 8, 11, 12] ceramic elements at zero

initial conditions are investigated. External radiuses are Ry=2cm, R,=3cm.

Consider the case n = 5, i.e. piezoelectric elements consist of five layers of
oppositely polarized ceramic PZT-4. The thickness of the layers is the same

h;=(R,—R;)/n=2mm, where n - number of layers. We compare the

oscillations of the elements without elastic layers and taking into account the
external elastic layer with a thickness of # =2 mm. For elastic material we take

E=1,110""MPa, u4=0.25 (aluminum). The results are given in
dimensionless form.
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Fig. 3. The value of the maximum displacements in bodies
of different geometries depending on the frequency of perturbation:
(a) without elastic layer; (b) with elastic layer
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An important issue in the design and operation of a piezoelectric element is
the determination of its natural (resonant) frequencies. On Fig. 3 the maximum
values of displacements for piezoelectric elements without an outer and with
an outer elastic layer under non-stationary harmonic loading are compared.
The maximum values of displacements occur during loading, the frequency of
which coincides with or is close to its own. In cylinders and spheres, the first
natural frequency corresponds to radial oscillations of the middle surface, the
second frequency is the frequency of thickness oscillations and differs little for
bodies of different geometries. The presence of an elastic layer increases the
first frequency and lowers the second frequency, as well as enhances the third.
Due to this property, such piezoelectric elements become multimode and
belong to broadband, i.e. the range of operating frequencies for the element is
significantly expanded.

One of the basic operation modes of such elements is a pulse load, which
allows you to send a signal to the test medium and receive a response after the
attenuation of oscillations in the element. The electric perturbation is given in
the form of a half-wave sinusoid

Vosinot, 0<t <7/ w;
V)=
0, O<t<rn/w.

We take w=1, V|, = 2kV. At such initial data the unit of dimensionless time
approximately corresponds to 1 mcs, the unit of dimensionless movement
corresponds to 55 mecm. Determining the attenuation parameter b, is a

difficult practical task, as it depends not only on the material, but also on the
shape of the structure and the type of perturbation. In practice, the formula

_ 2no,0,
(o, + )0,

consideration, O, - quality factor (the ratio of the resonant frequency to the

M is used [14], where (®@,,®,) - the frequency range under

width of the resonant curve at 1/2), which is considered constant in the range
(w,,0p). Quality factor is one of the most important characteristics of the

oscillator and is determined experimentally.
In connection with the above, we consider cases with arbitrary values

b, which allows us to establish the dependence of the damping time of

oscillations in the element on the value b, . Note that for the pulse mode rapid

attenuation of perturbations is a useful property, so for elastic matching layers
materials with pronounced viscoelastic characteristics are selected.

Consider a flat piezoelectric element lcm thick with free outer surfaces.
With such a geometry, oscillations occur only due to the moving of the wave
along the thickness of the element. Analyzing the results presented in Fig. 4,
we see that the presence of an elastic layer increases the amplitude of natural
oscillations, that occur after removal of the external load almost twice (for
other loads, the growth is less). The period of oscillations increases from 2.2
mks during the travel of the elastic wave along the thickness of the elastic
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layer to 2.4 mks, which corresponds to the first natural frequency for the flat
element @ = 2.62 (Fig. 3b). Due to the damping properties of the elastic layer,
the amplitude of oscillations decreases according to the change of b, . At

300 mks (#=300) using b, =0.01 oscillations completely disappear, at

b, =0.05 - decreased by 96%, at b, =0.1 - decreased by 82% relatively to the
maximum absolute amplitude of 77 mkm. It should be noted that the
oscillation amplitude of a single-layer element is 16-20% of the amplitude of
oscillations of a five-layer element, i.e. the conversion of electrical energy into
mechanical energy in multilayer elements is much more efficient.
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Fig. 4. Oscillations of the outer surface of a plane piezoelectric element (N = 0) without an
outer layer and with an outer elastic layer with different damping coefficients

