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Po3B’s13aHO MPOCTOPOBY 3ajiauy TEOPii MPYKHOCTI YIS [IaPy 3 MOB3IOBXKHBOK LHIIIHIPUYHOK
HOPOXKHUHOIO, KOJIM Ha MEXax IIapy Ta Ha MEXI TOPOXKHHUHY 33/1aHi HanpysKeHHs. Po3B’s130k 3aqadi
OTPHMAaHO Yy3arajJbHeHHM MerofoM (Pyp’e CTOCOBHO cHUCTeMH piBHsHB JlaMe B LMIIHAPHIHUX
KOOpJIMHATAX, OB SI3aHUX 13 LMJIIHAPOM, Ta JCKAPTOBHX KOOPIMHATAX, MOB’S3aHUX i3 MEXamu
mapy. HeckiHdyeHHI cHcTeMH IHIHHMX anreOpaiuHUX pIBHSHB, SIKIi OTPUMaHi B pe3ysbTaTi
3a/I0BOJICHHS TPAaHHYHHMX YMOB, BHpIIICHO METOAOM 3pi3aHHsi. B pesynbrati Oymm orpumai
HANPY)KEHHS B Pi3HUX TOYKaX HPYKHOro Tija. IIpoBeneHo aHami3 HampyXeHO — Aed)OPMOBAHOrO
CTaHy IIapy Bix Ail 3piBHOBaKECHOr0 HABAHTAXKCHHS HA HOro Mexax.

KurrouoBi ciioBa: 1uiiHApHYHAa MOPOXKHHMHA B Iuapi; piBHsHHs Jlame; y3araabHEHHH MeTOx
Dyp’e; HECKIHUCHI CHCTEMH JIHIHHUX aareOpaiuHUX PIBHSHB.

Beryn

[Ipu mpoexTyBaHHI KOHCTPYKIIiH, JeTalleil MalliH Ta CIOPYA JOCUTh YacTo
3yCTpiYaroThCs 3ajadi, KOJMM HEOOXIJHO OWIHUTH MILHICT MPYKHOTO
cepeIoBHUINA B OKONI IMJIIHAPUYHUX [TOPOKHUH UM BKIIOYEHb. B siKOCTI Takmx
3aa4 MOXYTh OyTH 3amadi Ipo Ae(opMallito IPY)KHOTO IIapy 3 MO3I0BKHIMU
LI HIPUYHUMY TIOPOXKHUHAMH 13 33/IaHIMU Ha MEXaX TiJla HABaHTa)KEHHSIMH.

B HaykoBill JiTepaTypi po3risgaroThcs Taki 3amadi. Tak B poborax [1-4]
PO3B’SI3yIOThCS  3ajadi Uil Iapy 3 HEpHeHIUKYISIPHUMH [0 HOro Mex
nopoxHHHAMH. {7151 po3B’si3aHHs 33/1a4 CTATHKH NPOCTOPOBUX MPYXHHUX TUT Yy
BUTJISIII IIApy 3 MO3JOBXHIMU TOPOXKHUHAMHU IIi METOIM HE MOXYTh OyTH
BHUKOPHCTaHI.

IIpocTopoBi (TpuBUMIpHIi) 3a1a4i Teopii NPYKHOCTI IS TiM, sIKi OOMEXeHi
KaHOHIYHMMHU MOBEPXHIMU (LIMIIIHIP, KOHYC, KYJIIsl, €IIICcoil, napadosoin Ta iH.)
BUBYaiHCS B po0Ooti [5]. TouHi po3B’si3ku B 1ili poOOTI OTpUMaHi BHKIIOYHO
METOIOM PO3AUICHHS 3MiHHUX 1 MeTosioM Dyp’e.

3 mapanenbHUMH J0 MEX Iapy T HAPHYHUMH IOPOKHUHAMH PO3TJISIAI0-
ThCsI CTalllOHApHI 3a1a4i Au(pakiii NpyKHUX XBWIb B podoTax [6—8], ne BUKO-
PHUCTOBYETHCS y3arajgbHeHni MeToa Dyp’e B MOEAHAHHI 3 METOIOM 300paKEeHb.

