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The paper outlines the fundamentals of the method of solving static problems of geometrically 
nonlinear deformation, buckling, and vibrations of thin thermoelastic inhomogeneous shells with 
complex-shaped midsurface, geometrical features throughout the thickness, under complex 
thermomechanical loading. The technique is based on the geometrically nonlinear equations of 
three-dimensional thermoelasticity, the finite element formulation of the problem in increments, and 
the use of the moment finite-element scheme. A thin shell is considered by this method as a three-
dimensional body. We approximate a shell by one spatial universal finite element (FE) throughout 
the thickness. The universal FE is based on an isoparametric spatial FE with polylinear shape 
functions for coordinates and displacements. The universal element has additional variable 
parameters introduced to expand its capabilities. The method of modal analysis of the shell is based 
on an approach that at each current stage of thermomechanical loading takes into account the 
stresses accumulated at the previous stages. The developed algorithm allows one to study geometric 
nonlinear deformation and buckling of elastic shells of an inhomogeneous structure with a thin and 
medium thickness, as well as to study small vibrations of the shells relative to the reference 
deformed state caused by static loading, taking into account large displacements and a prestressed 
state. An analysis of the stability and vibration of the spherical panel with the hole is carried out. 
The effect on the frequencies and mode shapes of the shell of the sequential action of thermal and 
mechanical loads is investigated. 

Keywords: elastic shell, hole, buckling, natural frequency, mode shapes, thermo-mechanical 
load, universal finite element. 

 
Introduction 
Shells as elements of thin-walled structures are widely used in various 

engineering applications such as construction, engineering, shipbuilding, 
aviation and space technology, transport and other branches. 

The shells can be weakened by holes, channels, cavities, and dents in 
accordance with technological necessity. During operation such structures can 
be subjected to loads of various nature including mechanical and thermal. At the 
same time static loads significantly affect both the stress-strain state of the 
structure and the dynamic characteristics which include the frequencies and 
modes of natural vibrations. 

Obtaining information about the natural frequencies and modes of the shell 
is one of the important aspects of the complex analysis of the thin-walled 
structure. This modal information plays a key role in the design of these 
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structures and can provide the strength of the elastic system even at the design 
stage. 

There are a large number of theoretical, numerical and experimental studies of 
shells of various shapes. Background and bibliography can be found in Ref. [1–3, 9-
15]. Although the basic equations and relations of the theory of shells were obtained 
long ago, until now analytical solutions to problems have been obtained only for 
some relatively simple classes of shells with predominantly canonical form. 
Therefore methods of numerical analysis are widely used to solve the problems of 
shell theory. Currently, there is a fairly large arsenal of these methods. On their basis 
effective approaches have been developed to solve a wide class of problems on the 
stress-strain state, stability and vibration of thin plates and shells. A large number of 
monographs are devoted to the presentation of these approaches [1-3, 7, 10, 12, 14-
21]. In general a broad bibliographic description is devoted to various aspects of 
shell researches [22].This description has been compiled by David Bushnell since 
2011 and is currently being updated. On this website page there are people who have 
made a significant contribution directly to the field of stability loss, as well as people 
who have laid the foundations of the theory and methods of researching various 
aspects of analysis for shell structures. The authors as researchers involved in the 
study of geometrically nonlinear deformation, stability, buckling, and oscillations of 
thin elastic shells [1-3] are also included in Shell_Buckling_People. 

In recent decades the number of articles on the analysis of elastic shells has 
expanded significantly. Among them much attention is paid to analyzing elastic 
thin shells reinforced by ribs [1-3, 5,6,7,11, 23-25]. Much less research has been 
devoted to investigating shells with various weakening [1-8]. 

The article is a continuation of studies of deformation, buckling, and 
vibrations of shell structures. Research is devoted to modal analysis of a thin 
shell with a hole. 

1 Problem statement and research method 
The methodology for studying the natural vibrations of thin-walled shell 

structures, taking into account the effects of static thermo-mechanical loading, is 
based on an integrated approach. The finite element method [1-2] for 
investigating static problems of the stress–strain state, buckling, and 
postbuckling behavior of thin inhomogeneous shells, and the method [3, 26] for 
modal analysis of shells taking into account the pre-stressed state at each step of 
the thermo-mechanical load are used. Thus, the problem of determining the 
natural frequencies and vibration modes of the shell is solved by the incremental 
method in two stages. 

