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The results of numerical investigation of shafts transverse oscillations with account of
gyroscopic inertia forces are presented. It is shown what the action and how the gyroscopic forces
influence on the transverse oscillations of the shafts during rotation. The study has been done with
computer program with a graphical interface that is developed by authors. The process of
numerical solution of the differential equations of oscillations of rotating rods using the method of
numerical differentiation of rod's bend forms by polynomial spline-functions and the Houbolt time
integration method is described. A general block diagram of the algorithm is shown. This
algorithm describes the process of repeated (cyclical) solving the system of differential equations
of oscillations for every point of mechanical system in order to find the new coordinates of
positions of these points in each next point of time 7+Az. The computer program in which the
shown algorithm is realized allows to monitor for the behavior of moving computer model, which
demonstrates the process of oscillatory motion in rotation. Moreover, the program draws the
graphics of oscillations and changes of angular speeds and accelerations in different coordinate
systems. Defines the dynamic stability fields and draw the diagrams of found fields. Using this
program, the dynamics of a range of objects which are modeled by long elastic rods have been
studied. For some objects is shown that on special rotational speeds of shafts with different
lengths, in the rotating with shaft coordinate system, the trajectories of center of the section have
an ordered character in the form of n-pointed star in time interval from excitation to the start of
established circular oscillation with amplitude that harmoniously changes in time. It is noted that
such trajectories are fact of the action of gyroscopic inertia forces that arise in rotation.

Keywords: shafts, transverse oscillations, numerical differentiation, bend forms, gyroscopic
forces.

Introduction. The tasks of dynamics of elastic shafts’ systems that rotate
in fields of inertia forces have actuality while structural elements of machines
and devices are designed. The rotating shafts are responsible elements in the
constructions of engines, turbines, wind and hydropower plants, other
machines. For these objects, in many cases, the cause of oscillations is the
periodic changes of the gyroscopic inertia forces of system per time.

When the shaft rotates and begins to bend under the action of external
loads, the gyroscopic forces start to transmit energy in direction that is
perpendicular to the plane of bending. After it the shaft begins to oscillate in
two mutually perpendicular planes of the coordinate system that rotates with it.

The behavior of rotating elastic systems that consist of shafts, rods and
rotors is described by complex differential equations systems with partial
derivatives with account of gyroscopic inertia forces. Low rigidity, large
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length, relatively high values of the excitation intensity parameters, in which
the structural elements are used, all of these make the necessary to analysis of
oscillatory motion around of critical and overcritical rotational speeds. Also,
these make the necessary to search the natural oscillation frequencies range
and range of critical rotational speeds with account of gyroscopic forces, and
stability analysis in the study of different motion modes.

In recent years, the dynamic tasks of oscillations of shafts and rotating rods
were investigated in works of many authors. The task of rotating shaft with
influence of axial loads to the propagation characteristics of the elastic waves
is studied in paper [14]. The shaft is viewed with non-uniform cross-sections
per length. Axial loads considered with constant values.

The paper [8] presents the study of problems with elastic stabilization and
long-term strength of the system under cyclically changing external impacts that
are appearing because of eccentricities. Task is considered taking into account
the gyroscopic loads, in linear statement. The paper [7] presents the results of
study of space bending oscillations of horizontal rod that is rotating around its
axis. Rod is under the action of periodic harmonic force of self-weight per
length. The task is considered with account of the gyroscopic loads, too.

Questions about the transverse oscillations of the rods under the action of
axial periodic loads, also the tasks of longitudinal-transverse oscillations under
the action of beat loads are considered in papers [5, 6]. But in them the
investigated rods don’t rotate.

The analysis of presented in scientific literature results shows that the task
of investigation of dynamics and strength of rotating elastic systems, with
account of gyroscopic forces, is actual. Many authors are paid attention to
calculation of critical rotational speeds and natural oscillation frequencies by
different system parameters. But the nature of the oscillation process itself and
how the certain parameters of the system influence on the development of
oscillations almost is not considered. Therefore, it is interesting to study the
dynamic behavior of the consider systems and define what kind of effects the
gyroscopic forces generate.

Problem statement. In the process of oscillation of rotating shafts or rods
with considerable lengths with different physical, geometric and dynamic
parameters, the various bend forms that change in time are possible.

As a dynamic model is considered a rod with length / (Fig. 1) that can be
exposed by action of an axial load P(f). The rod is rotated on angular speed w

around the rectilinear
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direction of O.X; axis. Axis of rod in deformed state is coincided with the OX
and O.X, axis. The oscillatory motion of the rod in the OXYZ coordinate system
is characterized by y(x,7) and z(x, ) displacements of the points, that belong to the
axis of rod in the OY and OZ coordinate axes’ direction, respectively.

