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Two boundary element approaches are used to solve the problem on non-stationary vibrations of
elastic solids. The first approach is based on the transition to the frequency domain by means of a
Fourier series expansion. The second approach is associated with the direct solution of a system of
time-dependent boundary integral equations, with a piecewise constant approximation of the
dependence of the unknowns on time. In both cases, a collocation scheme is used to algebraize the
integral equations, and the difficulties associated with the calculation of singular integrals are
overcome by replacing the kernels with the initial segment of the Maclaurin series. After such a
replacement, the kernels take the form of a sum, the first term of which is the corresponding
fundamental solution of the statics problem while other terms are regular. Since integration of static
kernels is not difficult the problem of calculating the diagonal coefficients of the SLAE turns out to
be solved. The developed techniques are compared in the process of dynamics analysis solving of
elastic media with two cylindrical cavities. The boundary of one of the cavities is subjected to a
radial impulse load, which varies according to the parabolic law. Both approaches have shown the
similar effectiveness and qualitative consistency.

Keywords: time-dependent boundary integral equations, frequency domain, Hankel functions,
Maclaurin series, impulse loading.

The Boundary Element Method (BEM) is an effective tool for solving the
problem of vibrations of elastic bodies with different cavities and inclusions. In this
case, the solution of the problem can be obtained in two ways. In the first case, the
Fourier transform is used to convert the problem into a frequency domain, while in
the second case, a time-step procedure is used. In both cases, the algorithmic basis of
the problem is the boundary analogue of the Somigliana identity for displacements.
The identity links known displacements and stresses at the boundary points with
those not unspecified by boundary conditions. The resolving equation describing
two-dimensional harmonic vibrations of an elastic mass body, in the absence of
mass loads, is as follows

[ .- .- .- .- .
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where @ is the circular frequency of vibrations; x{x;,x,}, y{y,mtel ;T —
boundary of the area occupied by the body; u; (x,w), g f (X, ) are respectively
complex amplitudes of displacements and stresses at the boundary; U, (%,7,w) - the
fundamental solution of the problem [1, 2], which is given by the expression
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generalized derivative of the fundamental solution (stresses at the sites with normal
n; (y) that arise in elastic two-dimensional media due to the action in the point X of

concentrated unit force in the direction x; ; H ;1) is the Hankel function of the first
kind.

In accordance with the collocation procedure of BEM the boundary is
represented as a set of elements and a hypothesis defining how the unknown
quantities change within each BE (i.e. basic function) is introduced. Then a set of

poles x; is assigned, agreed with the introduced hypothesis, and then equations (1)
are written in each of the poles in turn. The result of this procedure is a system of
linear algebraic equations with respect to unknown values of amplitudes of
displacements and stresses at collocation points x;. The system coefficients are

integrals over boundary elements of product of kernel U ; (x,y,®) or Tj (%, y,®)
and the corresponding basic function.
When the distance » between the source X point and the integration point y

tends to zero, i.e., if the pole is located at the same BE on which the integration is
carried out, the Hankel functions, and with them the sub-integral expressions, take
infinitely large values, which makes it impossible to calculate the diagonal system
matrix coefficients using numerical integration. To overcome this obstacle, the
Hankel functions are approximately replaced by the initial segments of the
Maclaurin series. After such a replacement the kernels can be represented as follows

(3]
Ujk(iaj}sw) = Ujk(is}j)+U;k(iaj}9w), Tjk(-;c;j}’a)) = 7}1(29;)4_7}1(;9;}7@)7 (3)

where U? ik (x,y) and T k(x y) are respectively the fundamental solution of the

static 2D problem of and its generalized derivative.
Since integration of the kernels of the static problem does not cause difficulties,
and regular additives U;-k x,y,0), T ;-;c (X,7,) can be determined with any

degree of accuracy, the problem of algebraization of the system of boundary integral
equations (1) can be considered solved in the first approach.
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The second approach requires solving a system of time-dependent boundary
integral equations, which under zero initial conditions and the absence of mass
forces can be written as follows

— + —_ - —
%u,(x,o:Jé | FU G Bt =)y (0T dt - @

+ - - —
0T Ta G5t =D (50T,
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H
where Uy, (r,1) = —— M SOG ,y,t)+(—f,;2><x w.0)|, H()
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2
is  Heaviside  step function; iy W)= (Edl +;—j P tsj—Ogd) s
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f(z)(r,t)=(2d2+2—2j 5@[d2+ j d=(Ct)2 =12, dy =(Cyt)> =12
2

T (r,7) is a generalized derivative of the fundamental solutionU  (r,7) .