Jns mpyXHHX TUT 3 JEKIJIbKOMa TPaHWYHHMH TOBEPXHSIMH aBTOpaMH
po6otu [9] po3BuHYTO y3aranbHeHUN MeTon Dyp’e, KUl 6a3yeThcs HA OCHOBI
TEOpeM J10J[aBaHHsI 0a3MCHHUX PO3B’s3KiB piBHAHHS Jlame.
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3a JOMOMOror BOro METOJy PO3B’s3aHi 3ajadi: JUisl mapy 3i cepruuHOI0
nopoxHuHoo [10]; mist miBOpOCTOpy 3 TO3IOBXKHIMH  IMJIIHAPUYHUMHU
nopoxHuHamu [11 —14], mis mpocropy 1 wwimiHIpa 3 WITHIPUYHUMHU
MOPOXKHUHAMHU 1 BKJIIOUECHHAMH B podoTi [15]. 3amauy mis mapy 3
LWWIHIPUYHOIO TOPOKHUHOIO Ta 3aJ@aHMMH Ha TPAHUYHHUX TOBEPXHSIX
NepeMillieHHSIMHU PO3TIISIHYTO B poOoTi [16], Ast miapy 3 Npy»KHUM BKIIIOUEHHSIM
B po0oTi [17], 3 MOB3I0BKHBOIO TOBCTOCTIHHOO TPY0OI0 B podoTi [18].

Jis mapy 3 UWIIHAPUYHOI MOPOKHUHOIO Ta 3aJaHUMH Ha T'PaHHYHUX
MOBEPXHSAX HANpPYKEHHSMH TOTOBUX alTOPUTMIB B HPOCTOPOBOMY BapiaHTi
HeMae, TOX MpodJieMa po3paxyHKy TaKHX 3aJlad € aKTYyaJbHO0.

Meroro 11i€i poboTH €:

— po3po0Ka aHaJIITHKO-YMCIOBOTO METOJY PO3PaxyHKY IMepIIoi OCHOBHOI
3aja4i Teopii MpyXHOCTI (Ha YCiX TPaHMYHUX MOBEPXHSX 3alaHi HaNpyKECHHS)
JUId apy 3 LWIHIPUYHOIO IOPOXHUHOIO, SKa PO3TALIOBaHA MapaJiellbHO
MIOBEPXHSM 1IapYy;

— TIPOBECTH aHaji3 HampyXeHo-1e(hOpMOBAHOIO CTaHy Tijna Bim mii
3piBHOBa)XKEHOTO HOPMAaJIbHOTO HABAaHTA)KEHHsI, MPUKIIAZEHOTO Ha MeXax Liapy,
TIPY BUIBHIH BiJl HABAaHTA)XEHHS MEXi IIOPOYKHUHH.

ITocTanoBka 3amaui

B mpyxHoMy omHOpiiHOMY IIapi po3TamioBaHa KpyroBa NWIIHAPHYHA
MOpOXKHUHA paniycoM R (puc. 1), Bich cuMmeTpii sSIKOI mapayielibHa TPaHuYHUM
MIOBEPXHSM IIapy.

[opoxxHuHy OyZAeMO pO3TIIsAaTH
y ONWITIHAPUYHIA CUCTEMI KOOPIUHAT Y
(p,P,z ), mIap y IeKapToBiil cucremi M

KOOpAHMHAT (X, y, z), sIKa& OJHAKOBO p
Opi€HTOBaHa Ta  IIOEJAHAHA 3 — (0}
CHUCTEMOI0 KOOPIWHAT  IIWIIHIpA. (0]

Bepxus Mexa 1mapy po3TamoBaHa Ha R x T
BiICTaHI y=h, HWKHI MeXa Ha

=

Bigcrani y=—h . IlorpibHO 3HaiiTh

PO3B’ 130K PIBHSHHS Jlame
- IR

AU +(1-26)'VdivU =0 3a ymo,

II0 Ha MeXax Iapy Ta Ha Mexi

LWTHIPUYHOI IOPOXKHHUHY 33JaHi HaIPY)KEHHSL:

FU(x Z)‘y h_Fh (x,2), FU(x z)‘ ~—F (x,2), FU((p,z)‘p R—FR((p,z)