The oscillations of rotating rod in space are described by the corresponding
system of differential equations, which taking into account the geometric
nonlinearity and the axial force [2, 3] have a form:

EI 4 2
d2 [P | of dhy | ad7y _dz d’y
L | 4 0?2 | 20m%E - nw? y+ m—s—+ P(t
2[ Py J (dtzdxz dx’ dt e () dx’
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%) dr*dx* dx? dt
where E — elastic modulus of rod’s material; /;, /, — inertia moments of rod
section in mutually perpendicular planes; » — radius of gyration; m —mass of
unit per length; © — rotational speed of rod around the axis that coincides with
the axis of rod in undeformed state; P(¢) — periodic axial force; 1/p,, 1/p, —
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main curvatures of rod’s axis in mutually perpendicular planes.

Technique. The solving of differential equations of rotating rods
oscillations for searching their geometric position in space in the process of
oscillation and analysis of dynamic behavior is carried out using the method of
numerical differentiation described in papers [10, 11], and the Houbolt time
integration method [13] in form:
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advisable to use the finite differences method with initial conditions, namely,
to make the assumption that at time =0, when the system start out of
equilibrium, the initial deviation value for each point of the rod axis is known:

=0 _ =0 _ . o At _ A
Y, =a,, z, =0, where a, is random deviation, and values y, =y, ,
A _ M
Z, =Z, .

The solving of the dynamic tasks of the oscillatory motion for rotating
shafts and rods, based on described technique, has been done with computer
program with a graphical interface. The general block diagram’s algorithm of
the program is shown in Figure 3.

Input data
(system parameters and
boundary conditions)

| Initial bend form determination | Block D. The time approximation
T of the second derivatives’
functions from bend forms. j,, Z;
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graphics
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End
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of found functions. Calculate
derivatives.

[

Fig. 3. The general block diagram algorithm of the program

This algorithm describes the process of repeated (cyclical) solving the system
of differential equations of oscillations for every point of rod elastic line in order
to find the new coordinates for these points in each next point of time #+Az. This



ISSN 2410-2547 227
Omip MatepianiB i Teopis copya/Strength of Materials and Theory of Structures. 2020. Ne 105

is performed with the show of current calculations’ results as a moving computer
model, which displays the oscillating process of rotating rod in real time.

Results. Using specified program, the dynamics of a range of objects
which are modeled by long elastic rods have been studied. For research objects
is shown that on special rotational speeds of shafts with different lengths the
trajectories of center of the section have an ordered character. For example, for
a transmission shaft with outer diameter D=0.1 m, inner diameter ¢=0.06 m,
length /=3 m, on rotational speed w=31.79 s the motion trajectory of center of
the section on the middle of shaft, in rotating coordinate system, it will look
like a five-pointed star (Fig. 4). On rotational speed w=52.95 s in rotating
coordinate system the motion trajectory will look like a tree-pointed star
(Fig. 5). On rotational speed ©=79.35 s in rotating coordinate system the
motion trajectory will look like a four-pointed star (Fig. 6). Herewith, the
trajectories of motion in a stationary coordinate system will have a similar
character (Fig. 7, 8, 9). The same trajectories of motion are observed for other
objects with different parameters, but on other rotational speeds.

The shown below on diagrams trajectories due to the action of gyroscopic
inertia forces that are arisen in rotation.
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Fig. 4. Shaft oscillation diagrams in rotating coordinate system, on speed @=31.79 s™':
(a) oscillation; (b) the motion trajectory
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Fig. 5. Shaft oscillation diagrams in rotating coordinate system, on speed @=52.95 s™':
(a) oscillation; (b) the motion trajectory
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Fig. 6. Shaft oscillation diagrams in rotating coordinate system, on speed @=79.35 s™':
(a) oscillation; (b) the motion trajectory
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Fig. 7. Shaft oscillation diagrams in stationary coordinate system, on speed w=31.79 s
(a) oscillation; (b) the motion trajectory
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Fig. 8. Shaft oscillation diagrams in stationary coordinate system, on speed @=52.95s":
(a) oscillation; (b) the motion trajectory
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Fig. 9. Shaft oscillation diagrams in stationary coordinate system, on speed w=79.35s":
(a) oscillation; (b) the motion trajectory

Conclusion. Studies of the transverse oscillations of rotating shafts with
developed computer program indicate the influence of gyroscopic forces on
the nature of oscillatory motion. Depending on the rotational speed the
oscillatory motion of the shaft occurs with different trajectories, which at
certain speeds have a definite periodicity.