At the first stage, the static problem of nonlinear deformation of 
inhomogeneous shells is solved by the method given in Ref. [1-2]. At this stage 
for the corresponding increments of the static load the parameters of the stress-
strain state for the finite-element shell model (FESM) are determined. These 
parameters include: deformed shape (new coordinates of the nodes and 
increment of displacements for them), the stresses in the finite elements (FE), 
and others. This problem is solved for each increment of thermo-mechanical 
load. 
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The method is based on the geometrically nonlinear equations of three-
dimensional thermoelasticity, the finite element formulation of the problem in 
increments, and the use of the moment finite-element scheme (MFES). 

To develop the FESM, we approximate a thin shell by one spatial FE 
throughout the thickness. The universal FE is based on an isoparametric spatial 
FE with polylinear shape functions for coordinates and displacements. 
Additional variable parameters have been introduced to enhance the capabilities 
of this FE [1-2]. The nonlinear deformation of shells is analyzed using the 
incremental method based on the general Lagrangian formulation. The problem 
of nonlinear deformation, buckling, and post-buckling behavior of 
inhomogeneous shells is solved by a combined algorithm. The algorithm 
employs the parameter continuation method, and a modified Newton–
Kantorovich method at the step of the load's increment [1-2]. 

At the second stage of the current step, the thermo-mechanical load is 
assumed to be zero (i.e., "deleted") and the parameters of natural vibrations are 
determined [3, 26]. At this stage we use the new shell shape and the pre-stressed 
state which has been determined at the first stage. For each load increment the 
natural frequencies and mode shapes are computed until a negative value of the 
fundamental tone (lowest frequency) appears. This is because of according to 
the dynamic criterion, the moment of the loading at which a negative value of 
the frequency appears may be taken as the moment of loss of stability of the 
shell and this load is adopted as critical [3, 26, 27]. 

The determination of the natural frequencies of the shell is not performed at 
the next steps of the thermo-mechanical load increment. Next, only the post-
buckling behavior of the shell is investigated. The accuracy of the calculation 
for the natural vibrations of the shell taking into account the pre-stressed state is 
confirmed by the coincidence of the value of the upper critical load with that 
obtained in another way. 

This approach allows us to analyze the joint effect of thermo-mechanical 
load parameters and the geometric characteristics of the shells on the buckling 
and natural vibrations of shell structures. 

2 Buckling and natural vibrations of a panel with a hole 
A shallow spherical panel of square planform hinged at the edges and having 

a central square hole is considered 
(Fig. 1). The shell is under the 
action of thermo-mechanical 
loading. 

Curvature of the panel is defined 
by the parameter 22 ( ) 32K a Rh  , 
where: 1h  cm is the thickness, 

ha 60  is a size of the panel in the 
plan, hR 225  is the radius of mid-
surface. The input data: width of the 

 
Fig. 1. A shallow spherical panel with a central hole 
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hole hbo 12 , elastic modulus 61012  .E kg/cm 2 , Poisson’s ratio 30. , 

linear expansion coefficient 4 10.12 10 deg   , -3107.85   kg/cm 3 . The 
data are taken from Ref. [7, part. 2], where the problem of panel stability under 
the action of pressure alone is considered. 

The effect of the thermo-mechanical load on the panel consists of two 
stages: 

(i) the shell is gradually heated by the temperature field whose parameter 
increases from C0  to a set value CT . So, at the first stage the stress–strain 
state of the shell is perturbed by the temperature field; 

(ii) the panel is subjected to uniform normal pressure of intensity q  in 
addition. So, at the second stage the temperature field is remaining constant. 

We consider three options for preheating at C20,0,20 T . Results are 

presented in terms of dimensionless parameters: )( 44 Ehqaq  , huu '' 11  , 

where 'u1  is the deflection of the panel along the axis 'x1 . 
The results of investigations of the processes of geometrically nonlinear 

deformation and buckling of a smooth panel and a panel with a hole are details 
presented in in Ref. [1-2, 28]. 

Examination of the dependence of the frequencies and modes of natural 
vibrations of a smooth panel on the mechanical load is given in [4, 26]. It is 
shown that neglecting the prestressed state (only the new deformed state of the 
shell was taken into account) leads to an incorrect determination of the upper 
critical load and frequencies. 