Puc. 1. [llap 3 UMIiHADUYHOKO TODOKHHUHOKO

Jc
Fh (x,2)= T(h) (1)+G(h) ()+r(h) 3() ,

FOx,2)=tPe® +6Mad 4 1M | (1)

E(9,2) = 605 410 4 1Bz
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BiJloMi yHKIIIT; éj(-k) (j=1,2,3) — optu nexaptoBoi (k=1) i mutinapuyHOi (k=2)

CHCTEM KOODJMHAT, FU|= 2G[l o ﬁdiVU+ail7+%(7t x rotU)],
-26 n

=———; 0, E —xoediuienr [TyaccoHa i Moynb IPYy>KHOCTI mapy.
2(1+0)

[Ipu pOMy, BUXOISYU 3 YMOB CTATHKH, ITOBUHHI BUKOHYBATHUCh PiBHSIHHS
piBHOBaru

HF M)do=0, [[7xF(M)ds=0, )
(o)

e 6= {c] +0, +03}, 0) — IUIOLIMHA Ha y=h, G, — IUIOIIMHA Ha y=—l~z , O3 —
ﬁho (x,2) Ha O,

MTOBEPXHS IWIIHIPa P=R, F(M)= ﬁ'ﬁo (x,z) Ha 6, , F — pamiyc BekTop T. M.
F, 1(e) (9,2) Ha O

VYeci 3agani BekTopH i QyHKHii OyqeMo BBaKaTH IIBUIKO CIIAAl0OYUMHU 10
HYJIS Ha JAJIEKUX BiJCTaHSX BiJl MOYAaTKy KOOPAMHAT 10 KOOPAMHATI z JUIsi
LIJTIHPa Ta TI0 KOOPMHATAX X 1 Z U1l MEX MIapy.

Po3p’a30k 3amaui

Bubepemo 0asucHi po3B’si3ku piBHSAHHA JlamMe Ui 3a3HAYCHUX CHCTEM
KOOpJMHAT y BUIIS [9]:

ﬁ/;i (x: y.z, 7\1, H) = N](cd)el'(AZ-%—px)iyy;
Ren(0:0,5:0) = NP1, ) *0); )
gk,m (p:(PsZ)\') = ngp) |:(Slgn 7\1)me (|7\,|p) . ei(}\'z+m(9):|’ k — 1’2’ 3’

) _ 1 (d) _ =(1) (d) _ =D »_lyg.
M@ =V NS x(cs nelh + L V(y) N krot( ) NP =4V

(»_1 9 _ »(2) d (p) _ i ~(2)
N; —x{V(pap)+4(c 1)(V az)} N3 xrot( ),

Y=yA2 42, —co <A U < oo,

Je o — xoediuient Ilyaccona; 1, (x), K, (x) — MomudixoBaHi GyHKIi

Beccens; Ry, S

tm> k=1, 2, 3 — BiANOBIOHO BHYTpIiIIHI Ta 3O0BHIilIHi

7(5) =)

PO3B ’SI3KA plBHHHHH Jlame JJIA HI/IJ'IIHZ[pa up -, ﬁk — pOSB’HSKI/I piBHHHHH

Jlame mia mapy.
Po3B’s130K 3a1a4i MpecTaBUMO Y BUIIISAII [16]

3 oo
A:ZJ‘ z Bk,m(}\')'sk,m(paq’az;}\f)dk*'

k=1 —co m=—cc
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3 oo oo
[ [ (H o) (v 200+ ()-8 (3, 9,23 0,10)) dudh, (4)

k=1 —co—co
e S’k’m(p,(p,z;?\.), ﬁ,ff)(x, V,Z; A, u) i ﬁ,ff)(x, y,z;k,u) 0asucHi po3B’sA3KM, SKi
samani popmynamu (3), a mesimomi dymkmii H, (A,p), ﬁk(k, ) i Bk,m(k)

HEeOoOX1THO 3HAWTH i3 KPaHOBUX yMOB.

Jns  mepexomy ©Oa3MCHHX PpO3B’SI3KIB MK CHCTEMaMH KOOpJAWHAT
CcKopucTaeMoch popmymnamu [18].