The rotational speeds at which the motion trajectories during transverse
shaft oscillations have an ordered character in the form of an n-pointed star are
found. Such motion happens in the time interval from the moment of excitation
to the start of the established circulation with amplitude that harmoniously
changes in time.
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Jizynoe I1.11., Hedin B.O.
BILJTUB I'POCKOIIYHUAX CUJI HA KOJIMBAJIBHUI PYX BAJIB TP
OBEPTAHHI

IpencTaBieHo pe3yJNbTaTH YHCEIBHOTO JIOCHI/KCHHS IIONEPEYHUX KOJIMBaHb BalliB 3
ypaxyBaHHSM TipOCKOMIYHUX CUJI iHepuii. [Toka3aHo, SKWi BIUIMB TipOCKOIMIYHI CHJIM OKa3ylOTh Ha
HOMepeyHi KOJIMBaHHSA BamiB npu obOepranHi. JlocmimkeHHs 3IilicHEHI 3a JOIOMOIOIO
KOMIT'F0TepHOI mporpamu 3 rpadiuHuM inTepdeiicom, mo pospodieHa asropom. OnucaHo mporec
YHCENBHOTO PO3B’sI3aHHS PIBHSIHB KOJIHMBAJIBHOTO PYXY 3 BUKOPHUCTAHHSIM METOIMKH YHCEIbHOIO
nudepeHitoBaHH s, B Kl pOPMI BUTHHY CTEPIKHIB OMUCYIOTHCS 3a JOMOMOIOK0 MOMIHOMIaIbHUX
CIUIaiH-QYHKINH, a TAKO)K METOJa YMCEIbHOro iHTerpyBaHHs 3a yacom Xy0OOonara. HaBemena
3arajibHa OJIOK-CXeMa JITOPUTMY, SIKUH OMHCY€E Hpolec 6araTOKpaTHOro (LHKIIYHOTO) PO3B’S3KY
CHCTEMHU DIBHSHb KOJIMBAIBHOIO PyXy Ui KOXKHOI TOYKH CHCTEMH 3 METOI0 IOLIYKY HOBHX
KOOPJIMHAT MOJIOKEHHS LUX TOYOK B KOXKHMH HAcTymHMH MoOMeHT wacy t+At. Kommn’rorepHa
nporpama, B sKiii peani3oBaHO HaBEICHHIl aIrOPHTM, HO3BOJSE CIIOCTEPIraTH 3a MOBEAIHKONO
PYXOMOi KOMIT IOTepHOI MOJEI, siKa AEMOHCTPYE MPOLEC KOIMBAILHOIO PyXy HpH OoOepTaHHi, a
Takox OymyBaTH rpadikv KOJIMBAJIBHOTO PyXy, rpadikd 3MiHM IIBHAKOCTEH Ta MPHCKOPEHb B
pI3HMX CHCTeMaxX KOOpJAMHAT, BHM3HAa4YaTH o0O0JacTi JUHAMIYHOI CTIMKOCTI 00’€KTiB, IO
PO3MILLAAIOTECS. BUKOpHCTOBYIOUH 3a3HaueHy IPOrpamy, 3AifICHEHO JOCIIKEHHS JUHAMIKH Py
00’ekTiB, poOOYi OpraHu SIKMX MOJICIIOIOTHCS JOBFOMIPHHMH MPYXHHMH CTEpXKHSIMH. s
00’€KTIB JOCIIKEHHS MOKa3aHO, 10 MPH MEBHHUX IUBHAKOCTAX OOCpTaHHS BaliB Ta CTEPXKHIB
pi3HOI [OBXKHHHM B CHCTEMi KOOpAMHAT, IO OOEPTAETHCH pa3oM 3 BajoM abo CTEpKHEM,
TPAEKTOPIist pyXy LEHTpa Mepepidy Baja Mae YIOPSIKOBAHHI XapaKTep Y BUIJILAI #-KIHLEBOT 3ipKH
Ha {HTepBaJi Yacy BiJ MOMEHTY 30YKEHHS 0 [0YaTKy BCTAHOBJICHOIO KPYrOBOI'O KOJIMBAJILHOTO
PYXy 3 aMILTITYZOI0, 1110 FapMOHIHHO 3MIHIOETHCS 32 yacoM. BimmiueHo, 1o Taxi TpaekTopii pyxy
00yMOBIICHI [i€10 TIPOCKOIIYHUX CHJI IHEpLii, IKi BHHUKAIOTh PU 00epTaHHI.

KutiouoBi ci10Ba: Banu, onepeyHi KOJIMBAHHS, YUCEIbHE A1 epeHLitoBaHHs, (OPMU BUTHHY,
ripOCKOMIYHI CHIIH.