The peculiarity of this approach is that time is one of variables, on which the
solution depends. Accordingly, it is necessary to divide the time interval into
separate intervals and approximate the unknown within each interval. Assuming that
the boundary stresses at each step remain constant, time integration of the both terms
in the right side of equation (4) can be done analytically [4]. Moreover, the resulting
expressions can also be presented in a form similar to that of representation (3), i.e.,
as a sum of the corresponding static kernel and some regular additive. Thus, even in
this case, it is possible to overcome all the fundamental obstacles to the numerical
solution of the problem [4].

Comparison of the developed algorithms was carried out using the problem
about non-stationary vibrations of elastic space with two circular cylindrical cavities
of radius R=3m. Boundary of the left cavity is exposed to radial influence of

parabolic impulse, set by the formula g, (¢) =4——— g1 -1) (Fig. 1). Time of the
T°

impulse action is 7 =20R/ C; =0.0108s .
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Fig. 1. Calculated area



324 ISSN 2410-2547
Omip MatepianiB i Teopis cropyx/Strength of Materials and Theory of Structures. 2020. Ne 104

The results of calculations are shown in Figures 2, 3. Graphs marked with
figures 1 and 4 are the curves obtained as a result of the system (4) solution. Figures
2 and 5 denote the graphs built within the first approach using 12 terms of the
Fourier series, and figures 3 and 6 denote the graphs, for the construction of which 4
terms of the series were kept. At the same time, the diagrams 1, 2, 3 characterize the
stress-strain state parameters at the point A4, and the diagrams 4, 5, 6 correspond to
the same parameters at the point B of the boundary (Fig. 1).

Extreme values of normalized parameters of stress-strain state, obtained with the
help of two approaches, are contained in Tables 1-4.

The values of radial displacements u, and tangential stresses oy were

normalized according to the formulas Up =u, iR and o} =2 respectively.
q q
The values U,’é’t, og”t are obtained by solving the system of time-dependent

boundary integral equations (2nd approach) and Uy (m), o."”(m) are obtained

using transition to the frequency domain (1st approach) while value m corresponds
to the number sine waves.
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Fig. 2. Radial displacements in points 4 and B of the boundary when L=3m
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Fig. 3. Tangential stresses in points 4 and B of the boundary when Z=3m
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Table 1
Normalized radial displacements at the points of the boundary
Point Uln?,,inax UR,max UR,max Uln?:imn UR,min UR,min
4) (12) 4) (12)
A 0.764 0.777 0.775 -0.155 -0.096 -0.144
B 0.502 0.521 0.502 -0.043 -0.055 -0.036
C 0.526 0.528 0.524 -0.080 -0.057 -0.071
D 0.536 0.562 0.567 -0.134 -0.078 -0.135
Table 2
Normalized tangential stresses at the border points. L=3m
Point 6:’ ,r; = 63" ,,mwax 6:’ ,,mwax 6:’ ;; " 6:’ ,;:in 6:’ ,;:in
’ 4) (12) ’ 4) (12)
A 0.929 0.855 0.806 -0.144 -0.138 -0.131
B 1.288 1.248 1.250 -0.262 -0.168 -0.249
C 1.046 1.065 0.993 -0.130 -0.118 -0.114
D 1.202 1.302 1.283 -0.273 -0.199 -0.255
Table 3
Normalized radial displacements at border points. L=6m
Point Uln?,inax UR,max UR,max Uln?,im'n UR,min UR,min
’ 4) (12) ’ 4) (12)
A 0.619 0.625 0.625 -0.105 -0.085 -0.102
B 0.511 0.527 0.509 -0.053 -0.048 -0.045
C 0.531 0.527 0.530 -0.077 -0.059 -0.070
D 0312 0.323 0.325 -0.104 -0.063 -0.098
Table 4
Normalized tangential stresses at the border points. L=6m
Point 6:’ ,r; = 63" ,,mwax 6:’ ,,mwax 6:’ ;; " 6:’ ,;:in 6:’ ,;:in
’ 4) (12) ’ 4) (12)
A 1.054 1.030 0.992 -0.120 -0.116 -0.970
B 1.234 1.183 1.182 -0.225 -0.169 -0.211
C 1.122 1.076 1.060 -0.147 -0.106 -0.129
D 0.550 0.576 0.583 -0.151 -0.119 -0.144