Jlns BUKOHAHHS T'paHMYHMX YMOB Ha BEpXHIH Mexi mapy y=h, BEKTOpH

Sk’m B (4) 3a nonomoroto Gopmyna nepexony [18, popmyna (7)] nmepenumemo y
JIEKapTOBIM CHCTEMi KOOpAWHAT 4epe3 O0a3uCHI pPO3B’SI3KU il Hns
OTPUMAHOrO0 BEKTOPY 3HAMIEMO HANpYXEHHs Ta MpupiBHsAeEMO (mipu y=h)
3a1aHOMY F ho (x, z), MIPE/ICTaBIICHOMY Yepe3 MoABiHHuI iHTerpan dyp’e.

JIns BUKOHAHHS TPAHUYHUX YMOB Ha HIDKHIM Mexi mapy y=—}~1 , BEKTOpH
Sk’m B (4) 3a nonomoroto Gopmyna nepexony [18, popmyna (7)] mepenumemo y
JIEKapTOBIM CHUCTEMI KOOpIUHAT uepe3 Oa3uCHI PO3B’SI3KU ii,(:). Hns

OTPUMAHOTO BEKTOPY 3HAWIEeMO HANMpYXEHHs Ta MpupiBHAEMO (Tpu y=— h )
3aaHOMY 17“;0 (x, z), MIPE/ICTaBICHOMY Yepe3 MoABiHHuM iHTerpan dyp’e.
Cucrema 3 6 piBHIHb Ma€ BU3HAYHHUK
643 .48 . 56 ~((3/4+x2)~(1—ezx)+l/4~e6x —1/4)
24

) (&)

ne x="Yy(h+ h).
3 oTpumaHux piBHSHb 3Haiiemo Gymkuii H, (A,u) i H,(A,u) depes
Bk,m O\') .

JIys BUKOHAHHS TPaHUYHUX YMOB Ha IWJIIHApI P=R, npaBy 4acTuHy (4) 3a
moromororo  popmyn  mepexomy  [18, dopmyna (8)] mepemummemo y

LWATHAPUYHIN CHCTeMi KOoOpauHaT uepe3 GasucHi po3s’ssku R, ., S . Jus
OTPUMAHOrO0  BEKTOPY  3HAiIeMO  HalpyKeHHS Ta  HPUPIBHIEMO
3a7aHoMy F ,(e) (p,z), mpexacraBneHoMy iHTerpaiom Ta psgom Dyp’e. B

pe3ynbTaTi OTPUMAEMO CYKYIHICTH TPbOX CHUCTEM JIHIHHHX anredpaiuyHux
PiBHSHB 171 BU3HA4YEHHs HEBIOMUX B, ,, (A) .

Busnaunuk miei cuctemu [11]:

ans m=0  |Ag|=8(1-0) x* K (x) K, (x),

s m 2 1 |A,|>4m K, (0K, (0K, (x), x=[|p, L#0.
3ualineni pauiwe yepes By, (M) dynkuii Hy(A,p) i H, (A1) BUKIIOYHMO

(6)

3 CUCTEMU piBHSIHb. B pe3ysibraTi 0OTpuMaeMo CYKYIHICTD i3 TPhOX HECKIHYEHUX
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cUCTeM JIHIMHMX anreOpaiyHuX pIBHSHb JPYroro poay sl BH3HAYEHHS
HeBimomux By ,, (L) .

Jns orpumaHux cucreMm, BHKopHcToBYOuUM (5) Ta (6), OOBemeHo ix
OHO3HAYHY PpO3B’S3HICTh. BUTBII TOro, i CHCTEMHU MOXKHA pPO3B’SI3yBaTH
METOJIOM 3pi3aHHs i Ma€ MiCTO 301KHICTh HAOIM)KEHHUX PIlLIEHb JI0 TOYHOTO.

3HalizieHi 3 HECKIHYEHHOI CUCTeMH PiBHSAHb QyHKUIT B, ,, (L) miacraBumo y
BUpasu 111 Hy (A1) i Hy (A,1). LuM OyayTe BU3HaUeHI BCi HEBiOMI 3a/adi.