Jlusynoe I1.11., Heoun B.O.
BJIUSAHHUE 'THPOCKOIIMYECKUX CUJI HA KOJIEBATEJIBHOE IBUKEHUE
BPAILIAIOIIIUXCSI BAJIOB

HpeﬂCTaBﬂeHbl PE3yiabTaThl YUCJICHHOI'O HCCICAOBAHUA IMONCPEYHBIX KOJ'ICGaHl/lﬁ BaJIOB C
y4€TOM rupockonuyeckux cui. Iloka3aHo, kakoe BIMSAHME THPOCKOITMUECKUE CUIIbl OKA3bIBAIOT Ha
HonepeyHble KonedaHus BpallarolMXcs BaJloB. MccnenoBaHUs OCYLIECTBIECHBI C I[TOMOLIBIO
KOMITBIOTEPHON MPOrpaMMBl ¢ TpapudeckuM uHTEepdeiicom, KoTopast Oblia pa3paboTaHa aBTOPOM.
OnMcaH mpouecc YHUCICHHOTO  pelIeHHs  ypaBHEHMH  KoneOaTeNbHOrO  JBWXKEHHS €
HCIIOJIb30BaHHEM METOMMKH YHCICHHOro au(depeHunpoBanus, B KOTOpOil (opmbl n3ruda
CTEPXKHEH OIKMCHIBAIOTCS C IOMOIIBIO TMOJMHOMHAJIBHBIX CIUIAMH-QYHKIKM, a Takke MeToja
YUCIICHHOTO MHTErpupoBaHus 1o BpeMeHn XyOOonra. [Tokazana oOas Gi0K-cXema ajropuTMa
HPOrpaMMbl, KOTOPbIH ONUCBHIBAET MPOLECC MHOTOKPATHOrO (LMKIMYHOIO) PEIUCHUS CHCTEMBI
ypaBHeHl/lﬁ KOJ'ICﬁaTCJ'IbHOFO JABMIKCHHUSA 1L Ka)K):lOﬁ TOYKH CHCTEMbI C LECJIBbKO ITOHMCKa HOBBIX
KOOpJMHAT TMOJOXKEHUSI OTHX TOYEK B KaXKIbIH CICAYIOIIMHA MOMEHT BpeMeHH [+Af.
KoMnbrorepHasi mporpamma, B KOTOPOH peajn30BaH IPEICTABICHHBIA alropuT™, IO3BOJSET
HaOMIO#aTh 32  IOBEACHHEM  KOMIIBIOTEPHOH  MOJENH, JIEMOHCTPHUPYIOIIEH  Ipolecce
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KOJIe0ATENBHOrO JBHXKCHHMS IPU BpAIICHUH, a TaKXKe CTPOUTh TrpaduKkd KoJeOaTelbHOro
IBIDKEHUSI, IpadUKH H3MEHEHHs CKOPOCTEHl M YCKOPeHHH B pasHBIX CHCTEMax KOOPIMHAT,
omnpezeniTs o0IacTi ANHAMUYCCKO HEYCTOHYMBOCTH paccMaTpUBaeMBIX 00BEKTOB. Mcmonb3ys
YKa3aHHYIO IPOrpaMMy, BBIIIOJIHEHO MCCIIENOBAHUE AMHAMUKU Pl 00bEKTOB, pabouue opraHbl
KOTOPbIX MOJEIUPYIOTCS JJIMHHBIMU YIPYTUMH CTEpXHAMHU. [lig OOBEKTOB HCCIEIOBaHUS
MI0Ka3aHo, YTO MPU ONPEeNIEHHBIX CKOPOCTSX BpALIEHHs, B CUCTEME KOOPAMHAT, BPaILArOLIEeHCs
BMECTE C BaJIOM, TPAEKTOPHs JIBHIKEHUS €ro LEHTPAa CEYEHHUs MMEET YIOPsI0YECHHbIH XapakTep B
BUJIC #N-KOHEYHOH 3BE3[lbl Ha MHTEpBAJIC BPEMEHHM OT MOMEHTa BO30YyXJIEHHUs H0 Hadaia
YCTaHOBUBLIETOCSA KPYroBOIr'o KoJie0aTeIbHOr 0 JABHXXCHUSA C TapMOHHUYECKU M3M6Hﬂi0meﬁcﬂ BO
BpeMeHH aMIuMTy0i. OTMEYEHO, YTO TaKUE TPACKTOPHM JIBMIKEHUS OOYyCIIOBIIECHBI JeHCTBHEM
I'MPOCKOIMYECKUX CUJI, KOTOPbIE BO3HUKAIOT IPH BPAILEHHH.

KuroueBkble ci10Ba: Bajibl, HONEpeYHbIe KoJeOaHus, yncieHHoe quddepernpoBanne, Gopmsl
l/l3l"l/163, TAPOCKOITNYECKUE CUJIBI.
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