The oscillations of the cylindrical element are shown on Fig.5. The
presence of an elastic layer reduces the maximum amplitude and frequency of
oscillations, as the stiffness of the element has increased. The oscillation
period changed from 19 to 17 mks. The oscillations are a combination of
thickness and radial oscillations, as a result of which the amplitude has
increased 8 times compared to a flat element. We see that for b, =0.01 at 300

mks the amplitude decreased by 30%, at b, =0.05 - by 73%, at b, =0.1- by

92%. The maximum amplitude of oscillations was 0.55 mm. As the ratio of

radius to cylinder thickness increases, the amplitude and period of oscillations
also increase.
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Fig. 5. Oscillations of the outer surface of a cylindrical piezoelectric element (N = 1)
without an outer layer and with an outer elastic layer at different damping coefficients
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Consider the oscillations of a multilayer piezoceramic sphere (Fig. 6). The
period of oscillations, taking into account the elastic layer, changed from 11.1 to
10.5mks. The maximum amplitude of oscillations was 0.5mm. For 300mks at
b, =0.01 amplitude decreased by 22%, at b, = 0.05 - by 59%, at b, =0.1 - by
89%.
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Fig. 6. Oscillations of the outer surface of a spherical piezoelectric element (N = 2) without an
outer layer and with an outer elastic layer with different damping coefficients

Conclusion

Because of piezoelectric elements are often embedded in the housing and
supplemented with matching layers to protect against mechanical damage, it is
necessary to study their effect on the oscillations of the element. The proposed
approach to the study of nonstationary oscillations of piezoceramic
electromechanical converters (actuators) is easily implemented in any
computer program.

The first natural frequency for cylinders and spheres corresponds to the
radial mode of oscillations, while the second natural frequency for cylinders
and spheres coincides with the first for flat bodies and corresponds to the
thickness mode. The transient processes in the elements under impulse loads
and the influence of the outer elastic layer (housing or matching layer) are
studied, taking into account the Rayleigh attenuation. It is found that the
presence of an elastic layer in a flat element increases the amplitude and period
of natural oscillations of the piezoelectric element, and in cylindrical and
spherical decreases them. An important property of the elastic layer is that its
presence amplifies the third and dampens the fourth natural frequency. It
should be noted that the obvious advantage in the amplitude of oscillations for
the sphere and the cylinder is lost at a distance from the element, because the
intensity of the emitted signal decreases inversely proportional to the distance.
But due to the comprehensive direction of the signal, the probability of finding
defects or other obstacles increases significantly.

Thus, the influence of the outer elastic layer with viscoelastic properties on
the oscillations of the multilayer element is significant and should not be
neglected. To reduce the impact, we need to reduce the thickness of the
housing compared to the thickness of the element. The use of multilayer
elements with electroded interface surfaces and variable direction of
polarization of the layers increases the conversion efficiency of electrical
energy into mechanical energy almost in proportion to the number of layers.
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I'pueop ‘esa J1.O., K.¢h.-M.H.
NEPEXIJIHI IPOLECH B II’€30KEPAMIYHUX BAIATOLLIAPOBUX AKTY A-
TOPAX 3 BPAXYBAHHSIM 30BHILIHBOI'O B’SI3KOIIPYKHOI'O LIAPY

B po6oTi po3BUBAETHCS y3arayibHEHHH MIAXig A0 IOCTIIKEHHS TOBUIMHHUX (pajiajbHHX)
30ypeHb, 10 BHHHKAIOTH B I1'€30KEPaMiYHUX IUIACTHHAX, LMIIHAPAX, chepax MpU eIeKTPUUHHX
HABaHTAXKCHHsX. Po3riiaoThes GaratomapoBi nepeTBOprOBadi 3MiHHOIO HAPSMKY IOJIIpU3aLil
3 €JIEKTPOJOBAHUMHU MOBEPXHIMH PO3/iy. 3anporOHOBAHUM MiAXi[ 103BOJISE JOCIIHKYBATH
KOJIMBAHHS TN 3 IIapaMH, BUKOHAHUMHU 3 PI3HHX CJCKTPONPYKHHX Ta MPYXKHHX MaTepialis.
UncenbHa peanizamiss BHKOHAHA 3a IONOMOIOI CKIHYGHHHX Pi3HULB. ONHMCAHO KOJMBaHHS
OaraTolapoBUX IUIACTHH, LUIIHAPIB Ta cdep 3 30BHIMIHIM NPYXHHM a00 B’S3KONPYKHUM
HIIKPIIUTIOIOYMM IapoM Ta 0e3 HbOro MHpH IMIYJIBCHHUX Ta TApMOHIYHHX HECTAlliOHAPHHX
HABaHTAXKCHHSX. BCTaHOBIIEHO, 1110 AJIs1 MIOCKOrO WIapy 30BHIIIHIM IIap MiABHUINYE aMIUNTYIy Ta
Hepiof BIIBHUX KOJMBAHb IICHs 3HATTS HABAHTAXKCHHS, a I LIIHAPIB Ta Kyldb - HOHMKYE.
HasiBHICTP NpPY)KHOrO IIAapy MiACHJIIOE TPETIO Ta TacHTh YETBEPTYy BIACHY 4YacTOTY
[EepPEeTBOPIOBAYA, YUM PO3IIUPIOE YaCTOTHHUH Jliarna3oH Horo podoTH.