The data presented in the figures and tables show satisfactory qualitative
consistency of the data obtained using different approaches. It should be noted that
as the number of members of the Fourier series increases, the diagrams obtained in
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the first approach become more and more similar to the curves using the solution of
the time-dependent boundary integral equations (4), i.e., using relations of the
second approach.
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Bopona FO.B., Kozak A.A.
I'PAHUYHOEJIEMEHTHI OIAXOAU A0 3AJJAYI ITPO HECTAIIOHAPHI IIPY’KHI
KOJIMBAHHSA Y IBOBUMIPHIA MOCTAHOBIII

Jlnst  aHamidzy HeCTalliOHApHHX KOJIMBAaHb IMPYKHHX MAacCHBIB BHKOPHCTOBYIOTHCS JBa
IpaHHYHOENEMEeHTHI migxoau. Ilepinii moB's3aHuil 3 HEPeXOfOM B YAaCTOTHY 00J1acTh, a APYTHi
peasizye mpolenypy iHTerpyBaHHs 3a 4acoM. IIpOBeIeHO MOPIBHSHHS METOAIB MPHU BHPILICHHI
3ajadi PO IMIyJbCHE HABAHTAXKEHHS MPYXHONO CEPENOBHINA 3 [BOMA IIMIIHAPUYHUMHU
HOPO)KHUHAMH.

KurouoBi cjioBa: rpaHHYHO-4acoBi iHTErpajbHi pPIBHAHHS, YacToTHa oOsiacTb, QYHKIIT
Tankesst, psg MakiopeHa, iMITyJIbCHE HaBaHTA)XKCHHSI.

Bopona FO.B., Kozak A.A.
T'PAHUYHODJEMEHTHBIE NOAXOAblI K 3AJAYE INIPO HECTALMWOHAPHBIE
VIPYI'ME KOJEBAHMSI B IBYMEPHOM IOCTAHOBKE

Jlis  aHanM3a HECTALIMOHAPHBIX KOJEOAaHHM yNpyrux MaCCHBOB HCIIOJIB3YIOTCS  JIBa
IPaHUYHORIEMEHTHBIX oaxona. [IepBblii M3 HUX CBs3aH C MEPEXOAOM B YACTOTHYIO 00JiacTh, a
BTOPOH peanu3yeT Mpoueaypy HHTErpUPOBAaHUs 110 BpeMeHH. [IpoBeieHo cpaBHEHHE METO0B IpH
peuieHnn 3aja4u 00 MMITYyJbCHOM HArpy)KeHHH YIPYroil cpeiabl € JBYMs LMJIMHIPUYECKUMH
HOJIOCTAMMU.

KiroueBble cj10Ba: IpaHMYHO-BPEMEHHBIC HMHTErpalibHbIE ypaBHEHHUS, 4YacTOTHasi 00JacTh,
(ynkummn INankens, psa MakiopeHa, HMITyJIbCHOE Harpy»KeHue.

VK 539.

Bopona FO.B., Kozak A.A. I'paHn4HOe1eMeHTHI NmiaAXoau 10 3a1a4i Npo HecTanioHApPHI NMpy:KHi
KOJIMBAHHS Y IBOBUMIpHIiii mocTanoBui / Onip MaTepiasiB i Teopist Copy/: HayK.-TeXH. 301 pHUK.
—K.: KHVFBA, 2020. — Bum. 104. - C. 321-327.

B npoyeci Oocnioocennss HecmayioHapHux — KOAUSAHb  NPYJICHO2O — Cepedosutyd 3 080MA
YUTTHOPULMHUMU NOPONCHUHAMU NIO OIEI0 IMNYIBCHO20 HABAHMANCEHHS NOPIBHIOIOMbCS MIdC COH0I0
06a epanuyHoenemMenmui nioxoou.

Tab. 4. Puc. 1. bi6uiorp. 4 Ha3s.
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Two boundary element approaches are compared in the process of analysis of elastic media with
two cylindrical cavities response to impulse loading.

Tab. 4. Fig. 1. Ref. 4 items.
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IIpu uccredosanuu HecmayuoHapHviX KoaeOaHuti ynpyeou cpeovl ¢ O08YMs YUIUHOPUHECKUMU
norocmamMu o0  Oeucmeuem UMNYAbCHOU HASPY3KU  CPABHUBAIOMC  Medcoy coboll  dea
2PAHUYHOINEMEHMHBIX NOOX00d.

Tab. 4. Puc. 1. bubawuorp. 4 Ha3B.
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