YucaoBi 1ocaigKeHHs] HANPY:KEHOT0 CTAHy

Maemo omHopimauii i3otpornnuii map (beron kimacy B30) 3 mumiHApHYHOIO
nmopoxHuHOK (puc. 1), koedimient Ilyaccona 6=0,16, Momynb NPYKHOCTI
E=3250 xH/cM”. Paziyc mumiHApHIHOI MOPOXKHUHE R=5 cM. BepxHs Ta HIKHS
MeXa [Iapy poO3TalloBaHI BiAHOCHO IIGHTPY TOPOXHUHHM Ha BiJCTaHi

h=h =15 cm.
Ha BepxHili Mexi miapy 3aaaHi HalpyXeHHs G(yh) =-F-6(2)-0,(x),
T%’C) = Tg,hz) =0, ne F=1 xkH/em? — pO3TOiTICHE HABAHTAXKCHHS,
|z|2b/2+c, c](z)=0
b/2+c— |z|

c](z)= b/2£|z|£b/2+c, c](z)z
c

|z|£b/2, c](z)zl
|x|2a/2+c, 6,(x)=0

cz(x)= a/2£|x|£a/2+c, Gz(x)=a/2+—c—|x|’
c

|x|£a/2, ,(x)=1

b=18cm, a=6cM, ¢=2cM. Ha HwkHIH Mexi mapy 3agaHi HaNpyKeHHs
c}“:—(%.cl (z)-(cz(x—ls)+<52(x+15))), b=18 cm, a=6cM, =2 cM,

T(y@ = T(yhz) =0. Ha moBepxHi NOPOXHWUHHM  3aJaHi  HaNpPYKEHHs
(R) _ (R) _ (R) _
Gy =Tpp =Tpz =0.
YMoga (2), mpu 3aJaHuX HANPYKEHHSX, BAKOHYETHCS.

HeckinuenHa cucrema piBHAHb Oyia 3BeAeHa JO KiHIEBOI — m=6.
OOuuciieHHs IHTErpaliB BHKOHAHO 3a JOMOMOrOK KBaApaTypHUX (opmyi
®inona (mist komuBHUX ¢GyHKuii) 1 Cimmncona (st QyHKuili 0e3 KOIMBaHb).
TouHiCTh BUKOHAHHS TPaHUYHAX YMOB TIIPU  BKa3aHWX 3HAYEHHSX
reoMeTpUYHIX mapamerpis 107,

Ha pwuc.2 mnpeacraBneHuil HamnpyKeHH CTaH Ha MepeldidKax Bij
LWTHIPUYHOI TIOPOXKHUHH 10 BepXHBOI (puc. 2,(a)) Ta HWKHBOI (puc. 2,(0))
MesKi mapy B310BK oci y, mpu z=0, B kH/cm®.
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Ha BEPXHHOMY HepeH.IPIﬁKy, Ipu 3aaHuxX G, Ha HOBerHi IOPOXXHUHU Ta

p

BepxHiil Mexi wapy (puc. 2,(a), minis 1, y=0cm., y=15¢M.), HaNpyxeHHst G, i

o, (puc. 2,(a), minii 2 Ta 3 BiANOBiAHO) OIMKYE 10 NOPOXKHUHU MAIOTh JOAATHI

3HAYEHHs1, OJIIKYE JI0 BEPXHBOI MEXI Iapy — BiJ'€MHI.
Ha wmwxHbOMY mepemmiiky (puc. 2,(0)) Bci HampyXeHHs MaloTh JOIATHI

3HAYEHHs, BKIIOYAIOYM G, sSK€ Ha HIKHIA MOBEPXHI IIapy Ta Ha MOBEPXHi

p’
MOpPOKHMWHHU 3aaHO HYJb, aJIC HAa CaMOMY nepemI/If/'IKy Ha6yBae HCHYJIbOBUX

3HA4YCHb.

5 7 9 11 13 15 5 7 9 11 13 15
1,0 0,15
M 2 2 ,/'
05 I 010 k Y
'-\\' y \ /
0,0 ,...__“\ > \‘ //
. 3 0,05 oy /
\\-."./. ) .._\m#-"’r
0.5 N S 3 y
10 1 NN 000 T T e, 13
-1, 1

-1,5 -0,05
(2) 6
Puc. 2. HanpyxeHuii ctaH Ha nepemmiikax: (a) — B LHUIIHAPUYHOT HOPOXXHIHH 0 BEPXHBOT MEXI

3-0C

wapy; (6) — Bi LMIIHAPUYHOT HOPOXKHUHU 10 HIDKHBOI Mexi 1mapy; 1 — Gp: 2 - Gy: -

Ha puc. 3 npencraBieHi HanpyXeHHsS Ha BEPXHIH MeXi mapy BIOBXK OCi z,
npu x=0, B kH/cM”.