KurrouoBi ciioBa: n1’e30kepamivHi 6araTomapoBi HepeTBOPIOBAtl; HECTALIOHAPHI KOTUBAHHS;
eNIEKTPUYHE 30yPEHHs; I1’€30€JeKTPUYHI aKTyaTOpH; MpPYXHi, B’SI3KONpPYXKHI IIapH; TOBLUMHHI,
pajianbHi MOAN KOJHWBAHb.

TI'pucopvesa JI.O., K.¢h.-M.H.
MEPEXO/HBIE MPOLECCHI B TbE3OKEPAMHUYECKHX MHOI'OCJIOMHBIX
AKTYATOPAX C YYETOM BHEIINHEI'O BSI3KOYIIPYI'OI'O CJIOs

B pabore pa3BuBaercsi 000OIICHHBII MOIXOA K MCCICHOBAHUIO TONILMMHHBIX (pajHalbHbIX)
BO3MYIIECHUH, BO3HMKAIOIIMX B IbE30KEPAMMUYECKUX IUIACTUHAX, LMIMHIApaxX, cdepax Ipu
AIEKTPUYECKUX HArpyskax. PaccMaTpuBaroTCsi MHOIOC/IOWHBIE MpPeoOpa3oBaTeNd IEPEMEHHOr0
HarpaBJICHUA NOJSIPU3aALHA C BJICKTPOAWUPOBAHHBIMU IMOBEPXHOCTAMHU pas3acia. npe):lHO)KeHHblﬁ
HO/XOJ TO3BOJISET MCCIENOBAaTh KOJEOAHHUS TEN CO CIOSMH, BBINOJHEHHBIMH M3 Pa3IMYHBIX
NIEKTPOYNPYIHUX W YHPYruX MarepuanoB. UWCIEHHas peasu3alys BbIIOJIHEHA C IMOMOILbIO
KOHEYHBIX pa3HocTeil. OnucaHbl KOJIeOAaHUSI MHOTOCJIOMHBIX IJIACTUH, LHJIMHAPOB U cdep ¢
BHCIIHUM YIIPYTUM HJIM BA3KOYIIPYIUM IMOAKPEIUIAKOIIUM CIIOEM U 663 HETO NP UMITYJIbCHBIX U
rapMOHMYECKMX HECTALMOHAPHBIX HArpy3kax. YCTAHOBJICHO, YTO IS IJIOCKOTO CJIOSl BHELIHHUH
CJIOH TOBBIIIAET aMIUIUTYAY M NEPUOJ] CBOOOAHBIX KoJeOaHHH IMOCiIe CHATUS HArpy3Kd, a it
LIMIMHAPOB U cdep - moHmkaeT. Hamudue ynpyroro ciost yCHINBAaeT TPETHIO U FACHT YETBEPTYIO
COOCTBEHHYIO YacTOTY Ipeodpa3oBaTelis, 4eM PACIIMpsIET YACTOTHBII AHana3oH ero paboThl.

KiroueBble ci10Ba: Ibe30KEPAMUUYECKIE MHOTOCIIONHBIE TPE0Opa30BaTeIIN; HECTALIMOHAPHbIE
KOJIeOaHHs;  IIEKTPHYECKOe BO3MYILCHHE; IbE30dJICKTPHUYECKUE  aKTyaTopbl;  YIpYrue,
BSI3KOYIIPYTHE CJIOW; TOJILIMHHBIC, paiialibHbIC KOJIeOaHus.
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The oscillations of multilayer piezoceramic flat, cylindrical and spherical bodies taking into
account the outer viscoelastic layer are investigated.
Fig. 6. Ref. 14.
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