The calculating results of a smooth panel are basic for analyzing the effect of 
geometric features such as holes on the natural vibrations of a shallow shell. 
There is the dashed line with the mark “ ” for the solution of the smooth panel 
on the “load – deflection” (“ q – u ”) and “load – frequency” (“ q – ”) curves. 
The calculation results for a panel with a hole are marked “  ”. For the panel 
without hole the deflection have been considered at its center, and for the panel 
with a hole the deflection have been considered at the point A  (Fig. 1). The 
design model is the panel with mesh 40 40 FEs. 

The accuracy of calculations in the problems of buckling of the indicated 
panels had been determined by a comparative analysis of the solutions obtained 
using the MFES and calculations performed using the software LIRA [29] 
(Fig. 2, Fig. 3). 

A comparison of the “ uq  ” curves obtained by the MSFE and software 
LIRA for shells without hole ( ) and with hole ( ) when their loading only 
pressure ( 0 CT   ) reveals agreement between the “ uq  ” curves in the 
prebuckling domain and when loss of stability. The difference between the 
values of up

crq  is respectively -1.9% and 2.9% (Fig. 2). 
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Fig. 2         Fig. 3 
 
For all heating cases, both solutions are in good agreement with each other 

throughout the “ uq  ” curve (Fig. 3). The disagreement between the values of 
up
crq  is an area 3.0 – 3.5 %. Configurations for the deformed shell after  

pre-cooling to C20T  and preheating to C20T  obtained by both 
methods, are in complete agreement with each other and have little difference 
from the original form ( C0T , q = 0). Forms of buckling are in good 
agreement too (Fig. 4 (a)). Buckling of the panel occurs with click of its central 
part (Fig. 4 (b)). 

We have found that that 
weakening of the smooth panel 
(" ") by the central hole (" ") 
reduces the critical load up

crq  by 
19.2% (Fig. 2). For the shell with the 
hole (" "), pre-cooling and 
preheating leads to a change in the 
critical load up

crq  by 9.78 and -9.97% 
compared to the corresponding 
unheated panel ( C0T ) (Fig. 3). 

An analysis of the natural 
vibrations of the smooth (" ") and 
weakened (" ") panel shows that 
for unloaded shells ( C0T , 0q ) 
the presence of a hole reduces the 
frequency 1  by 3.3% (Table 1). At 
the same time, frequencies 1  and 

2  are double for a shell without a 

(а) 

 
(b) 

Fig. 4 
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hole, and frequencies 2  and 3  are double for a panel with a hole. Therefore, 
the mode shapes differ for the respective shells. For the smooth panel, the mode 
shapes that correspond to double frequencies 1  and 2  are conjugate, and the 
mode that corresponds to the frequency 3  is characterized by the oscillation of 
the central part of the shell (Fig. 5). The opposite nature of the mode shapes is 
observed for a panel with a hole (Fig. 6). Modes transform in accordance with 
the change in the number of double frequencies during loading (Table 1). At 
buckling domain, the vibration modes have the same shape for the shell without 
a hole (Fig. 5 (c)) and with it (Fig. 6 (a)). 

Table 1 
Panel natural frequencies i  at various load values iq  ( C0T ) 

№ 
iq  1 , Hz 2 , Hz 3 , Hz 4 , Hz 5 , Hz 6 , Hz 

0 
 .53378e+3 .53378e+3 .54740e+3 .69124e+3 .79609e+3 .81664e+3 

0 
 .51604e+3 .51938e+3 .51938e+3 .60926e+3 .71434e+3 .81960e+3 

1 .51213e+3 .51251e+3 .51251e+3 .59917e+3 .70329e+3 .81049e+3 
2 .49805e+3 .49805e+3 .50057e+3 .58103e+3 .68530e+3 .79348e+3 
3 .47453e+3 .47453e+3 .48176e+3 .55137e+3 .65603e+3 .76620e+3 
4 .43368e+3 .43368e+3 .44905e+3 .49943e+3 .60537e+3 .72019e+3 
5 .34814e+3 .34814e+3 .37947e+3 .38773e+3 .49978e+3 .63141e+3 
6 .27518e+3 .27518e+3 .29254e+3 .33249e+3 .45578e+3 .58481e+3 
7 .24566e+3 .24566e+3 .25091e+3 .31914e+3 .44342e+3 .57459e+3 
8 .18104e+3 .19133e+3 .19133e+3 .28532e+3 .41071e+3 .55581e+3 
9 .14446e+3 .16503e+3 .16503e+3 .27148e+3 .39684e+3 .54946e+3 