HampyxenHs G, Ha -30 20 10 0 10 20 30
BEpXHI MeXi mapy B3IOBXK 04 3
oci z (puc. 3, miHisg 3) MawTh 0.2 Tl z
Bif’eMHI 3HAYeHHA B MexKax 0 psstr— T e
HaBaHTaxeHHs (puc. 3, mimis  -0.2 B ,/’
1), 32 MeKaMu — JIONATHI. 04 -2 k't ¥

[pu IIUPHHI -0,6
HABaHTA)KEHHS b=18ceMm. o8 .
HalpyXeHH: o, -1 AT
(puc. 3, miHis 2)  AOCATAIOTH -1.2 1

3HAa4YCHHA  HaIl CHb (¢ - .
PyX y Puc. 3. Hanpy>xeHHs Ha BEpXHiil Mexi apy B3J0BXK

npu z=0. ociznpux=0:1- G,;2- G ;3- G,
Ha puc. 4 BimoOpaxeHi
HATIPY)KCHHS, 10 BHHHKAIOTH Ha MOBEPXHI mopoxkuuau mpu z=0, B kH/cm?.

MakcumanbHi Bil'€MHI HAlPY)XKCHHS G, Ha MOBEPXHI MOPOXHUHA (puc. 4,

miHist 2) BuHHKaooTe npu ©=0,39 Ta ©=2,75, nomatHi mpm @=1,57.
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0 n/d n/2 3n/4 n 5n/46m/47n/4 2n ~ MaKCUMaNbHI HAIPYKEHHS G,

(puc. 4, miHig 3) BUHUKAIOTH B
/T BEPXHIH YacTUHI MOPOKHUHU
0,5 TV ’
|3 mpu ¢ =1,57.
- \‘ ‘. R s T :
0 / \ 7 . HopmanbHi  HampyKeHHS
/ -~ .
05 H \\ / ‘\‘ npu y=—h Ta JOTHYHI TpHU
3 1 .
h ,‘I \\ "/\2 k y=0 B3moBxk oci x, npu z=0,
N ~ MPEJCTaBlICHI Ha pHUC.S5 B
kH/em?.
-1,5 Ha HwxHili Mexi mapy
Puc. 4. Hanpy>xeHHsI Ha IOBEPXHI MTOPOXKHUHU: HaNpyXXEHHsA G, B3JI0BXK ocl x

2-04;3-0; (puc. 5, nmimis  2)  MaoTh

BiI’€MHI 3HAYE€HHI B MeEXKax

-30 20 10 0 10 20 30 HABAaHTA)KEHHS, 33 MEXKaMH

0.4 ) : HABAHTAXKEHHS  HAIPYKEHHS
02 NS o, HaOyBalOTh  JOJATHHX
_,J'-‘ T .f'-' =08 j4 s . 3HayeHb. MK HaBaHTaXEH-

0,0 ’ = T - = HSIMH JIOJaTHI HANPYXEHHS G,
02 - ? ‘ 30UIBIIYIOTBCSI,  ane  Hix
b k\__,‘ MOPOKHUHOK CIIOCTEPIracThes

0,4 HEBEJIMKE iX 3HMKEHHA. TakuM
06 "-—‘“‘1 L YUHOM MaKCHUMaJIbHI J0JaTHI

Halr CHHA O BUHHUKAIKOTh
X

Puc. 5. Hanpy»eHHs Ha HHXKHIN M apy B310BXK Mi’k HABAHTaKEHHAMH, OIKIE

ocix:1— Gy 1pu y= —171 32— G, npuy= —1’~l; 0 MiCIJjI 30CCPECIKCHHA LUX
HaBaHTA>XCHb.

3-0O npny=—l'~l;4f Ty npu y=0
HamnpyxeHHs ©, B310BX

z

OoCi X Ha HIDKHIH MeXi Imapy

(puc.5, miHist 3) TakoX MalOTh BiJ’€MHI 3Ha4eHHS B Me)KaX HaBaHTa)KEHHS,
HATOMICTh Mi)K HABaHTAXXEHHSIMU OTPUMYIOTh HYJIbOBI 3HAUEHHSL.

Haiibinpii [OTHYHI HanpyKeHHS T,, B3IOBX oci x (puc.5, uyiHia 4)

y
TpaJULIiHO 3HAXOMATHCS Ha OchoBil JiHIT x ()=0), Ta € MakCUMaIbHUMU OLJIs
TIOPO>KHUHHU.

BucHoBkn

Po3pobnennit aHai THKO-YMCIIOBHI aJITOPUTM PO3PaxyHKY IEPIIOi OCHOBHOT
MPOCTOPOBOI  3a/adi Teopii MPYXKHOCTI Juid [mapy 3 UIIHIPUIHOIO
MOPOXHHUHOIO, fKa PO3TAIIOBAaHAa IApaJIeNIbHO IIOBEPXHAM IMIapy. 3agada
3BEJICHA JI0 CYKYITHOCTI HECKIHUEHHX CUCTEM JIHIHHUX anreOpaidyHuX piBHSHb.

Ha ocHOBI YHMCIOBHX JOCHI[DKEHb aireOpaidHOl CHUCTEMH MOXKHA
CTBEPJKYBATH, 110 PO3B’S30K Ii€i cucTeMu Moxe OyTH 3 Oy/b SIKOIO CTYIIHHIO
TOYHOCTI 3HaWJIeHO MeTomoM penykumii. Lle miaTBepmKyeThCS BHCOKOIO
TOYHICTIO BUKOHAHHS TPAHUYHHUX YMOB.
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HaBeneni rpadiku AaloTh KapTHHY PO3MOALTY HAIPY)KEHb HA MEXax Iapy
Ta TOBEPXHI IIWIIHAPUYHOI TOPOKHHHU, a TaKOX Ha Nepelmmikax Mix
MOPOXKHUHOIO 1 MeXaMH Imapy. MakcuMmaibHI HanpyKeHHS BHHUKAIOTh Ha
MOBEpXHI IWJIIHAPUYHOI TOPOKHMHU Ta HA BEepXHIM Mexi mapy, e
po3TalIoBaHe HABaHTAKEHHSI.

[Nomanpun moCHiPKEHHS LBOTO HANpsSMKY aKkTyajbHI Juii I[apy 3
TMO3/JOBXKHBOIO IMJIIHAPUYHOIO TPYOOIO 13 33IaHUMHU Ha TPAaHUYHUX TOBEPXHSIX
HaNpyXEHHIMHU.
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Miroshnikov V.Yu., Denisova T.V., Protsenko V.S.
INVESTIGATION OF THE FIRST MAIN PROBLEM OF THE THEORY OF ELASTICITY
FOR A LAYER WITH A CYLINDRICAL CAVITY

An analytic - numerical algorithm for solving a substantially spatial problem of the theory of elasticity
for a layer with a longitudinal cylindrical cavity and the conditions of the first principal problem, given on
the boundary surfaces, is developed.

The solution is based on the generalized Fourier method applied to the Lame equation system. The
cavity is considered in the cylindrical coordinate system, the layer - in Cartesian. By satisfying the
boundary conditions and using special formulas for the transition between coordinate systems for basic
solutions, we create infinite systems of linear algebraic equations, which are solved by the method of
cutting. The numerical study of the determinant gives reason to claim that this system of equations has a
single solution. As a result, stresses were obtained at different points in the elastic body.

Cutting parameters were chosen so that the accuracy of the boundary conditions reaches 10-2. As the
cutoff parameter increases, the accuracy of boundary conditions increases, but the duration of the
calculation increases.

The numerical solution of the problem is performed for a layer with a cylindrical cavity and a normal
balanced load at the boundary of the layer. The analysis of the stress state gives grounds to state:

1. The solution of the algebraic system of equations can be found with any degree of accuracy by the
method of reduction, which is confirmed by the high accuracy of boundary conditions.

2. The presence of a cavity gives rise to a redistribution of stresses, in which maximum values occur
on the surface of the cavity, and tensile stresses occur at the top of the layer (which is compressed without a
cavity).