10 .85034e+2 .13249e+3 .13251e+3 .26427e+3 .38724e+3 .54844e+3 
11 -.31833e+5 .93008e+2 .93082e+2 .26060e+3 .37989e+3 .55059e+3 

     
(a)        (b)        (c) 

Fig. 5 
 

     
(a)        (b)        (c) 

Fig. 6 
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The “ q – 1 ” curves have the 
same fashion for the investigated 
shells when only pressure is acting 
( C0T ) (Fig. 7). The load 
moments at which the natural 
vibrations have been calculated are 
shown in the figure. These moments 
correspond to the load iq  ( 111,i  ) 
(Table 1). The applied pressure 
causes a restructuring of both 
frequency multiplicity and vibration 
modes. The frequencies 2  and 3  
become double when 8i . 
Accordingly, the mode shape for the 
frequency 1  becomes the simplest 
(Fig. 6 (a)). 

Preheating and pre-cooling of the 
shell leads to small changes in the 
frequencies (Table 2). In the case of 
pre-cooling by C20T , the mode 
shapes are similar to ones shown in 
Fig. 6. In the case of preheating by 

C20T , the mode shapes are 
similar to the (b), (c), (a) shapes of 
Fig. 6. 

The “ q – 1 ” curves have the 
same fashion for the investigated shell in all cases of heating (Fig. 8). At 
buckling domain, the mode shape is similar to the shape from Fig. 6 (a) for all 
cases of heating. 

Table 2 
Natural frequencies for the heated panel (" ", q =0) 

CT  1  2  3  4  5  
0 .51604e+3 .51938e+3 .51938e+3 .60926e+3 .71434e+3 

+20 .53017e+3 .53028e+3 .53151e+3 .61665e+3 .71662e+3 
20

0
  +2.37 +2.10 +2.33 +1.21 +0.32 

-20 .49977e+3 .50829e+3 .50838e+3 .60211e+3 .71205e+3 
20

0
  -3.15 -2.13 -2.12 -1.17 -0.32 

 
 
 

 
Fig. 7 

 
Fig. 8 
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Conclusions 
The finite element approach for determining the natural vibrations of shells 

of an inhomogeneous structure is developed on the basis of a modified 
isoparametric spatial finite element with polylinear shape functions. The 
algorithm for modal analysis of the shells is based on the finite element method 
for studying shells with geometric features throughout thickness. The 
prestressed state of the deformed shell is taken into account at each stage of 
thermo-mechanical loading. 

An analysis of the stability and vibration of the spherical panel with the hole 
is carried out. The effect on the frequencies and mode shapes of the shell of the 
sequential action of temperature and pressure is investigated. We have shown 
that the developed method is an effective tool for a comprehensive study of the 
stability and vibrations of inhomogeneous shells of thin and medium thickness 
under the action of thermo-mechanical loads. 
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Баженов В.А., Кривенко О.П. 
ВТРАТА СТІЙКОСТІ ТА КОЛИВАННЯ ОБОЛОНКИ З ОТВОРОМ ПІД ДІЄЮ 
ТЕРМОСИЛОВОГО НАВАНТАЖЕННЯ 

У статті викладені основи методу розв’язання статичних задач геометрично нелінійного 
деформування, втрати стійкості та коливань тонких термопружних неоднорідних оболонок зі 
складною формою середньої поверхні, з геометричними особливостями за товщиною, в 
умовах дії складного термомеханічного навантаження. Метод заснований на геометрично 
нелінійних співвідношеннях тривимірної термопружності, скінченно-елементному 
формулюванні задачі в приростах і використанні моментної схеми скінченних елементів. За 
цим методом тонка оболонка розглядається як тривимірне тіло, яке моделюється по товщині 
одним універсальним просторовим скінченним елементом (СЕ). Універсальний СЕ 
розроблений на основі ізопараметричного просторового СЕ з полілінійними функціями 
форми для координат і переміщень. Можливості модифікованого елемента розширені за 
рахунок введення додаткових змінних параметрів. Методика модального аналізу 
неоднорідних оболонок базується на підході, за яким на кожному кроці термосилового 
навантаження враховуються накопичені на попередніх кроках напруження. Розроблена 
методика дозволяє комплексно досліджувати геометрично нелінійне деформування та 
стійкість тонких і середньої товщини пружних оболонок неоднорідної структури та вивчати 
малі коливання оболонки відносно відлікового деформованого стану, що викликаний 
довільним статичним навантаженням, з урахуванням великих переміщень і 
переднапруженого стану. Виконано аналіз стійкості та коливань сферичної панелі з отвором. 
Досліджено вплив послідовної дії теплових і силових навантажень на частоти і форми 
коливань оболонки. 

Ключові слова: пружна оболонка, отвір, втрата стійкості, власна частота, форма 
коливань, термосилове навантаження, універсальний скінченний елемент. 

 
 

Баженов В.А., Кривенко О.П. 
ПОТЕРЯ УСТОЙЧИВОСТИ И КОЛЕБАНИЯ ОБОЛОЧКИ С ОТВЕРСТИЕМ ПОД 
ДЕЙСТВИЕМ ТЕРМОСИЛОВОЙ НАГРУЗКИ 

В статье изложены основы метода решения статических задач геометрически 
нелинейного деформирования, потери устойчивости и колебаний тонких термоупругих 
неоднородных оболочек со сложной формой срединной поверхности, с геометрическими 
особенностями по толщине, в условиях действия сложной термомеханической нагрузки. 
Метод основан на геометрически нелинейных соотношениях трехмерной термоупругости, 
конечно-элементной формулировке задачи в приращениях и использовании моментной 
схемы конечных элементов. Тонкая переменной толщины оболочка сложной геометрической 
формы рассматривается согласно методу как трехмерное тело, которое моделируется по 
толщине одним универсальным пространственным конечным элементом (КЭ). 
Универсальный КЭ разработан на основе изопараметрического пространственного КЭ с 
полилинейными функциями формы для координат и перемещений. Возможности 
модифицированного элемента расширены за счет введения дополнительных переменных 
параметров. Методика модального анализа оболочки базируется на подходе, когда на каждом 
шаге термосилового нагружения учитываются напряжения, накопленные на предыдущих 
шагах. Разработанная методика позволяет комплексно исследовать геометрически 
нелинейное деформирование и устойчивость тонких и средней толщины упругих оболочек 
неоднородной структуры, а также изучать малые колебания оболочек относительно 
отсчетного деформированного состояния, вызванного произвольной статической нагрузкой, с 
учетом больших перемещений и преднапряженного состояния. Выполнен анализ 
устойчивости и колебаний сферической панели с отверстием. Исследовано влияние 
последовательного воздействия тепловых и силовых нагрузок на частоты и формы колебаний 
оболочки. 

Ключевые слова: упругая оболочка, отверстие, потеря устойчивости, собственная 
частота, форма колебаний, термосиловая нагрузка, универсальный конечный элемент. 
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УДК 539.3 
Баженов В.А., Кривенко О.П. Втрата стійкості та коливання оболонки з отвором під дією 
термосилового навантаження // Опір матеріалів і теорія споруд: наук.-тех. збірник – К.: 
КНУБА, 2020. – Вип. 104. – С. 136-146. – Англ. 

Досліджено вплив послідовної дії нагріву та тиску на стійкість і коливань сферичної 
панелі з отвором. 
Табл. 2. Ил. 8. Библиогр. 29 назв. 
 
UDC 539.3 
Bazhenov V.A., Krivenko O.P. Buckling and vibrations of the shell with the hole under the 
action of thermomechanical loads // Strength of Materials and Theory of Structures: Scientific-
and-technical collected articles. – K.: KNUBA, 2020. – Issue 104. – P. 136-146.  

Effect of the sequential action of heating and pressure on the stability and vibration of a 
spherical panel with a hole is investigated. 
Tabl. 2. Fig. 8. Bibliograf. 29 ref. 

 
Баженов В.А., Кривенко О.П. Потеря устойчивости и колебания оболочки с отверстием 
под действием термосиловой нагрузки // Сопротивление материалов и теория сооружений: 
науч.-тех. сборн. – К.: КНУБА, 2020. – Вып. 104. – С. 136-146. – Англ. 

Исследовано влияние последовательного воздействия нагрева и давления на 
устойчивость и колебаний сферической панели с отверстием. 
Табл. 2. Ил. 8. Библиогр. 29 назв. 
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