This method can be used in the calculation of structures, the calculation scheme of which is a layer
with a cylindrical cavity, under given boundary conditions in the form of balanced stresses. Stress analysis
enables the selection of geometric characteristics at the initial design stage.

Keywords: cylindrical cavity in a layer, Lame's equation, generalized Fourier method, infinite
systems of linear algebraic equations.

Mupowmnuxoe B.FO., /lenucosa T. B., IIpoyenxo B.C.
HCCJEJTOBAHUE IEPBOI OCHOBHOWM 3AJAYM TEOPUU YHOPYIOCTH ]IS
CJIOSI C HUJIUHAPUYECKOM MOJOCTHIO

Pemiena mpocTpaHCTBEHHas 3ajauya TEOPUM YNPYroCTH UL ClOSL € IPOJOJIBHOM
Lll/lJ'll/lH}lpl/l‘-leCKOﬁ IIOJIOCTBIO, KOr'Zla Ha rpaHULax CJI0s U Ha 'PAaHULC ITOJOCTU 3a/laHbl HAITIPSKCHUS.
Pewenne 3agaun nosyueHo 0000LIEHHBIM MeTooM Dypbe OTHOCHTENIBHO CHCTEMbI YPaBHEHHM
.HaMe B HUJIHHIAPUYCCKUX KOOpAWHATaX, CBA3AHHBIX C HMUWJIMHAPOM, U ACKApTOBBIX KOOpAUHATaX,
CBSI3aHHBIX C IpaHULAMHU C10s. bBecKOHEe4YHble CUCTEMbl JIMHEHHbIX anreOpauyeckux ypaBHEHHH,
MOJIYYEHHBIE B PE3YJIbTATE YAOBJICTBOPEHUSI IPAHUYHBIX YCIOBUM, PEIICHO METOIOM pelayKuuu. B
pe3yibTaTe ObUIM MOJIYYCHBI HANPSDKEHHS B PA3IMYHBIX TOUKaX yHpyroro Tena. IIpoBeneH aHamu3
HANPSDKEHHO - 1e(OPMHPOBAHHOIO COCTOSIHUS CJIOSI OT BO3ICHCTBHS yPaBHOBCILICHHON Harpy3Ky Ha
€ro rpaHuLax.

KiroueBble cJIOBa: IMIMHIPUYECKAsl MOJIOCTh B cj10€, ypaBHeHuUs Jlame, 00001IEeHHbI METOR
Dypbe, 6ECKOHEUHBIE CHCTEMBI JIMHEHHBIX aare0pandecKux ypaBHCHHH.
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VK 539.3
Mipowmnixoe B.IO., [lenucosa T. B., IIpoyenxo B.C. locain:keHHs nepuoi 0CHOBHOI 3a1a4i Teopii
NPY’KHOCTI JJIs1 MIapy 3 MHJIiHAPHYHOI0 NMOPOKHHHOI0 / Omnip MaTepialiB i Teopis Copya: HayK.-
TexH. 30ipH. — K.: KHYBA, 2019. — Bum. 103. — C. 208-218.

Locrioxceno nanpysiceno — 0epopmMosanull Cman wapy 3 YUIHOPUYHOIO ROPONCHUHOIO, KOIU HA
MeACax wapy ma Ha Mevuci ROPOICHUNHY 3A0AHT HANPYICEHHS.
Tabu. 0. L. 5. Bi6miorp. 18 Ha3s.

UDC 539.3
Miroshnikov V.Yu., Denisova T.V., Protsenko V.S. The study of the first main problem of the
theory of elasticity for a layer with a cylindrical cavity // Strength of Materials and Theory of
Structures: Scientific and technical collected articles. - Kyiv: KNUBA, 2019. - Issue 103. - P. 208-
218. — Ukr.

The stress - deformed state of a layer with a cylindrical cavity is investigated, when stresses are
specified at the boundaries of the layer and at the boundary of the cavity.
Tabl. 0. Fig. 5. Ref. 18.
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Mupowmnuxoe B.FO., /lenucosa T. B., IIpoyenxo B.C. UccienoBanue nepBoii 0CHOBHOI 3agaun
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